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Abstract

We propose AlphaGlass, an inherently interpretable machine-learning framework for constructing portfo-
lios that directly optimize investment objectives. AlphaGlass maps stock characteristics into additive signals
with sparse interactions and converts these signals into long-short portfolios through a differentiable rank-
and-mask layer. This end-to-end design allows the model to optimize objectives such as the Sharpe ratio or
mean-variance utility while keeping portfolio weights interpretable and traceable to specific characteristics
and interactions. We show theoretically that in-sample objective maximization consistently estimates the
population objective and that the differentiable rank-and-mask layer is a faithful smooth proxy for the corre-
sponding conventional long-short quantile portfolio. In U.S. equities, AlphaGlass delivers strong out-of-sample
performance and reveals economically interpretable drivers of long and short positions.

JEL Classification: G11, G12, C14, C45, G10

Keywords: Equities, Sharpe ratio, interpretability, investor objectives, machine learning

This draft: May 2026, First draft: November 2025



sebastian.bell@kit.edu
akakhbod@berkeley.edu
lettau@berkeley.edu
nazemi@kit.edu

1 Introduction

A fundamental question in empirical asset pricing is how an investor should map a large set of
firm characteristics into portfolios that maximize a chosen investment objective. The traditional
characteristic-sorting approach yields transparent portfolio rules and remains the workhorse of the
field. However, it limits interactions among characteristics and does not optimize the investment
objective. Modern machine-learning methods can incorporate many predictors, nonlinearities, and
high-dimensional interactions, yet much of the literature focuses on return prediction with complex
“black-box” models, such as neural networks, tree-based ensembles, and generative architectures.!
This creates two challenges. First, return prediction is only an intermediate target: forecasting re-
turns need not align with risk-adjusted portfolio objectives once signals are converted into portfo-
lios. Second, the opacity of black-box models limits economic interpretability, making it difficult to
understand which model features drive the results.

We address this central problem by developing AlphaGlass, an interpretable framework for
characteristic-based portfolio construction for general investment objective functions. AlphaGlass
maps firm characteristics and their pairwise interactions into additive signals and then converts
these signals into portfolio weights. This design links portfolio weights to stock characteristics
through a separable parameterization, enabling an exact decomposition of portfolio scores and allo-
cations into characteristic- and interaction-level contributions. The key innovation is that AlphaGlass
jointly estimates the signals and maximizes the investment objective in a single step, while main-
taining economic transparency, thereby integrating elements that existing asset-pricing approaches
typically treat separately: end-to-end investor-objective optimization, rank-based portfolio forma-
tion, and maintaining inherent interpretability.

Our contribution is threefold. First, we introduce a unified methodology for learning inter-
pretable characteristic-based portfolio rules that directly optimize investor objectives such as the
Sharpe ratio or mean-variance preferences. Unlike the standard prediction-then-sort pipeline, Al-
phaGlass embeds a differentiable rank-and-mask approximation of conventional quantile sorting
within an additive, sparse-interaction architecture. This makes the characteristic-to-portfolio map-
ping trainable end-to-end while preserving the ranking logic of empirical asset pricing. At the same
time, the additive structure provides exact economic attribution: each univariate shape function and
selected interaction surface contributes directly to the portfolio score, allowing the model’s long and
short decisions to be decomposed into characteristic- and interaction-level components. An impor-
tant aspect of the model is that the mapping from signal to portfolio weights is differentiable, unlike
traditional “hard” cutoffs based on characteristic quantiles. We construct a smooth rank-and-mask
layer that approximates traditional sorted portfolio weights.

Second, we show that the approach delivers strong risk-adjusted performance while producing
transparent economic diagnostics. In U.S. equities from 2000 to 2021, AlphaGlass generates a pro-
nounced spread in returns and Sharpe ratios across signal-sorted portfolios, achieving a monthly

1Other approaches include regularized linear models (e.g. Feng et al., 2020; Freyberger et al., 2020; Kozak et al., 2020)
and PCA-based methods (e.g., Kelly et al., 2019; Lettau and Pelger, 2020; Kelly et al., 2023; Lettau, 2023).



out-of-sample Sharpe ratio of 0.47, outperforming benchmark characteristic-sorted portfolios and
decile portfolios formed on Random Forest and neural network-based return predictions. More-
over, the performance comes with ex ante transparency: the glass-box structure yields interpretable
shape functions and interaction surfaces that map directly into portfolio composition. In our main
specification, the most important univariate shapes identify economically plausible drivers such as
industry concentration (herf), operating leverage dynamics (pchsale_pchxsga), momentum (momi2m),
and industry-adjusted labor adjustment (chempia), while the sparse interaction block highlights con-
ditional effects such as the acc x hire interaction. Because AlphaGlass is separable by design, we
can further decompose long and short allocations into signed, term-level contributions and identify
which characteristics most strongly push assets into the long and short tails. This decomposition pro-
vides a direct link between a high-performing portfolio rule and economically interpretable drivers.
We also consider several variations and extensions of the method, including alternative data splits,
subsample analyses (e.g., removing small firms), constrained portfolio optimization (e.g., drawdown
penalization), and other investor objectives (e.g., mean-variance utility).

Finally, we establish theoretical properties that relate AlphaGlass’s learning behavior to the un-
derlying economic objective. We show that maximizing the sample Sharpe ratio is argmax-consistent
for maximizing the population Sharpe ratio within the AlphaGlass function class. Asymptotically, the
fitted model therefore attains the best-in-class out-of-sample Sharpe ratio available within the cho-
sen interpretable architecture. We also formalize that the differentiable rank-and-mask procedure
is a faithful surrogate for the conventional hard sort-and-cut portfolio construction. In particular,
when signals are well separated, the “soft” weights converge to the hard quantile weights, and the
corresponding Sharpe ratios coincide asymptotically under mild conditions.

We complement these theoretical results with simulation evidence from a controlled data gener-
ating process. Because the conditional mean and volatility structures are known in that environment,
we can evaluate each fitted strategy on an arbitrarily large independent sample, yielding an arbitrarily
accurate approximation to its population Sharpe ratio and enabling comparison with oracle portfo-
lio rules. We find that AlphaGlass consistently outperforms benchmark learners, capturing a larger
share of the highest attainable population Sharpe ratio.

Taken together, AlphaGlass provides an end-to-end approach to portfolio construction that com-
bines the flexibility of state-of-the-art ML with the transparency required for empirical asset pricing.
The framework is designed to be modular and extensible: the rank-and-mask procedure can accom-
modate alternative quantile definitions and constraints, and the additive structure can incorporate
different regularization schemes and pruning rules to control complexity. Most importantly, the
combination of end-to-end maximization of flexible objective functions with an exact decomposabil-
ity of portfolio signals yields a portfolio construction method that is simultaneously high-performing,
economically grounded, and transparent.

In asset pricing, the most popular ML application is predicting returns in high-dimensional pan-

els of firm characteristics. Gu et al. (2020) and related work document that nonlinear learners, in-
cluding bagging or boosting ensembles and neural networks, often outperform unregularized linear



benchmarks and can generate economically meaningful spreads when forecasts are translated into
trading strategies. Classical evidence documents a large set of anomalies and the empirical diffi-
culty of summarizing cross-sectional expected returns with small linear specifications (Fama and
French, 1993; Harvey et al., 2016; Jensen et al., 2023). Modern ML work shows that regularization
and nonlinear function approximation can improve predictive performance relative to traditional
linear benchmarks, and that economically meaningful portfolio spreads can be generated when fore-
casts are translated into trading strategies (Gu et al., 2020; Bryzgalova et al., 2025). This includes
penalized linear methods (Feng et al., 2020; Freyberger et al., 2020; Kozak et al., 2020), dimension-
reduction, factor-based, and embedding approaches that summarize high-dimensional firm informa-
tion (Kelly et al., 2019; Giglio and Xiu, 2021; Kakhbod et al., 2024; Gabaix et al., 2025), and nonlinear
models such as tree ensembles and neural networks that capture interactions and state dependence
(Gu et al., 2020, 2021).? Bell et al. (2025) use the Explainable Boosting Machine (EBM), a sequential
boosting technique, to predict bond returns. In contrast to this return-prediction focus, we target
the investor’s end objective by directly optimizing the portfolio Sharpe ratio within an inherently
interpretable model class.

In doing so, we contribute to a related strand of literature that employs ML techniques to con-
struct optimal portfolios, emphasizing that predictive models are ultimately judged by the risk-
adjusted performance they enable. Common simple approaches, such as plug-in portfolios, can per-
form poorly out-of-sample because estimation error in expected returns and covariances is first order
and investor utility is not taken into account when estimating portfolio weights (Jobson and Korkie,
1980; Michaud, 1989; Kan and Zhou, 2007; Kelly and Xiu, 2023). This motivates shrinkage and ro-
bustification, including covariance regularization (Ledoit and Wolf, 2004, 2012) and Bayesian/Black-
Litterman style approaches (Jorion, 1986; Black and Litterman, 1992). More directly, an influential
literature integrates estimation and optimization by parameterizing portfolio weights as functions
of observable characteristics and estimating the weight function by maximizing in-sample utility
(Brandt, 1999; Ait-Sahalia and Brandt, 2001; Brandt and Santa-Clara, 2006; Brandt et al., 2009). In
mean-variance utility settings, this approach is also known as maximum Sharpe ratio regression
(MSRR), which connects tangency-portfolio estimation to regression and facilitates regularization
and model selection (see, e.g., Britten-Jones, 1999; DeMiguel et al., 2020; Ao et al., 2019). Recent
work explores high-capacity MSRR architectures (e.g., neural networks) and clarifies conditions under
which greater model complexity can improve out-of-sample portfolio efficiency (Simon et al., 2025;
Didisheim et al., 2023). Relatedly, Cong et al. (2026) use deep reinforcement learning to learn goal-
oriented portfolio policies with flexible path-dependent objectives, whereas our approach focuses
on interpretable characteristic-based portfolio rules with transparent main effects, sparse interac-
tions, and rank-based long-short portfolio formation. Finally, portfolio choice is closely linked to
SDF estimation: maximizing the Sharpe ratio corresponds to identifying the most stringent Hansen-
Jagannathan pricing restriction within a candidate payoff/SDF class, and regularized SDF estimation

?Recent works expand the information set beyond standard characteristics to text and other unstructured data, includ-
ing applications to news, disclosures, and language-model-based signals (Ke et al., 2019; Chen et al., 2022; Fedyk et al.,
2024; Kakhbod et al., 2025).



brings ML tools directly into the fundamentals of asset pricing (Hansen and Jagannathan, 1997;
Kozak et al., 2020; Chen et al., 2024).

This literature motivates our end-to-end design: rather than forecasting returns and then form-
ing portfolios, we directly optimize the investor’s objective within an inherently interpretable char-
acteristic based framework. Relative to existing portfolio-optimization approaches, AlphaGlass com-
bines neural-network flexibility with a separable rank-based architecture, so that portfolio signals
and long-short allocations can be decomposed into explicit characteristic- and interaction-level con-
tributions. This design yields transparent decision rules and reveals the economically interpretable
drivers of long and short positions.

The rest of the paper is organized as follows. Section 2 details the estimation methodology and
training algorithm. Section 3 describes the data. Section 4 presents empirical results, while Section
5 provides insights into portfolio composition. Section 6 extends the model to a mean-variance ob-
jective. Section 7 outlines the model’s theoretical properties. Section 8 presents simulation evidence
comparing AlphaGlass to benchmark learners and oracle portfolio rules. Section 9 concludes.

2 Methodology

We develop a customized machine learning estimator that enables flexible portfolio construction
while retaining model interpretability. AlphaGlass is a neural network-based additive model, de-
signed to combine the interpretability of Generalized Additive Models (GAMs) with the flexibility of
neural networks. Like the Explainable Boosting Machine (EBM) (Lou et al., 2013; Nori et al., 2019),
the model assumes an additive decomposition of the prediction function into main effects and a
sparse set of pairwise interactions, but distinctly differs in the way these effects are represented
and estimated.

Let 7, be the excessreturn of firm [=1,...,L attime t=1,...,T. x; is a vector of N characteristics
of firm [ at t. The standard approach (e.g., Gu et al. (2020)) is as follows.

1. Predict returns as a function of lagged characteristics using nonlinear ML methods:
Yit+1 =9 (XiLe) teris1- (1)

g(xiy) is estimated by minimizing the mean-square-error loss function: Lysg = % > l,telz,t.
2. Each t, form M portfolios based on the predicted returns #;;+1 =g (x;.¢). Let f1 be the return

of the long-short (M-minus-1) portfolio in t + 1 that is formed at t.
3. Compute the Sharpe ratio (SR) of f5.

(1) is estimated in a training sample 7 and validated in a validation sample 7. The Sharpe ratio
of fHL is computed in the test sample 73. Gu et al. (2020) compare various methods, including linear
models, boosted regression trees, random forests, and neural networks, using this methodology.

Note that the three steps are performed sequentially. Moreover, while the final objective is to
create a factor f; with a high Sharpe ratio, predicted returns in (1) are estimated using a different



objective function. Instead, the AlphaGlass model estimates all three steps jointly, using a single
objective function, as follows.

1. Asset-specific signals s;; are a function of lagged characteristics:
SLe=9g(xie) teprra. (2)
2. Portfolio weights w;"; of m=1,...,M portfolios are functions of the signals:

wit=h"(s). 3)

3. The weights w;t and returns f/}; of the long-short portfolio are

HL _ M 1

Wi =W — Wi 4)
HL _ HL
t+1 = Zwl,t Vit+1- (5)

l

4. Portfolio weights w;i",t =1,...,T — 1 are obtained by minimizing the loss function

{w) '} =argmin £(f3",..., f1'). (6)
{wt

Several points are worth noting. First, (2)-(6) are solved jointly rather than sequentially yielding

Jilt, St and wyy

rather than by minimizing the MSE of the errors e;;+1. Second, the specification of the loss function

Hence, the signals s;; in (2) are estimated with respect to the loss function (6),

is flexible. In principle, the loss function can be any well-defined (dis)utility function. In the main
part of the paper, we focus on the negative of the Sharpe ratio of f': £=—SR(f{), which has
been the standard specification in the literature. We also consider mean-variance preferences: £ =
—E(f) + (y/2)Var(fH). Our approach also allows for portfolio constraints and penalties. Third,
gradient-based ML methods require that the minimization problem (2)-(6) is differentiable. However,
standard portfolio construction relies on simple rankings, so that w;’; are non-differentiable step
functions with “hard” cutoffs. We replace such “hard” cutoffs with smooth functions, as explained
below. Next, we describe the estimation of the signals s;; in (2) and portfolio weights w{’tl in (3).

2.1 Estimation of signals

Following Hastie and Tibshirani (1986), Lou et al. (2013), and Bell et al. (2025), we estimate signals
in (2) using a General Additive Model (GAM) with interactions®:

N
sie=PBo+ D> filxine) + D fii(Xine, X)), (7)

i=1 i>j
where

e x; is the characteristic i for firm [ at time t,

3Note that we use the GAM-like structure deliberately to ensure inherent interpretability, but in principle the AlphaGlass
mechanism can be used with other architectures.



e f; represents the main effect of feature x;,

e fi; represents the interaction effect between features x; and x;.

The advantage of this specification is that it allows nonlinear effects while remaining inherently
interpretable. For example, the influence of each variable x;;; is given by the function f;(x; )
and possible interactions with other variables via f;;(x;t,x;1,¢). Within this additive structure, the
AlphaGlass model represents each f; and f;; as a small feed-forward neural network, trained un-
der smoothness and regularization constraints. This neural representation enables the model to
produce smooth, differentiable effect functions and to incorporate additional constraints such as
monotonicity and sparsity.

The training procedure implements three main stages:

1. Main effect learning: For each feature i, a neural subnetwork f; is trained while minimizing
the chosen loss function. Each subnet consists of one input neuron for x;, a hidden layer
of 20 units, and an output neuron. All subnets use Rectified Linear Unit (ReLU) activations*
and are trained in parallel via gradient descent. Training stops after a pre-specified number of
epochs or when performance no longer improves meaningfully (as defined by an early stopping
threshold).

2. Interaction learning: After selecting the interaction pairs, neural subnetworks fi; are trained
while keeping the main effect subnetworks fixed. The interaction subnetworks have two input
neurons (for x; and x;), two hidden layers of 20 neurons each, and one output neuron.

3. Joint fine-tuning: Once all main effect and interaction subnetworks are trained, a global opti-
mization step is performed in which all parameters are updated simultaneously (with a lower
learning rate in order to avoid losing information from the previous training steps). Due to the
structural separability of the neural subnetworks, this stage does not compromise the inter-
pretability of individual shape functions while enabling small, coordinated adjustments that
improve performance.

We provide additional information on these training stages and other details related to the esti-
mation technique in Appendix A.

2.2 Estimation of portfolio weights

In each period t, we construct M portfolios as functions of signals s;; and compute their returns
in t+ 1. Since we are interested in the long-short portfolio, defined as the difference between the
portfolios m =M and m =1, we focus on the weights of these two portfolios. As mentioned above,
a key challenge in our setting is that portfolio weights must be differentiable with respect to the
signals. Rank-sorting with “hard” cutoffs, which is commonly used in portfolio construction, is
non-differentiable, rendering gradient-based estimators in ML methods, such as neural networks,
infeasible. To address this, we replace “hard” portfolio weights based on discrete rankings and

4ReLU activation is based on the max operator: h(z)=max(0,z).



portfolio inclusions with smooth “soft” weights.” These “soft” portfolio weights can be interpreted
as the probability that a given stock is included in a given portfolio. The estimation proceeds in two
steps: first, transforming discrete ranks, and then computing portfolio weights.

First, in each month t, we replace discrete rankings with smooth pairwise comparisons, yielding
differentiable approximations of the cross-sectional order of signals. Let n; be the number of stocks
in month t. The relative ordering of signals for stocks [ and I’ in each month ¢ is approximated via

pairwise logistic comparisons
St = Su t )
)

Sy = U(
Ts

_1
1+e—x

T > 0 below) controls the sharpness of the soft approximation. Smaller values make the sigmoids

where o (x) = €(0,1) is the sigmoid function. The “temperature” hyperparameter 75> 0 (and
steeper, yielding rankings that behave more like hard, discrete assignments, whereas larger values
produce smoother, more gradual transitions. The sigmoid output S;; ; can be interpreted as the
probability that asset I outranks asset I’ based on the difference between their signals. When the
signals are far apart, the sigmoid is close to 0 or 1, whereas for signals that are close together, the
output lies near 0.5, reflecting uncertainty about their relative ordering. Note that S;; ; converges
to the (non-differentiable) indicator function as T goes to zero, which is equivalent to the standard

“hard” comparison:
Sie — St

Ts

S = 0'( ) {sie =581}
TsNO

The “soft” rank of asset [ in month t is then defined as the sum of all pairwise comparisons of | and
the other assets:

rank;; =1+ > Sipeell,m].
Il
The rank can be interpreted as the expected position of asset [ in the cross-sectional ordering. High
signals correspond to high probabilities S;; ; and therefore a high rank close to n;, while low signals
correspond to low ranks closer to 1. Hence, the soft rank behaves like a smooth analog of the usual
ordinal rank while remaining differentiable. The smooth formulation ensures that the mapping of
signals s;; to weights w;; is differentiable, allowing gradients of the Sharpe-based loss to propagate
back to the signal-generating model.

In the second step, we select the highest- and lowest-ranked assets for each month to form high
(m = M) and low (m = 1) portfolios. Once again, we define a “soft” approximation. Let k; = |n;/M |
denote the cutoff size in month ¢. Consider the high portfolio first. We shift the rank;; so that stocks
with ranks around the cutoff have values close to 0. For example, if n; =200 and M = 10, the cutoff
is k; =20, hence we subtract rank;g; from rank;;. For the low portfolio, we first take the negative
rank;; and add rankg ;. Then, we apply the sigmoid transformation:

*In Section 7, we prove that the soft portfolio weights represent a faithful surrogate for the “hard” weights obtained
by exact ranking and truncation (Theorem 1).



0 rank;; —ranky, —x,+1,t L ranky,  —rank;
mp, =0 , mp, =0 .

’ Tm ’ Tm
mllft and mlL,t can be interpreted as probabilities that a stock [ is in the high and low portfolios,
respectively. For example, for stocks with high ranks m?t ~1 and mlL‘t =~ 0, and vice versa for stocks
with low ranks. As before, the standard “hard” case is a special case when T4 goes to zero:

mll, —— 1{rank;; >ranky,x,+1.}, ml, —— 1{ranky,, <rank;}.
R N R N

To obtain portfolio weights, we normalize mlft and mlL_t, so that each leg sums to one within each
month:

H L
myy L mp,

_— wr, = ———.
0o Lt L
2 imy, 2 jmj,

Finally, the portfolio weights of the “high-minus-low” portfolio are given by

H _
Wy =

HL _ , H L
Wiy =Wy — Wy

Figure 1 compares the “soft” portfolio weights to “hard” weights for an example of L =200 stocks
and M =10 decile portfolios, so that the cutoff value k =20. Signals s; are uniformly distributed
between 0 and 1 and then normalized. The parameters of the sigmoid functions are Tyank = 0.1
and Tmask =0.5. The orange line represents the “hard” equal-weighted weights of the long-short
portfolios based on a decile sort. The blue line shows the “soft” portfolio weights obtained via
sigmoid transformations. The x-axis shows stocks around the cutoffs I =20 and [=181.°

2.3 The loss function

In addition to the baseline loss function £(f{), we incorporate regularizations to control model
complexity and induce sparsity in the estimation of the signals in (7). Specifically, we augment the
loss function with £;-penalties on effect-specific weights as follows. Instead of estimating the f; and
fij functions in (7) directly, we introduce regularization parameters 0; and y;; and define the GAM
model as

N
sie=PBo+ D 0ifilxine) + D yis fii(xineXjne),  0i,yi;=0. 8)

i=1 i>j

50One could, in principle, map the AlphaGlass signal directly into weights over the full universe. We use a rank-and-
mask construction because the signal is best viewed as an ordinal portfolio score rather than a calibrated expected-return
forecast. The ordering of firms is economically meaningful, but the cardinal scale and spacing of scores are not uniquely
pinned down. Directly using score levels as weights would therefore require additional assumptions about the signal
scale and could make exposures sensitive to arbitrary transformations. The rank-and-mask layer instead converts the
ordering into normalized long and short legs with a fixed gross exposure, preserving dollar neutrality and remaining
well-defined as the stock universe changes. It also focuses the portfolio on the tails of the score distribution, where the
model produces the clearest separation, mimicking conventional portfolio construction. For completeness, we consider
an alternative weighting scheme over the full cross-section in Appendix E, resulting in lower Sharpe ratios.



Figure 1: Soft vs. hard portfolio weights wf
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Note: This figure shows the weights of the high-low portfolio wf for an example with L =200 stocks and M =10.
The blue and orange lines show the soft and hard weights, respectively. Signals s; are evenly distributed between
0 and 1. The parameters of the sigmoid functions are T,opx =0.1 and Tpasx =0.5.

The model estimates (0;, fi), as well as (y;j, fl i), separately. When we interpret the model output,
however, we focus on the total effects fi(x; ) = Oifi(xi,l,t) and fij(xine, X)) = yijfij(xi,l,t,xj,l,t).

The loss function incorporates £;-regularization of the main and interaction effects:

N

£(ftPIL|AmainaAinter) = fc(ftHL) + Amain Z |91| + )\inter Z |Yij | . (9)
i=1 i>j

The ¢,-penalties induce shrinkage towards zero during optimization. Exact zeros correspond to

effects that are effectively removed from the forward pass, and the hyperparameters Apain and Ajner

allow us to control the relative size of the regularization penalty during main effect and interaction

training, respectively. Further details on the selection and pruning mechanisms are provided in

Appendix A.1.

3 Data

We obtain monthly stock return data from CRSP and limit our stock universe to the three major U.S.
stock exchanges, NYSE, NASDAQ, and AMEX. These data are merged with the 91 firm characteristics
from Green et al. (2017) as provided by Gu et al. (2020). The characteristics are lagged relative to
returns so that returns in month t are matched with monthly characteristics data at the end of month
t —1, quarterly data by the end of t — 5, and the most recent annual data by the end of t —7.

We remove observations for which return or market-cap data are unavailable, yielding a total of
1,656,664 observations over the sample period from January 2000 to December 2021. Full variable
definitions are available in Appendix B. Similar to Kelly et al. (2019) and Freyberger et al. (2020), all
characteristics are cross-sectionally ranked and mapped to the interval [0, 1]. In the following main



analysis, we split our data into training, validation, and test sets 71, 72, and 73 of lengths 10 years,
2 years, and 10 years, respectively. We consider other splits as robustness tests.

Table 1 reports means, standard deviations, and Sharpe ratios of long-short portfolios based on
univariate characteristic-sorts. Each month, we sort stocks according to a given characteristic and
form value-weighted decile portfolios. The long-short portfolio is the difference between portfolios
10 and 1. Panel A shows results for the combined train and validation samples, and Panel B shows
results for the test samples. We include the 10 characteristics with the highest in-sample Sharpe ra-
tios: pchcurrat (%change in current ratio (current assets/liabilities)), pchquick (%change in quick ratio
(current near-cash (quick) assets/liabilities)), chcsho (change in shares outstanding), mvell (market
value (size)), pchsale_pchrect (%change in sales minus %change in accounts receivable), egr (growth
in common shareholder equity), tb (tax income to book income ratio), cashpr (cash productivity (net
operating CF minus capital expenditures, divided by adjusted net income)), salecash (sales to cash
ratio), sp (sales to price ratio). Note that many of the characteristics with high Sharpe ratios in the
training/validation samples have substantially lower Sharpe ratios in the test sample, for example,
pchcurrat, pchquick, mvell (size). The only two exceptions are chcsho and pchsale_pchrect, which
have out-of-sample Sharpe ratios of 0.235 and 0.196, respectively.

Table 1: Returns of characteristic-sorted portfolios

pchcurrat pchquick chcsho mvell pchsale_pchrect egr tb cashpr salecash sp

Panel A: In-sample

Mean 0.58 0.50 0.94 1.53 0.54 0.83 0.63 0.80 1.12 1.15

S.D. 1.96 1.93 3.66 7.04 2.51 3.88 3.07 3.99 5.85 6.03

SR 0.30 0.26 0.26 0.22 0.22 0.21 0.21 0.20 0.19 0.19
Panel B: Out-of-sample

Mean 0.14 0.18 0.44 0.02 0.41 0.20 0.18 0.09 0.31 0.30

S.D. 1.79 1.83 1.89 5.43 2.11 2.46 2.10 2.75 4.03 4.14

SR 0.08 0.10 0.24  0.00 0.20 0.08 0.08 0.03 0.08 0.07

Note: This table reports monthly means, standard deviations, and Sharpe ratios of high-minus-low portfolios based
on decile characteristic sorts. We sort characteristic-sorted portfolios by their Sharpe ratios in the combined train-
ing and validation samples.

4 Empirical results

Following the literature (e.g., Gu et al. (2020)), our benchmark estimation of the AlphaGlass model

assumes that the loss function is the negative of the Sharpe ratio of the long/short portfolio f}:

L(fHy =—SR(ff), (10)

with ¢;-regularizations as in (9). As an alternative, we consider mean-variance preferences in Section
6. We benchmark the AlphaGlass model against several methods studied in the literature: random
forest (RF), neural network (NN), and explainable boosting machine (EBM). All three models follow the

10



standard approach outlined in Section 2, i.e., using the mean-square-error loss function to estimate
predicted returns in (1). The explainable boosting machine (EBM) is an inherently interpretable ML
model based on the GAM model in (7) to predict returns, but uses the MSE loss function rather than
the Sharpe ratio (see Lou et al. (2013) and Bell et al. (2025) for details). In all cases, we construct
decile portfolios and compute the 10-minus-1 factor f/"*. We evaluate all approaches based on the
out-of-sample Sharpe ratios of the estimated long/short factors.

4.1 AlphaGlass vs. benchmark models

Table 2 reports the means, standard deviations, and Sharpe ratios of the 10 portfolios as well as
the 10-1 portfolio based on the AlphaGlass estimation. In-sample mean returns and Sharpe ratios
of the decile portfolios are nearly monotonic, with a monthly in-sample Sharpe ratio for the 10-1
portfolio of 0.54. The out-of-sample results largely mirror the in-sample results, indicating that the
model yields stable performance. The monthly Sharpe ratio of the high/low portfolio is 0.47 (1.62
p.a.), slightly lower than the in-sample counterpart. We discuss the model details and interpretation
in the following sections.

Results of the benchmark models are reported in Table 3. In-sample mean returns and Sharpe
ratios are (mostly) monotonic across the decile portfolios; however, the out-of-sample results are
mixed. The random forest model performs the worst. The mean return of the 10-1 portfolio f/* is
positive, but its Sharpe ratio is only 0.14. The corresponding Sharpe ratios for the neural network
and EBM are 0.34 and 0.30, respectively.” All three models are outperformed by AlphaGlass.®

Figure 2 plots the cumulative log returns of the estimated f; factors, as well as the CRSP-VW
index, in the test sample. Returns based on AlphaGlass and the neural net are comparable until
2017, but the AlphaGlass factor dominates afterward. The returns of the EBM portfolio are similar
to those of the CRSP-VW returns, whereas the cumulative return of the RF portfolio is nearly flat
until 2020.

A potential concern in portfolio construction is that results are driven by small, illiquid stocks.
To address this issue, we form long/short factors by size deciles. Each month, we sort stocks into size
quintiles and create factors using only stocks in a given quintile. Table 4 shows the out-of-sample
means, standard deviations, and Sharpe ratios for the four models by size quintile. Consider first the
results of the AlphaGlass model in Panel A. The AlphaGlass factors for smaller stocks have higher
mean returns than those for larger stocks; however, they are also more volatile. The Sharpe ratios are
high even for larger stocks, ranging from 0.25 to 0.4, indicating that the AlphaGlass model’s results
are not driven by small stocks. However, this is not the case for the other three models, as only the

’Gu et al. (2020) also find that neural networks yield a higher Sharpe ratio than other ML methods, such as elastic nets,
RF, and gradient boosted regression trees. Note that they refit models every 12 months, so the results are not directly
comparable to those in this paper.

8As an additional benchmark, Appendix D considers an SR-maximizing combination of characteristic-sorted long-short
portfolios. The poor out-of-sample results underline importance of optimization techniques that learn generalizable
portfolio rules rather than merely fit in-sample mean and covariance estimates.
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Table 2: Returns of AlphaGlass portfolios

1 2 3 4 5 6 7 8 9 10 10-1

Panel A: In-sample
Mean -0.30 0.37 0.33 0.54 0.76 0.79 1.01 0.95 1.04 1.57 1.87

S.D. 7.63 5.26 5.66 6.43 6.44 6.35 6.49 6.55 6.85 7.71 3.44
SR —0.04 0.07 0.06 0.08 0.12 0.13 0.16 0.15 0.15 0.20 0.54
Panel B: Out-of-sample
Mean 0.46 0.67 0.92 0.95 1.04 1.19 1.31 1.23 1.38 1.55 1.10
S.D. 5.79 4.40 3.64 4.40 4.94 5.18 5.40 5.50 5.90 6.43 2.35
SR 0.08 0.15 0.25 0.22 0.21 0.23 0.24 0.22 0.23 0.24 0.47

Note: This table compares monthly means, standard deviations, and Sharpe ratios for ten equal-weighted portfolios
constructed based on predicted AlphaGlass signal deciles in the training/validation (Panel A) and testing sample
(Panel B). The last columns show the results of the 10-1 portfolio, which is long in portfolio 10 and short in portfo-
lio 1.

Table 3: Returns of benchmark models

1 2 3 4 5 6 7 8 9 10 10-1

Panel A: RF In-sample
Mean —-3.20 —1.15 —-1.46 -0.65 —0.13 0.53 0.98 1.38 2.25 4.04 7.24
S.D. 9.47 6.66 7.14 6.22 5.51 5.15 5.27 5.65 6.84 10.13 9.71
SR -0.34 -0.17 -0.21 -0.11 -0.02 0.10 0.19 0.24 0.33 0.40 0.75

Panel B: RF Out-of-sample
Mean 0.94 0.89 0.81 0.94 0.96 1.04 1.22 1.33 1.00 1.56  0.62
S.D. 5.32 4.89 4.64 4.06 411 4.45 5.33 5.68 6.11 7.96 4.33
SR 0.18 0.18 0.18 0.23 0.23 0.23 0.23 0.24 0.16 0.20 0.14

Panel C: NN In-sample
Mean —1.54 —-0.18 0.90 1.00 1.05 1.03 1.05 0.88 0.76 2.11 3.66
S.D. 10.89 8.75 4.57 3.97 443 5.03 5.50 6.09 6.71 11.12 5.45
SR —-0.14 -0.02 0.20 0.25 0.24 0.21 0.19 0.15 0.11 0.19 0.67

Panel D: NN Out-of-sample

Mean 0.60 0.72 1.02 1.03 1.05 1.24 1.24 1.24 1.09 1.50 0.90
S.D. 7.31 6.40 3.19 3.57 419 466 4.97 5.30 5.49 7.04 2.67
SR 0.08 0.11 0.32 0.29 0.25 0.27 0.25 0.23 0.20 0.21 0.34

Panel E: EBM In-sample

Mean —3.41 -1.56 -0.58 -0.15 0.37  0.94 1.44 2.07 2.89 5.07  8.48
S.D. 8.53 6.88 6.15 6.05 5.65 5.66 5.65 6.24 7.33 11.81 10.91
SR —-0.40 -0.23 -0.10 -0.03 0.07 0.17 0.25 0.33 0.40 0.43 0.78

Panel F: EBM Out-of-sample

Mean 0.59 0.85 0.87 091 0.94 1.11 1.32 1.00 1.17 1.94 1.35
S.D. 5.79 4.51 4.11 4.11 4.45 4.72 5.44 5.37 6.15 7.86 4.52
SR 0.10 0.19 0.21 0.22 0.21 0.24 0.24 0.19 0.19 0.25 0.30

Note: This table compares monthly means, standard deviations, and Sharpe ratios for ten equal-weighted portfolios
constructed based on Random Forest (RF), neural network (NN), and explainable boosting machine (EBM) prediction
deciles in the training/validation and testing sample. The last columns show the results of the 10-1 portfolio, which
is long in portfolio 10 and short in portfolio 1.
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Figure 2: Cumulative returns of £, of benchmark models
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Note: This figure shows cumulative log returns of the f,!'' factors based on the AlphaGlass (blue), neural net (NN,
orange), random forest (RF, black), and the explainable boosting machine (EBM, light blue) model, as well as the
CRSP-VW index (red dashed) in the test sample.

factors with the smallest stocks in the first size quintile have Sharpe ratios above 0.2. Factors with
larger stocks have means and Sharpe ratios that are close to zero. Hence, AlphaGlass is the only
model that generates factors with high means and Sharpe ratios for stocks across the size spectrum.

The results in Table 4 are based on the AlphaGlass estimation for the entire sample. As an al-
ternative exercise, we exclude small stocks in the bottom size quintile in each month and estimate
AlphaGlass using the remaining sample. The full results are in Table F.1. The Sharpe ratio of Al-
phaGlass is 0.43, slightly lower than the SR of 0.54 for the full sample that includes small stocks.
The performance of the other models is more sensitive to the exclusion of small stocks. The out-of-
sample Sharpe ratios of the neural net and EBM models drop from 0.34 to 0.12, and from 0.30 to
0.13, respectively.

Our baseline design uses a 10-year training window, a 2-year validation window, and a 10-year
testing window. For robustness, we use a longer estimation period, with 15 years of training data,
while keeping the validation window fixed at two years and, correspondingly, shortening the test
period; see Table G.1 in Appendix G. The out-of-sample Sharpe ratio of the long/short portfolio is
0.49, slightly higher than in the benchmark case, suggesting that AlphaGlass is reasonably stable
across alternative train/test splits.

4.2 Predictor importance

The additive structure of the AlphaGlass signal estimation in (7) allows us to investigate the role
of individual characteristics in the estimation. First, we construct a measure of the overall “impor-
tance” of predictors. The next section focuses on how predictors translate into signals through the
estimated “shape” functions fi(x;) and f;;(xi,x;).
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Table 4: Out-of-sample factors by size quintiles

Size quintile

Small 2 3 4 Big
Panel A: AlphaGlass
Mean 1.34 1.32 1.15 0.81 0.59
S.D. 4.26 3.27 3.54 3.21 2.20
SR 0.31 0.40 0.33 0.25 0.27
Panel B: Random forest
Mean 1.54 —0.06 0.20 0.33 0.06
S.D. 5.57 4.43 4.18 3.39 4.02
SR 0.28 —0.01 0.05 0.10 0.01
Panel C: Neural Net
Mean 1.48 0.69 0.44 —0.03 0.06
S.D. 4.71 3.75 3.83 3.83 3.16
SR 0.32 0.19 0.11 —0.01 0.02
Panel D: EBM
Mean 2.28 0.48 0.86 —0.10 0.18
S.D. 4.93 4.47 4.93 4.19 4.63
SR 0.46 0.11 0.18 —0.02 0.04

Note: This table compares monthly out-of-sample means, standard deviations, and Sharpe ratios for long/short
factors based on AlphaGlass, Random Forest (RF), neural network (NN), and explainable boosting machine (EBM)
predictions. The factors include only stocks in a size quintile, with quintiles formed each month.

We define the overall importance of a predictor by the mean absolute score S(i) as absolute
values of fi(x;;;) averaged over the training sample:

S(i)zTi S filxinn)l- (11)
| ll(l,t)e’ﬂ

S(i) captures the average effect of variable i, taking the distribution over the sample into account,
and is therefore similar to the absolute value of a (standardized) coefficient in a linear regression.
Therefore, the mean absolute scores capture the average “size” of the effect of an individual variable
on the model’s prediction. The mean absolute scores of the interaction terms are defined analo-
gously:

S, )= > |fij(xipe, X0l (12)
|T (Lt)eT

1
1
We consider both individual effects and effects by characteristic categories. Figure 3 presents
the 15 most important effects according to the mean absolute score measure. We find that, overall,
univariate effects are the most important contributors, with the exception of the interaction between
acc and hire. The ranking is led by herf (index of industry sales concentration) and pchsale_pchxsga
(% change in sales - % change in SG&A), with mean absolute scores of 1.78 and 1.54, respectively.
This is followed by a noticeable drop to the next two variables, mom12m (12-month momentum) and

chempia (industry-adjusted change in employees), both with scores around 0.86. Beyond these top
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four effects, the importance values become relatively compressed: cash (cash holdings), securedind
(secured debt indicator), egr (growth in common shareholder equity), pchcurrat (% change in current
ratio), operprof (operating profitability), and realestate (real estate holdings) all lie in a fairly narrow
range between roughly 0.65 and 0.75, followed by sp (sales to price ratio), the acc x hire (accrual-
employee growth rate) interaction, chinv, cashdebt, and gma. This pattern suggests that the model
places particularly strong weight on a small set of leading univariate effects, while still combining
them with a broader range of medium-sized signals rather than relying on a single characteristic
alone. The fact that the acc x hire term ranks near the middle of the top 15 indicates that interaction
effects are economically relevant, but remain selective relative to the dominant main effects.

Figure 3: Importance of predictors
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Note: This figure shows the most important characteristics for the AlphaGlass model based on the mean absolute
scores S(i) and S(i,j). Importance values are calculated as mean absolute scores on the training data.

In nonlinear models, it is usually not possible to determine with certainty which predictors are
relevant and which are not. Conceptually, variable selection should be related to mean returns and
Sharpe ratios associated with characteristics, as well as the dependence structure of the data. Table 5
reports properties of high/low characteristic portfolios that are informative about these dimensions.
The first column shows the 12 characteristics with the highest Sharpe ratios. Four of the 15 most
important predictors have among the highest Sharpe ratios across all 91 characteristics: pchcurrat,
egr, sp, and herf. Next, we estimate the first four principal components of the matrix consisting
of the long/short characteristic portfolios and compute the sum of the (absolute) loadings by char-
acteristic. Smaller loadings indicate that a characteristic is less relevant to the common movements
captured by PCA factors. The second column of Table 5 shows the predictors with the smallest
loadings. Five of the most important characteristics have small PCA loadings: pchcurrat, chtoia,
chempia, pchsale_pchxsga, and herf. Finally, we compute the tangency mean-variance portfolio gen-
erated from the 91 high/low characteristic portfolios. The third column shows the characteristics
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with the highest weights. Again, five of the most important predictors have high tangency weights:
herf, egr, cash, operprof, and sp. Although there is no clear interpretation of the predictors’
importance, these results suggest that many of the top predictors are associated with properties
relevant to portfolio optimization.

Table 5: Properties of characteristic portfolios

Sharpe ratios PCA weights MV weights
1 pchcurrat 0.30 pchcurrat 0.04 pchsale_pchrect 3.80%
2 pchquick 0.26 pricedelay 0.05 tb 3.70%
3 chcsho 0.26 pchquick 0.05 herf 3.35%
4 mvell 0.22 chatoia 0.05 egr 3.06%
5 pchsale_pchrect 0.22 cinvest 0.08 nincr 2.94%
6 egr 0.21 pchsale_pchrect 0.08 ear 2.62%
7 tb 0.21 aeavol 0.10 roaq 2.62%
8 cashpr 0.20 chempia 0.10 cash 2.49%
9 salecash 0.19 pchsale_pchinvt 0.11 indmom 2.31%
10 sp 0.19 pchsale_pchxsga 0.11 operprof 1.97%
11 agr 0.18 herf 0.11 sp 1.96%
12 herf 0.18 pchcapx_ia 0.12 mvell 1.93%

Note: This table reports the 12 characteristics with the highest Sharpe ratios of long/short characteristic portfolios,
the lowest sum of absolute loadings of the first four principal components of long/short characteristic portfolios,
and the highest mean-variance weights of long/short characteristic portfolios. Characteristics in the top-10 by
mean score are bolded.

So far, we have described the importance of individual characteristics. Next, we group the char-
acteristics into categories and assess the total importance of all characteristics within each category.
Table C.2 lists the categories and included characteristics. Figure 4 shows the 10 categories with the
highest mean scores. The most important characteristics are those related to profitability and its
changes, followed by those related to investment, external financing, and the “classic” value/growth
and momentum,/reversal characteristics.

4.3 Alternative importance measure

The mean absolute score S(i) captures the average effect of predictor i on signal estimation using
the training sample. An alternative measure of a variable’s importance is its direct effect on portfolio
Sharpe ratios in the test sample. Given the estimated model, we compute the change in the out-of-
sample Sharpe ratio ASR when an individual term f; or fi; is removed from the model. We construct
decile portfolios on signals s, ti when the univariate effect of variable i is eliminated from (7), and
compute the corresponding Sharpe ratio of the 10-1 long-short portfolio SR_;. The joint effect of
variables i and j is computed analogously. The effect of variable i and interaction (i,j) on the
explanatory power is the reduction relative to the SR of the full model:

ASR; =SR — SR_;, (13)
ASR;j=SR — SR_;. (14)
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Figure 4: Importance by categories
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Note: This figure shows the most important categories for the AlphaGlass model based on the mean absolute scores
S(i) and S(i,j). Importance values are calculated as mean absolute scores on the training data and aggregated by
category.

Figure 5 shows the 15 most important predictors according to the Sharpe ratio criterion. When
maxret or momi2m are removed, the out-of-sample Sharpe ratio drops from 0.47 to 0.41. The effects
of removing herf, retvol, or egr are only slightly smaller. 10 characteristics are among the top 15
according to both criteria, indicating substantial overlap, even though the mean absolute score is
based on the training sample, whereas the Sharpe ratio criterion is computed on the test sample.

Figure 5: Importance of predictors: ASR
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Note: This figure shows the most important model terms for the AlphaGlass model according to the Sharpe ratio
criterion (13) and (14).
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4.4 Shape functions

Due to the separable structure of the model for estimating signals in (7), we can analyze the (po-
tentially) nonlinear effects of individual input characteristics or interaction terms directly from the
estimated shape functions f; and f;;. In contrast to black-box models, these functions capture the
influence of each model term without the approximation error inherent in post-hoc methods such
as SHAP.?

The four most important univariate shape functions of our main model (in terms of mean abso-
lute scores) are presented in Figure 6, with additional shape functions provided in Appendix H. Note
that the output of each function represents the contribution of an input variable to an asset-specific
signal s;;. As outlined in Section 2, this signal is transformed into portfolio weights through a soft
ranking and decile cut procedure, so that high (low) signals are associated with high (low) weights,
i.e., membership in the long (short) leg of the final portfolio. The mean and standard deviation of
the estimated signals are 0.74 and 6.06, respectively, with an interquartile range of (-4.38, 4.98).

We first examine the effect associated with the most important univariate effect (Panel A), the in-
dustry sales concentration measure herf, as defined in Hou and Robinson (2006). Intuitively, higher
values of herf indicate that industry sales are concentrated in the hands of a few firms (i.e., a more
concentrated and less competitive industry structure), whereas lower values indicate a more com-
petitive industry with sales distributed more evenly across firms. The estimated shape function is
monotonically decreasing over the full range of herf values. It starts at a strongly positive value of
about 4 when herf =0 and then declines steeply, approximately linearly, as herf increases. Around
herf = 0.6, the function exhibits a kink: beyond this point, the function continues to decrease, but
the slope becomes noticeably less steep. At the upper end of the support, the function falls to be-
low —2 at herf =1, implying that very high concentration is associated with a substantially negative
contribution to the model’s output score. Economically, this shape indicates that industry structure
is an important driver of the model’s score, which is subsequently mapped into portfolio weights.
Low concentration (low herf) contributes positively to the score and therefore increases the portfolio
weight assigned to such stocks, whereas higher concentration (high herf) contributes negatively and
therefore reduces the portfolio weight. In this sense, the Sharpe ratio-optimal portfolio implied by
the model weights toward stocks operating in more competitive industries and away from stocks
in highly concentrated industries, with the strongest marginal shift occurring as concentration rises
from very low to moderate levels and a smaller marginal adjustment once concentration is already
high.

9Post-hoc explainability methods approximate the decision process of a fitted black-box model and can therefore
introduce approximation error or instability (Rudin, 2019). In high-dimensional stock-level applications, methods such
as SHAP can also become computationally costly and often rely on sampling or approximations, which may introduce
estimation noise and make explanations sensitive to implementation choices (Slack et al., 2020). These distinctions are
especially important in our setting because AlphaGlass provides exact decomposition by construction rather than an
ex-post explanation of an opaque model.
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Figure 6: Univariate functions f;(x;)

A: herf

fi(x;)

C: momi2m

2.0F" T T T T

1.5F

0.5F

fi(xi)

0.0F

_10_

0.4 0.6
moml2m

0.2 0.8

fi(x;)

fi(x;)

B: pchsale_pchxsga

0.0

1.5
1.0
0.5
0.0
-0.5
-1.0
-1.5

0.

2 0.4 0.6
pchsale_pchxsga

D: chempia

0.4 0.6
chempia

0.2

Note: This figure shows the estimated f;(x;) functions of the most important characteristics. The x-axis plots the
input variable x;, cross-sectionally ranked and normalized to the [0,1] interval. The y-axis represents the additive

contribution to the prediction output through the shape function f;(x;).
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The second most important effect is associated with pchsale_pchxsga, which denotes the ac-
counting signal from Abarbanell and Bushee (1998), defined as the percentage change in sales minus
the percentage change in selling, general, and administrative (SG&A) expenses. The variable captures
whether a firm’s revenue growth is accompanied by relatively contained overhead costs. Higher val-
ues indicate that sales are growing faster than SG&A, consistent with improving operating leverage
and cost discipline, whereas lower values indicate that SG&A is rising at least as quickly as sales,
suggesting weaker cost control or deterioration in operating efficiency.

The corresponding AlphaGlass shape function for pchsale_pchxsga, displayed in Panel B, is
monotonically increasing, starting at a strongly negative value slightly above —4 at an input value
of 0 and rises steeply as the characteristic increases, reaching close to +2 at an input value of 1.
The increase is particularly pronounced at low to moderate values, after which the function exhibits
a kink around the midrange (between approximately 0.5 and 0.6). Beyond this point, the function
continues to increase, but at a noticeably lower slope, implying diminishing marginal contributions
at higher values of the characteristic. This shape implies that the model assigns higher scores to
firms whose sales growth outpaces SG&A growth, and lower scores to firms whose sales growth is not
supported by comparatively restrained overhead expenses. Since the model score is subsequently
transformed into portfolio weights, the function indicates that the Sharpe ratio-optimal portfolio
places greater weight on stocks with high pchsale_pchxsga and reduces exposure to stocks with low
values. The steep rise at the lower end suggests that moving from weak to moderate relative cost
efficiency produces the largest increase in the model-implied score, while improvements at already
high levels of pchsale_pchxsga still raise the score but with smaller incremental effects.

The shape function in Panel C is associated with 12-month stock return momentum as in Je-
gadeesh and Titman (1993), measured as a stock’s past return over the previous year (excluding
the most recent month) and commonly interpreted as capturing the tendency of recent winners to
continue outperforming recent losers in the near term. Higher values of the momentum input, there-
fore, indicate stronger positive past performance over the lookback window, whereas lower values
indicate weaker or negative past performance. In line with this observation, the estimated shape
function is monotonically increasing across the input range. At an input value of 0, the function
output is moderately negative at around —1. It then rises only gradually, reaching roughly —0.5 at a
momentum of about 0.5, implying that variations in momentum within the lower half of the distribu-
tion have only a limited influence on the model score. Beyond this midrange level, the slope increases
markedly, and the function rises more rapidly, reaching a strongly positive output of approximately
+2 at the maximum input value. This pattern indicates a convex response, with substantially larger
score contributions for very high-momentum realizations. Economically, the shape implies that the
model rewards exposure to stocks with strong 12-month momentum, whereas assigning lower scores
to stocks with weak momentum. This indicates that the Sharpe ratio-optimal portfolio tilts toward
high-momentum stocks and away from low-momentum stocks. The relatively flat profile over the
lower half of the input range suggests that moderately low momentum is penalized, but not strongly
differentiated, whereas exceptionally strong momentum is treated as particularly beneficial and re-
ceives a disproportionately large increase in score and hence portfolio weight.
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Finally, we examine the effect of chempia, the industry-adjusted change in employees following
Asness et al. (2000) (Panel D). It captures a firm’s growth in headcount relative to the typical change
in headcount among its industry peers over the same period. Higher values, therefore, indicate
comparatively stronger employment growth than the industry benchmark, whereas lower values
indicate comparatively weaker employment growth (or employment contraction) relative to peers.

The associated shape function is monotonically decreasing and approximately symmetric, with
no pronounced kinks or sharp changes in slope. It declines in an almost linear fashion across the
input range, taking a positive value of about +1.5 at chempia=0 and falling steadily to about —1.5 at
chempia=1. Therefore, the contribution to the model score moves smoothly from positive to nega-
tive as the industry-adjusted change in employees increases. Economically, this pattern implies that
lower industry-adjusted employee growth is associated with higher model scores, while relatively
high employee growth is associated with lower scores. Since the model score is subsequently con-
verted into portfolio weights, the shape indicates that, all else equal, the Sharpe ratio-optimal port-
folio increases weight on firms with low (or negative) industry-adjusted changes in employees and
reduces weight on firms exhibiting unusually strong headcount expansion relative to their industries.
The near-linear, smooth decline suggests that this preference is broadly proportional: incremental
increases in relative employee growth are associated with a correspondingly lower contribution to
the score and therefore a lower portfolio tilt.

We conclude that the AlphaGlass model identifies several economically plausible effects that are
exploited to maximize the portfolio’s Sharpe ratio.

4.5 Interactions

In addition to the univariate effects presented so far, the AlphaGlass optimizer models interactions
between pairs of input characteristics. We show the effect associated with the most important such
term in Figure 7. Specifically, the shape function fij(x;,x;) for the interaction between working
capital accruals (acc) and the employee growth rate (hire), which we call “acc&hire”, is presented in
Panel A of Figure 7 in the form of a heatmap. Working capital accruals summarize changes in non-
cash working capital components and can be interpreted as a measure of the extent to which current
earnings are supported by accruals rather than cash flows. The employee growth rate captures the
firm’s hiring intensity and thus its expansion in labor inputs.

The estimated interaction surface indicates that the contribution of hiring to the model score
depends strongly on accruals levels. When acc is low, the interaction output is negative for low
hire, reaching values below —1, but it increases considerably as hire rises, ultimately exceeding
+2.5 at high hiring rates. Hence, conditional on low accruals, higher employee growth is associated
with a substantially more positive contribution to the score, whereas low hiring is penalized. As
acc increases, however, this relationship diminishes: the gradient with respect to hire becomes
progressively weaker, and for large acc the interaction output is relatively small (between 0 and 1)
across the hiring spectrum. At high acc, there is also a mild reversal in the pattern, with low hire
yielding slightly higher outputs than high hire.
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Another way to illustrate interaction effects is to plot x; conditional on different values of x, i.e.,
fij(xilx;). Panel B shows the effect of acc on the x-axis for five different values of hire, equivalent
to taking horizontal cuts of the heatmap in Panel A. Panel C presents the opposite case of holding acc
constant at different levels and observing the resulting contributions as a function of hire (equivalent
to taking vertical cuts in the heatmap).

In economic terms, this interaction suggests that the portfolio-relevant information in hiring is
concentrated among firms with low working capital accruals. In that region, high hiring is associated
with a large positive contribution to the score and therefore a higher model-implied portfolio weight,
while low hiring reduces the score and thus lowers the weight. When accruals are high, by contrast,
hiring conveys little incremental benefit for the score: the interaction contribution becomes small
and fairly uniform, and the slight reversal implies that high hiring is no longer rewarded and may
even be modestly disfavored relative to low hiring. Overall, the model therefore puts weight on
high-hiring firms only when such hiring occurs alongside low accruals, while it largely neutralizes
(or slightly reverses) the hiring tilt when accruals are elevated.

5 Economic insights from interpretability and portfolio properties

So far, we have demonstrated AlphaGlass’ capabilities in terms of performance and structural in-
terpretability. Next, we detail how the model provides insights into portfolio composition through
transparent trading rules derived from its shape functions. In particular, we focus on the composi-
tion of the long and short legs of the 10-1 portfolio, which is constructed from the model’s output
signals.

In contrast to black-box approaches, which allow only ex-post analysis of selected assets, our
interpretable model provides an ex-ante understanding of how portfolios are constructed. In other
words, the AlphaGlass model produces transparent rules describing which values of characteristics
lead to higher output scores and, therefore, feature in the portfolios.

We illustrate this using the most important effects presented in Section 4.4. For the most impor-
tant characteristic, herf, the shape function decreases monotonically, indicating that output scores
are increased for low-herf stocks and decreased for high-herf stocks. In terms of portfolio com-
position, this suggests that low-herf stocks are expected to appear in the long leg (decile portfolio
10) constructed from the AlphaGlass scores, whereas high-herf stocks are expected to populate the
short leg (decile portfolio 1). Panel A of Figure 8 shows that this prediction is indeed reflected in
the composition, as monthly mean herf is considerably higher in portfolio 1 compared to portfolio
10.'° This pattern holds consistently throughout the sample period.

Similar conclusions can be drawn from the pchsale_pchxsga and momi2m shape functions: Both
increase monotonically and are, therefore, consistent with stocks with high (low) characteristic val-
ues appearing in the long (short) leg. Panels B and C of Figure 8 confirm this expectation, showing

1'Means within portfolios are scaled by the monthly mean across all stocks to eliminate changes in the characteristic
levels.
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Note: Panel A displays the shape function of the interaction between acc and hire. The scaled values of acc and
hire are shown on the x- and the y-axis, respectively. The color-coded axis represents the additive contribution
to the signal output associated with combinations of x and y values in basis points. In Panels B and C, conditional
contributions are derived from the shape function by separately holding each variable involved in the interaction
constant at different levels.



clear separation between the two legs over the sample period.

In contrast, Panel D presents the same analysis for the least important univariate effect, namely

the change in 6-month momentum (chmom). We observe little separation between the two legs, con-

firming the expectation that chmom does not meaningfully influence portfolio composition.

Figure 8: Characteristics of AlphaGlass portfolios

A: herf in portfolios 1 and 10

B: pchsale_pchxsga in portfolios 1 and 10
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Note: This figure shows the characteristics of the top and bottom deciles of the AlphaGlass portfolios. Panels A to
C show the monthly means of the three characteristics with the highest S(i). Panel D shows the characteristic with

the lowest S(i).

5.1 Signal decomposition

Next, we examine which characteristics explain asset selection within the AlphaGlass portfolio. To

this end, we measure which model terms increase the signals, pushing assets toward the long

leg, and which decrease the signals, most likely leading to inclusion in the short leg. Let %, C

71 be the set of training-set indices (I,t) that fall into decile g€ {1,...,10} at their respective for-

mation month. To isolate signed contributions, we decompose each shape function output a =

Si(xiy) (for some feature i), or a= f;;(xi.:,x;j1,:) (for some pair (i,)) into its positive and negative

parts:

[a]+ =max{a,0},
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We define directional mean scores on any decile g as the portfolio-size-normalized averages of the
positive and negative parts of the shape functions:

ST@ = X [fitxul, 1s)
' (1,hen
1
ST(@)=——— > [filxit)]- (16)
|?‘4|(l,t)ey>q
1
Si+j(‘1)=7 Z [fij (XineX 0]+ 17)
|2’1|(l,t)eﬂ’q
1
Sii@)=—5= Z [fij (e, X)) - (18)
|?q|(l,t)673q

By construction, ST summarizes how strongly (on average) a feature or interaction contributes pos-
itively within the chosen decile, whereas S~ summarizes the average negative contribution and is
reported with a minus sign so its magnitude is directly comparable to |S*|. For our long-short anal-
ysis, we set

S =S87(10), Sfj:Si*j(w) and Sy =8 (), S;=8;1).

Note that this step, once again, relies on the separable model structure, which allows for exact
decomposition of the model output (the portfolio signals) into term-level contributions (the shape
function outputs).

The resulting importance rankings are presented in Figure 9. Panel A reports the top 15 effects
in terms of S and S;}.“ The most prominent driver of long signals is industry sales concentration
herf, with §* =2.42, far exceeding the remaining effects. This aligns with the previous finding that
herf is the most important contributor to model signals overall. The decomposition clarifies that its
importance is mainly due to positive contributions toward the long leg, i.e., the low-herf region (see
Figure 6). Beyond this leading term, the next tier of effects have more comparable magnitudes (S* =
0.79-1.37), suggesting that the model’s long selection is supported by a diverse set of reinforcing

signals rather than a single-factor rule.

The leading contributors fall into several intuitive themes. First, the inclusion of momi2m among
the top effects indicates that recent price trends materially strengthen long signals, consistent with
momentum serving as an important selection criterion. Second, the presence of rd (R&D increase)
and egr (growth in common shareholder equity) indicates that the long leg is tilted toward firms with
characteristics associated with investment and growth. Third, fundamentals and operating dynamics
play a central role: nincr (number of earnings increases) contributes positively, pointing to a pref-
erence for firms exhibiting improving earnings patterns, and pchsale_pchxsga (percentage change
in sales minus percentage change in SG&A) suggests that sales growth outpacing overhead growth
is rewarded in the signal, consistent with operating leverage or efficiency considerations. Relatedly,
chinv (change in inventory) appears among the top long contributors, indicating that inventory dy-

UFigure I.1 in the Appendix also reports leg-wise mean score decompositions when positive and negative contributions
are taken into account, confirming the main drivers.

25



Figure 9: Importance of predictors for long/short allocation

A: Mean positive scores S* (i) and S*(i,j) in portfolio 10
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Note: This figure shows the most important effects of the AlphaGlass model for allocation in the long (Panel A) and
short leg (Panel B) of the 10-1 portfolio. Importance values are calculated as mean positive (negative) scores on the
training data, respectively.
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namics contain incremental information for long selection in the learned portfolio mapping.

The long-leg ranking also highlights balance-sheet and financing characteristics. cash (cash hold-
ings) and pchcurrat (percentage change in current ratio) both contribute positively, consistent with
the model assigning higher long signals to firms with stronger liquidity positions or improving short-
term solvency. At the same time, secured (secured debt) and securedind (secured debt indicator)
feature among the top positive contributors, implying that secured borrowing is, in this learned
allocation, associated with higher signals for long-decile firms, potentially capturing differences in
collateralization, financing constraints, or capital structure that the model exploits together with
other characteristics.

Moreover, we find further evidence that AlphaGlass leverages nonlinear interaction information.
The strong ranking of acc & hire indicates that the model conditions the contribution of working-
capital accruals (acc) on the firm’s employee growth (hire). In other words, the long signal is not
driven by accruals or hiring alone, but by particular combinations of these variables in regions where
the learned bivariate shape function contributes positively. Likewise, chempia (industry-adjusted
change in employees) underscores that labor-force adjustments relative to industry peers are infor-
mative for selection in the long leg.

Panel B presents the analogous ranking for the short leg. The dominant driver of short signals
is sin, the sin stock indicator, with a magnitude of |S™| =5.60, substantially larger than all other
terms. This implies that, among bottom-decile assets, the learned sin shape function frequently
takes values that strongly reduce the signal, making sin the single most influential downward con-
tributor to short-leg inclusion. A second large effect is pchsale_pchxsga (|S™ | =2.57), indicating that
the same operating-dynamics variable that supports long signals in the top decile also meaningfully
contributes to low signals in the bottom decile, consistent with the shape function described above
in which unfavorable regions of sales-minus-overhead dynamics push assets toward the short leg.

Several additional terms with sizable negative contributions reflect payout and balance-sheet
characteristics. divi (dividend initiation) appears prominently (]S~ | =2.01), suggesting that, within
the short decile, dividend initiations are associated with signal-reducing regions of the learned shape
function. realestate (real estate holdings) also ranks highly (|S™|=1.55), and herf (industry sales
concentration) again appears (|S™ | =1.04), indicating that industry structure and asset composition
features contribute materially to the model’s negative scoring within the short-decile set.

Profitability-related characteristics also feature among the main downward contributors: oper-
prof (operating profitability) and gma (gross profitability) both appear in the top 15. Their presence
in the short-leg ranking should be interpreted through the lens of the learned nonlinear shape func-
tions: among bottom-decile stocks, the realized profitability values tend to fall in regions that further
reduce the signal. Relatedly, salerec (sales-to-receivables) contributes negatively, consistent with the
model using working-capital/receivables information when forming low signals.

The short-leg ranking also highlights risk and financing variables. maxret (maximum daily return)
enters among the top effects, suggesting that extreme daily moves (a proxy for lottery-like behavior or
crash/optionality exposure) are associated with lower signals in the short decile. securedind (secured
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debtindicator) again appears, indicating that the secured-debt dimension is informative for both legs,
though in different regions of the covariate space. Finally, several liquidity and debt-service measures
(cash and cashdebt, cash flow to debt) contribute to signal reductions in the bottom decile, consistent
with the model penalizing weaker financing capacity or adverse liquidity/debt-service configurations
among short candidates. Inventory dynamics (chinv) also appear again, suggesting that inventory
changes contain incremental information for both extreme tails of the signal distribution.

Two patterns stand out when comparing Panels A and B. First, some characteristics are important
on both sides, most notably pchsale_pchxsga, herf, momi2m, securedind, cash, and chinv. This is con-
sistent with a nonlinear score function that uses the same covariates to separate winners from losers
by assigning opposite-signed contributions in different regions of the feature space (and/or by inter-
acting with other terms), rather than employing disjoint sets of predictors for longs and shorts. Sec-
ond, each leg also has clear distinctive drivers: the long leg features growth/investment and improv-
ing fundamentals (e.g., rd, egr, nincr) as well as a salient interaction (acc x hire), whereas the short
leg is dominated by sin and places greater emphasis on payout/initiation and asset-composition vari-
ables (divi, realestate), together with measures related to tail risk (maxret) and profitability/quality

(operprof, gma).

Overall, the signal decomposition indicates that AlphaGlass’s asset selection is driven by a com-
bination of broad economic themes, such as industry structure, operating dynamics, profitabil-
ity/quality, liquidity/financing, and risk, while allowing for strong nonlinearities and interaction
effects. Importantly, the overlap of key terms across the long and short tails suggests that the
model primarily differentiates positions through directional contributions of the same underlying
characteristics, rather than by relying on entirely separate sets of variables for the two legs.

5.2 Interactions

In the previous sections, we found that, in addition to the univariate effects discussed above, the
AlphaGlass model relies on interactions in its decision process, particularly the acc&hire interaction.
In what follows, we study the relationship between this interaction and AlphaGlass portfolios. Recall
the heatmap and the conditional effects displayed in Figure 7. Analogously to the univariate effects,
we can derive implications from this learned shape function. We observe the highest interaction
scores when low acc values coincide with high hire values. When acc is high, on the other hand,
we find the lowest interaction outputs for low-hire stocks. This indicates that stocks with higher
interaction scores, which are therefore more likely to be included in the long leg, should exhibit a
negative correlation between acc and hire. The interaction shape suggests the opposite pattern for
low score (likely shorted) stocks. Low interaction outputs are observed for stocks in which acc and
hire are both low or both high, indicating a positive correlation between the two characteristics in
these stocks.

The described effects are reflected in AlphaGlass portfolios. Panel A of Figure 10 shows the
scatter plot of acc on the x-axis and hire of the first portfolio (the short leg of the AlphaGlass
strategy) on the y-axis. The plot also shows the orange regression line with 95% confidence intervals
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and the regression coefficient in the top corner. Consistent with the expectation, there is a positive
relationship between acc and hire with a highly significant regression coefficient of 0.54 (t=11.4).
Panel B shows the same plot for portfolio 10 (the long leg of the AlphaGlass strategy), with the
coefficient of —0.38 (t=—3.3) confirming the expected negative relationship.

Figure 10: acc&hire within AlphaGlass portfolios
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Note: This figure shows scatter plots of acc and hire in AlphaGlass portfolios 1 and 10. The orange line is the
regression line with 95% confidence intervals.

6 Mean-variance preferences

AlphaGlass allows flexible specification of the loss function. In principle, any differentiable func-
tion of the factor f{ is permissible. For example, the estimation allows for portfolio constraints
or penalties, see Appendix J, which considers drawdown penalties. While the SR criterion used in
the baseline analysis is natural in asset pricing and portfolio construction, it is useful to consider
alternative objective functions that more flexibly reflect investor preferences. In particular, mean-
variance utility provides a standard formulation in which expected returns are traded off against
return variance through a risk-aversion parameter. This allows us to examine whether the Alpha-
Glass framework continues to perform well when the estimation target is no longer scale-free but
instead depends explicitly on the investor’s risk tolerance.'?

U(f) =E(fy) — §Var(ft), (19)

2In Appendix K, we show how the Sharpe ratio and mean-variance objectives complement each other. Although they
select the same portfolio rule under certain assumptions, the equivalence is not general, so it is informative to study
the mean-variance case separately. In this section, we therefore estimate the model for mean-variance preferences over
returns f;:
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where y is the coefficient of absolute risk aversion. We estimate the AlphaGlass model using the
(dis)utility of the long/short portfolio, f!, as the loss function:

£ =—UF). (20)

Table 6 shows the maximized in-sample and out-of-sample utilities, 2/, for y =1 and y =3 for
AlphaGlass and the three benchmark models. AlphaGlass delivers the strongest out-of-sample per-
formance for both levels of risk aversion. For y =1, its out-of-sample utility is 1.12, compared with
0.99 for EBM, 0.86 for NN, and 0.53 for RF. For y =3, the ranking is unchanged: AlphaGlass again
performs best, with an out-of-sample utility of 1.23, followed by EBM (0.87), NN (0.79), and RF (0.34).
Therefore, AlphaGlass remains the most effective method even when the objective is changed from
Sharpe ratio maximization to a utility criterion. Moreover, the results reveal a pronounced contrast
between in-sample and out-of-sample performance. The benchmark models achieve substantially
larger in-sample utility values than AlphaGlass. For example, when y =1, RF and EBM reach in-
sample utilities of 8.56 and 7.88, respectively, far above the AlphaGlass value of 1.81. A similar
pattern holds for y =3, where RF and EBM again produce much larger in-sample utilities than Alpha-
Glass. However, these in-sample gains do not survive out-of-sample. Instead, all three benchmark
models experience large declines, whereas AlphaGlass retains a much larger share of its in-sample
performance.

Overall, these results underscore the broader point that AlphaGlass is not confined to maxi-
mizing the Sharpe ratio. Rather, the framework can accommodate alternative portfolio objectives
while preserving its central features: end-to-end estimation, economic interpretability, and strong
out-of-sample performance.

Table 6: Maximized utility & of mean-variance preferences

In-sample Out-of-sample
Panel A: y=1
AlphaGlass 1.81 1.12
RF 8.56 0.53
NN 3.51 0.86
EBM 7.88 0.99
Panel B: y =3
AlphaGlass 1.43 1.23
RF 7.48 0.34
NN 3.21 0.79
EBM 6.70 0.87

Note: This table compares maximized mean-variance utility for y =1,3. The AlphaGlass model is estimated using
a mean-variance loss function (20). The RF, NN, and EBM models use the MSE loss function. The results in the table
are based on the long/short portfolios implied by the models and multiplied by 100.
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7 AlphaGlass theoretical properties

In this section, we derive important properties of the AlphaGlass approach with respect to its learn-
ing behavior. Complete proofs are in Appendix K.1, while Appendix K.2 provides additional theoret-
ical results. In particular, it clarifies the relationship between the Sharpe ratio and mean-variance
objectives, and justifies the advantages of our implementation compared to a softmax-based formu-
lation.'?

As detailed in Section 2, AlphaGlass is trained through a differentiable approximation to the
standard hard rank-and-cut construction. This raises a practical issue: the economically meaningful
object is the hard-sorted quantile portfolio, while optimization uses a smooth surrogate. First, we
justify our training approach by showing that the differentiable soft sorts we employ serve as a
faithful proxy for the hard portfolio procedures applied to the test data, and that their gradients
used during backpropagation are appropriate.

We fix the temperature parameters T = (Trank, Tmask- FOr each 6 and t, let w}wrd(QlT) be the
portfolio weights obtained by exact ranking and truncation (e.g., invest only in the top-ranked assets
that pass the long/short mask). Let waft(Ql'r) be the corresponding differentiable approximation
with temperature vector T entering the soft ranking and masking. We denote the associated empirical
Sharpe ratios by S/}\KI%ard(Q) and §1\{ST0ft(9|T).

To quantify how clearly the model separates selected and non-selected assets, we introduce a
margin: for each (0,t), let Ag) > (0 measure the smallest pairwise gap between signals in month .
Theorem 1 formalizes that our differentiable portfolio construction is a faithful surrogate for the

usual hard top-bottom sort:

Theorem 1 (Soft-hard equivalence)

For fixed 0, the random variables Ag) have a continuous density at 0 (no point mass at ties). Then:

1. Pointwise convergence given a margin: Fix t and suppose Ag) > 6> 0. Then there exist constants

C1,Co,c >0 depending only on q and nmax such that for all sufficiently small T,

||wts°ft(9|T)—w?ard(9)H1 < Cle—cﬁ/‘rrank + Cze—C/Tmask_

2. Averaged convergence and Sharpe ratio: Let T4 0. Then
1 < p ~ sof _~ hard p
7 2wt @l —w @), — 0, SRy (OlTr) — SRy () — 0.
t=1

3. Gradient consistency at non-tie points): Fix T and 0 such that Aé” >0 forallt=1,...,T (no ties

13Note that, although the formal statements below are written for the SR criterion, the arguments underlying The-
orems 1-3 are more general. Theorem 1 is primarily a statement about the soft rank-and-mask construction and its
approximation of the corresponding hard-sorted portfolio and for Theorems 2 and 3 the proofs establish convergence
of the empirical portfolio moments fir(0) and 61(6) and then pass these moment bounds to the objective of interest.
The same logic extends to other criteria of the form Q(0) =¢(u(0),0(0)), provided the objective is well behaved (e.g.,
preserves continuity and bounded gradients). Mean-variance utility, Q (0) =u(0) — %0'2(9), is a simple example covered
by this extension.
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in the sample at 0) and 6:74(0) > 0. Then SAR}Tlard(Q) is locally constant in a neighborhood of 9,
hence 9€eSR 1" (9) = {0}, and

~ soft

VSR (O|T)|| — 0  as Tl0.

This theorem formalizes multiple desirable properties:

e Soft approximation: If, at time t, the signal scores exhibit a nontrivial margin, then the soft
weights wi°''(0|T) are exponentially close (in ¢;) to the hard equal-weight portfolio w9 (0)
as Trank g0e€s to zero. Intuitively, once the scores are well separated everywhere, the sigmoids in
the soft ranking/masking behave like indicators, so the differentiable construction reproduces

the hard rank-and-cut portfolio.

e Time-average and Sharpe ratio consistency: Under stationarity/weak dependence and no mass
at exact ties, an annealing schedule 17 { 0 yields

T
1 P _~ sof _~ hard p
= 2w 01m) —wf(0)y — 0, SRY (0)=SRT (0) — 0.
t=1
Therefore, in large samples, the differentiable construction targets the same portfolio and the

same sample Sharpe ratio as the discrete benchmark.!*

In other words, Theorem 1 provides a direct bridge between the portfolio procedure used for op-
timization and the hard quantile portfolios used for evaluation: whenever the model produces clear
cross-sectional separation, the soft weights are exponentially close to the hard weights, and the
corresponding Sharpe ratios match in large samples. This ensures that the population and sample
Sharpe ratios appearing in our theoretical results can be interpreted as Sharpe ratios of the stan-
dard hard-sorted long-short portfolios, up to a vanishing approximation error. At the same time, at
parameter values where the ranking is stable (no ties), the hard Sharpe ratio is locally flat, and the
gradient of the soft Sharpe vanishes as the temperature goes to zero. This formalizes the idea that
the soft relaxation correctly captures the non-smooth structure of the true optimization problem,
while still allowing gradient-based training.

We formalize that, within the AlphaGlass class, maximizing the sample Sharpe ratio is asymptot-
ically aligned with maximizing the population Sharpe ratio.'> Given a sample of length T, we define
the population (or out-of-sample) mean and volatility of the portfolio return as

p(0)=E[m(0)], 0%(0)=Var(m(0)),

and the population Sharpe ratio as
p(o)
SR(0) = ———.
o(0)
4We also show the complementary property of gradient validity: The gradient of the soft objective converges (as
temperatures go to zero) to a valid Clarke (1975) subgradient of the non-differentiable hard-sort objective. Away from
ties, the hard objective is locally flat, and the soft gradient vanishes, indicating that using the smooth surrogate provides
principled gradients for training against a hard-sorting target (see Appendix K.1 for more details).
5For clarity, we work with a simplified notation in this section and refer to the technical assumptions and detailed
proofs in the Appendix.
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Given a sample of length T, the empirical analogs are
1< 1 >
fir(0)=2 > m(0), G7(0)== > (m(6)—fir(6))",
rS r=

and the empirical Sharpe ratio
fir(0)

SR1(0) =5 "5

Theorem 2 formally justifies optimizing the Sharpe ratio directly:'®

Theorem 2 (Consistency of Sharpe maximization within the AlphaGlass class)
Fix Trank, Tmask > 0 and define the population and empirical maximizers of the Sharpe ratio as
0* cargmax SR(0), GATeargmaX SART(Q).
0cO 0cO
Then:
~ p
1. supgee|SRr(0) —SR(O)| — 0.

A 14
2. Any sequence of empirical maximizers satisfies dist(0r,argmax SR) — 0. If 0* is unique,

o, L 0~

3. Consequently, SART(QAT) LR SR(0™).

In other words, asymptotically, AlphaGlass attains the best Sharpe available within its interpretable
class. The theorem shows that our training objective (the sample Sharpe ratio computed from the
soft long-short portfolio) is statistically aligned with the economic target (the population Sharpe
ratio). In particular, it provides:

e Uniform learnability: As T — oo, the entire empirical estimate 0 — SR1(0) converges uniformly
(in probability) to the true 6 — SR(0). In other words, wherever we look in the model space, the
sample Sharpe ratio is a reliable proxy for the population Sharpe ratio.

e (Consistency: For any sequence of empirical maximizers §T eargmaxee@S/l\lT(Q) converges to
the set of population maximizers argmaxgceSR(0) in probability. If the maximizer is unique,
then §T — 0*. Therefore, maximizing the sample Sharpe ratio asymptotically recovers the best-
in-class model (at the population level).

e Value optimality: The achieved Sharpe ratio at the fitted model converges to the best attainable
Sharpe ratio within the class:

S/l\{T(é\T) - SR(Q*).

In practice, this means that training AlphaGlass by maximizing the in-sample Sharpe ratio is
asymptotically “correct”: With enough data, the resulting parameter vector yields a portfolio whose
population Sharpe ratio approaches the highest Sharpe ratio achievable within the chosen architec-
ture.

16For clarity, we work with a simplified notation of the mathematical properties in this section and refer to the technical
assumptions and detailed explanations in Appendix K.1.
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This raises the question of how reliably the AlphaGlass portfolio that maximizes the in-sample
Sharpe ratio performs out-of-sample. Even if maximizing sample Sharpe ratio targets the population
optimum (Theorem 2), a finite training sample can still produce over-optimistic in-sample Sharpe
ratios. The next result gives a finite-sample reliability statement: with high probability, the popula-
tion Sharpe ratio of the fitted AlphaGlass strategy is close to the best attainable population Sharpe
ratio within the class, with a gap controlled by an explicit measure of effective strategy complexity,
sample length, and temporal dependence.

For this, we consider the class of portfolio returns
H={m(0) =w(0) 71141 : 0O}

For a block length be {1,...,[T/2]}, let
m=|5p]
2b ¥’
and denote by ?%1%1}2, (IT) the blocked (dependent-data) Rademacher complexity of I1, as defined in Ap-
pendix K.1. Intuitively, %1%1,1;(1'[) measures the effective richness of the model class after accounting

for temporal dependence through blocking.!”

Theorem 3 (Oracle inequality for out-of-sample Sharpe ratio)
Assume that returns are bounded and weakly dependent, that the AlphaGlass map 0 — w;(0) is Lips-
chitz, and that the portfolio volatility is uniformly bounded away from zero. Then for every 6 ¢ (0,1),

b log(8/6)

Pr <SR(9*)—SR(§T) < RY5 (M) + G <T+ - >> >1-6-2mB(b),

for some constants C,,Co >0 depending only on basic properties of the data and the model. Here B(b)
denotes the B-mixing coefficient at lag b.

In particular, if b= b s is chosen so that

2mpB(b)<6/2,

pr(SR(0%) —SR(Br) < CyRE% (1) + ¢, ( 24 [108BIONY ) o 5.
’ T m

This property is important because it guarantees that the empirically Sharpe-optimal AlphaGlass

then

portfolio generalizes: its out-of-sample Sharpe ratio is close to that of the best possible portfolio
within the model class. The gap is controlled by three components: the effective complexity of the
strategy class, captured by %l%l‘lj, (IT), a finite-sample remainder b/T, and a concentration term based
on the effective number of approximately independent blocks, m=|T/(2b) .

This result matters economically because it converts a statistical training objective into a re-
liability statement about investment performance. Optimizing the sample Sharpe ratio does not

Intuitively, ‘R'%{‘;,(H) measures how well the class IT can fit random noise in the data after accounting for weak de-

pendence through block aggregation: larger values mean higher effective model capacity and thus a greater potential for
overfitting. See, for example, Shalev-Shwartz and Ben-David (2014) for a general overview.

34



merely fit noise: with high probability, the resulting portfolio’s population Sharpe ratio is near-best-
in-class, and the gap vanishes as the sample length grows provided the effective complexity remains
controlled and dependence is not too strong. Therefore, the bound can be read as a transparent data-
sufficiency condition. To make the SR shortfall small, the sample length T must be large relative to
the model’s effective complexity and relative to the dependence-adjusted block structure. This for-
malizes a fundamental trade-off in portfolio construction: increasing model flexibility can raise the
attainable in-class Sharpe ratio, but it also requires more data for the same level of out-of-sample
reliability.

In particular, the number of effective model parameters influences reliability through its effect on
the complexity term RY' (IT). Activating many terms, especially interactions, increases the number
of ways the strategy can adapt to the sample, so more data are required for the same level of out-
of-sample reliability. At the same time, this underscores that sparsity and pruning are not merely
interpretability devices. They directly reduce effective model complexity and thereby tighten the
bound, making it more likely that in-sample Sharpe improvements persist out-of-sample.

Taken together, these results provide a unified theoretical justification highlighting the approach’s
practical benefits. The differentiable rank-and-mask procedure faithfully approximates hard quan-
tile portfolios (Theorem 1), maximizing sample Sharpe targets the population Sharpe ratio within
the AlphaGlass class (Theorem 2), and finite-sample generalization guarantees explain when a high
in-sample Sharpe ratio is informative about out-of-sample performance (Theorem 3).

8 Monte Carlo simulation

While AlphaGlass is guaranteed to target the maximum attainable Sharpe ratio within its model class,
this guarantee does not, by itself, provide a numerical comparison against richer population bench-
marks. In simulation, we can go one step further. Because the data-generating process is known, we
can evaluate each fitted model on an arbitrarily large independent test sample, so that the resulting
out-of-sample Sharpe ratio is an arbitrarily accurate approximation to the model’s population Sharpe
ratio. This allows us to study not only whether AlphaGlass outperforms benchmark learners in finite
samples, but also how close it comes to the simulated population optimum and to oracle portfolio
rules that are infeasible in practice.

8.1 Simulation design

Concretely, our simulations are designed as follows. In each month t, we draw a cross section of
n =500 assets with p =6 characteristics. Let

_ T —_
Xl,t_(xl,t,ls---ixl,t,ll) ’ I’_ll"'!nl

and assume that the raw characteristics are jointly Gaussian with unit variances and common pair-
wise correlation 0.25. As in the empirical analysis, each characteristic is then transformed into a
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cross-sectional rank on [0,1]:

_rank(xy ;)

ul,t,j—#e[(),l], ULe = (U150 ULep) T

This normalization keeps the simulated design close to the empirical implementation and removes
any role for the marginal scale of the characteristics. Monthly returns are generated according to

i.i.d.
T = HsgM(Up) + 0 (U e, &~ N(O,1), (1)
with pgig =0.018, where the conditional mean component is
mUy) =ai (2, —1)°,  ar=1. (22)

The conditional idiosyncratic volatility is characteristic-dependent and given by
logo (Up1)* =go+ grui2 +g2(u1,t,3—%)2, (23)

with (go,91,92) = (—4.6,2.5,1.2).

For each Monte Carlo replication, we simulate a training panel of length T € {120,240} months
and estimate four models: AlphaGlass, Explainable Boosting Machines (EBM), Random Forests and a
neural network. Consistent with our empirical implementation, EBM, Random Forest, and the neural
net are estimated as pooled return-prediction models, whereas AlphaGlass is trained directly on
the time-series Sharpe-ratio objective. We then evaluate each fitted model on an independent large
population sample of 1000 months. This separation ensures that the reported performance reflects
out-of-sample portfolio quality rather than in-sample fit.

To evaluate all methods on a common footing, we translate fitted scores into the same portfolio
rule used in the empirical analysis: in each month, assets are sorted into deciles by model scores,
and we form the equal-weight long-short 10-1 portfolio. Let D; ;(s) and Dio(s) denote the bottom
and top deciles under score s. The corresponding portfolio return is

. 1 1
RIS =G 2 Tt = oy 2 e,
[D10,:(8)] 1eDoy(s) ID1,¢(s)] leDy ¢ (s)

and performance is measured by the annualized Sharpe ratio of {R}7(s)}.

8.2 Oracle benchmarks

A central advantage of the simulation design is that it makes latent benchmarks observable. Because
the conditional mean and conditional volatility functions are known, we can construct oracle port-
folio rules that are infeasible in practice and use them to assess how much of the Sharpe-relevant
signal each method recovers. Our simulation uses three such oracle benchmarks. The first is a
weighting oracle that uses the true conditional means and variances and may choose continuous
zero-investment weights. For each month t, let

He=(U1tyeees ) | Mt = Msigm (Upt).
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The weighting oracle solves

.
max—2tH gt 1Tw; =0, lwe |l = 2. (24)

W wththt
With diagonal X, the solution is
— Z;L:lu],t/o-ﬁt
Z?:l 1/0'1'2,t .

This is the natural upper bound in the simulated economy, but it is not directly comparable to the

w = 21y U= My —Ag
Lt — n ~ =
ijl |wj,t| ’ O—lz,t

’ At (25)

estimated models because it uses continuous weights rather than equal-weight deciles.

The second oracle is a ranking oracle. It uses the same equal-weight 10-1 portfolio construction
as the estimated models, but sorts assets on the true risk-adjusted score

R _ Hit — At
ai:= 2
Ot

. (26)

This oracle is the most informative benchmark for our purposes because it holds equal-weight portfo-
lio construction fixed, in line with model evaluation, and isolates pure ranking quality. Any difference
between AlphaGlass and this oracle, therefore, reflects imperfect recovery of the Sharpe-relevant
score, rather than gains from alternative weighting schemes.

The third benchmark is a mean oracle, which also uses equal-weight decile portfolios but sorts
on the true conditional mean only:

ai = M- (27)

This oracle is useful because it represents the best equal-weight decile strategy available to a method
that learns only expected returns and ignores characteristic-dependent volatility.

8.3 Results

Table 7 reports Monte Carlo means and standard deviations across 100 replications. We can draw
the following conclusions from the results. First, the oracle benchmarks are stable across the two
training lengths. The weighting oracle attains an annualized Sharpe ratio of about 3.0, the ranking
oracle about 2.38, and the mean oracle about 2.03. The gap between the ranking and mean oracles
is economically meaningful, around 0.34 Sharpe ratio units for both T =120 and T =240. This
is precisely the value of volatility adjustment in a decile-sort environment: even when the final
portfolio is equal-weighted within each tail, sorting on a risk-adjusted score dominates sorting on
expected return alone. The further gap between the weighting oracle and the ranking oracle, roughly
0.61, captures the additional gains from moving from equal-weight tail portfolios to fully optimal
continuous weights.

Second, AlphaGlass dominates all three benchmark learners at both sample sizes. For T =120,
AlphaGlass attains an average annualized Sharpe ratio of 1.774, compared with 1.568 for EBM, 1.449
for the neural net, and 1.411 for Random Forest. For T =240, these values rise to 1.970, 1.755, 1.557,
and 1.438, respectively. As expected, all models benefit from longer training samples, but Alpha-
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Glass remains the top performer throughout, while EBM is the strongest of the return-prediction
benchmarks.

Third, the key comparison is the fraction of the ranking-oracle Sharpe ratio. AlphaGlass captures
74.3% of the ranking-oracle SR at T =120 and 83.4% at T =240. The corresponding values are 65.8%
and 74.2% for EBM, 60.7% and 65.9% for the neural net, and 59.1% and 60.8% for Random Forest.
Because all models and the ranking oracle are evaluated through the same equal-weight 10—1 decile
rule, these differences reflect ranking quality rather than differences in portfolio implementation.
The results, therefore, show that training directly on a Sharpe-ratio objective helps AlphaGlass learn
the part of the signal that matters most for tail-portfolio formation.

Fourth, the comparison with the mean oracle shows that AlphaGlass not only learns the non-
linear conditional mean well, but also recovers part of the incremental information contained in
the volatility-related characteristics. At T =120, AlphaGlass reaches 86.7% of the mean-oracle SR,
compared with 76.7% for EBM, 70.9% for the neural net, and 68.9% for Random Forest. At T =240,
AlphaGlass reaches 97.7%, while EBM, the neural net, and Random Forest reach 86.9%, 77.1%, and
71.1%, respectively. Thus, AlphaGlass nearly closes the gap to the best mean-only decile strategy in
the longer sample and simultaneously preserves a clear advantage relative to the alternative learners
in the Sharpe-relevant ranking benchmark.

Overall, the simulation supports the empirical analysis. In a setting where the Sharpe-optimal
portfolio depends on both expected return and characteristic-dependent risk, AlphaGlass learns a
more useful portfolio score than methods trained as generic return predictors. The gains are robust
across training lengths, become stronger with more data, and are particularly pronounced when
evaluated relative to the equal-weight ranking oracle, which most closely mirrors empirical portfolio
construction.

9 Conclusion

We demonstrate that portfolio objectives can be optimized directly using inherently interpretable
machine learning. The AlphaGlass framework bridges flexible nonlinear learning and the trans-
parency requirements of empirical asset pricing by combining an additive, glass-box architecture
with a sparse set of pairwise interactions with an end-to-end differentiable portfolio formation layer
that maps scores into long-short quantile weights. This design preserves full interpretability by
construction: each portfolio decision admits an exact decomposition into main effects and interac-
tion contributions, enabling economically meaningful attribution without relying on noisy post-hoc
explainability methods.

Empirically, AlphaGlass delivers strong out-of-sample performance in U.S. equities, producing a
pronounced return and Sharpe spread across signal-sorted portfolios and outperforming key bench-
marks. Crucially, these gains come with ex ante transparency. The learned shape functions and
interaction surfaces reveal clear economic patterns in how characteristics map onto optimal alloca-
tions, including industry structure, operating leverage dynamics, momentum, labor adjustment, and
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Table 7: Results of Monte Carlo simulations

T=120 T =240
Panel A: Oracle benchmarks
Weighting oracle 2.995 (0.116) 2.982 (0.118)
Ranking oracle 2.388 (0.107) 2.368 (0.120)
Mean oracle 2.047 (0.123) 2.021 (0.105)

Panel B: Model Sharpe ratios

AlphaGlass 1.774 (0.340) 1.970 (0.226)
EBM 1.568 (0.219) 1.755 (0.173)
Random Forest 1.411 (0.236) 1.438 (0.205)
Neural net 1.449 (0.204) 1.557 (0.191)

Panel C: Fraction of ranking-oracle SR

AlphaGlass 0.743 (0.140) 0.834 (0.104)
EBM 0.658 (0.094) 0.742 (0.076)
Random Forest 0.591 (0.096) 0.608 (0.086)
Neural net 0.607 (0.085) 0.659 (0.086)

Panel D: Fraction of mean-oracle SR

AlphaGlass 0.867 (0.164) 0.977 (0.112)
EBM 0.767 (0.100) 0.869 (0.081)
Random Forest 0.689 (0.106) 0.711 (0.090)
Neural net 0.709 (0.097) 0.771 (0.092)

This table reports Monte Carlo mean Sharpe ratios (annualized) with standard deviations in parentheses across 100
replications. Each replication simulates a panel with n =500 assets and p =6 characteristics per month. Models
are trained on T € {120,240} months and evaluated on an independent population sample of 1000 months. All
estimated models are evaluated through the same equal-weight long-short 10—1 decile portfolio.
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economically intuitive conditional relationships captured by sparse interactions. The term-level de-
composition further clarifies which characteristics systematically push assets toward the long and
short tails, providing a direct bridge from a high-performing portfolio rule to an interpretable set of

economic drivers.

Finally, we theoretically justify our approach. We show that maximizing the sample Sharpe ratio
is statistically aligned with maximizing the population Sharpe ratio within the AlphaGlass class and
that the differentiable rank-and-mask procedure is a faithful surrogate for conventional hard sorts.
Overall, AlphaGlass provides a practical template for learning tradable factors and portfolio rules
that are simultaneously high-performing, economically grounded, and transparent—and therefore
well suited for both portfolio construction and mechanism-based empirical asset-pricing inference.
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A Implementation details

In addition to the description in Section 2, we explain the estimation algorithm and key design
choices in greater detail.

A.1 Term selection and pruning

In addition to the regularization outlined in Section 2.3, we employ two further mechanisms to en-
force sparsity: First, to limit the interaction search space before training the interaction block, we
apply a heredity-aware screening step: we first fit main effects, form residuals against the main-
effect signal, and compute a fast two-way importance score on binned features (a FAST-style score
on residuals) while enforcing weak heredity by only considering pairs (i,j) that involve at least
one main effect that remains active. The top K pairs, ranked by this score, are retained for in-
teraction training. Second, after training (first on main effects, then on the retained interactions),
we quantify each term’s contribution using the product of a variance scale and the squared gate:
Let z;(L,t) = fi(xi1:) and z;5(1,t) = fij(xi16,X,,t) denote raw subnet outputs (before gates), and let
Var,[-] denote the weighted variance over the training set. We define C; = GiZVarw[zi] for main
effects and C;; = inJ-Varw[zij] for interactions, and normalize across all effects via CNk =Cx/2,Cy.
Sorting effects in descending C yields a regularization path along which we recompute the validation
loss while progressively enabling more terms. For main effects, letting M (m) denote the model that
keeps only the top m main effects (with interactions disabled), we evaluate £Ivl?jm(m) = £SV§1(M (m))
for m=0,1,...,N and select the smallest 71 whose validation loss lies within a relative tolerance p
of the path minimum, i.e.,

main

Tﬁzmin{m: (L

(m) —min L™ (m')) /min L3 (m") < p }

We then freeze the selected 7 main effects, activate the screened interactions in decreasing order
of 6ij, and repeat the same tolerance rule to select the smallest number k of interactions whose
validation loss is within p of the best point on the interaction path. Overall, the gates with £; penal-
ties provide continuous shrinkage during training, the heredity-aware screen keeps the interaction
set manageable, and the tolerance-based pruning path performs discrete selection guided by out-of-
sample Sharpe ratio. Together, these steps yield a sparse, interpretable model with reliable attribu-
tion, even in the presence of highly correlated inputs.

A.2 Interaction selection

We select pairwise interactions using an efficient binned preprocessor and an interaction detection
algorithm (FAST of Lou et al. (2013)) that assigns each pair of feature indices (i,j) a score S;;, measur-
ing the improvement of a pair-specific model over an additive model on the same binned represen-
tation. Specifically, before screening interactions, we discretize each feature into a small number of
bins. To construct bins, we use cut points so that each bin contains approximately the same number
of samples. Let B; be the number of bins for feature i. The preprocessor maps every sample x, to
an integer-coded matrix
Xe{0,...,Bi—1} xx{0,...,B,— 1},
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so that X, ; is the bin index of sample n on feature i. This compressed integer form enables highly
efficient counting, aggregation, and table lookups, which the interaction detector uses internally.

On the binned scale, we can define a purely additive (no interaction) model that depends only
on features i and j:

Y3 = p+ gi (Xn,i) + 9j(Xnj),

where g;:{0,...,B;—1} >R and g;: {0,...,B;—1} — R are univariate shape tables (one score per bin),
i.e., v is explained using only per-bin offsets for i and j. The interaction-augmented counterpart
adds a two-way table

~ pair

Yn =M+ gi(Xn,i) + gj(Xn,j) + hij(Xn,i;Xn,j);

where h;; assigns an extra score to each bin pair (b;,b;) €{0,...,Bi—1} x{0,...,B;—1}.

Given the binned data X, the labels 7y, optional sample weights w, and the current main-effect
scores from the univariate fitting stage, our variant of the FAST algorithm computes how much
additional predictive signal is captured by allowing a two-way table for (i, j) beyond the best additive
fit on i and j alone. Concretely, for each pair (i,j), the detector performs the following operations
on the same binned grid:

1. Form sufficient statistics per bin (and per class for classification), e.g., weighted counts and
weighted response sums in each i-bin, each j-bin, and each (i, ) bin-pair.

2. Fit the best additive tables (g;,g;) on {i,j} by minimizing the chosen loss on bins subject to
simple leaf-size constraints.

3. Fit the best additive-plus-pair model (g;,g;,hij) on the same binned data and constraints.

4. Compute the hold-out loss values £, and <3

pair ON €xactly the same representation.

The interaction score is the improvement:

Sii = Laaa ~ Lonir Z0,

pair =

so larger S;; means the pair table h;; explains structure that cannot be replicated by separate g; and
gj. Because everything is computed on integer bins, these fits reduce to fast table updates rather
than expensive neural training.

Additionally, heredity is enforced by restricting candidates to those where at least one of i or
j is already active as a main effect. The top K pairs (as defined by a hyperparameter) are selected.
Binning creates a compact representation that makes exhaustive pair screening computationally fea-
sible. Comparing a pair model against an additive baseline isolates true interaction signal, while
the heredity rule shrinks the search space and reduces spurious pairs by requiring that interactions
involve features that already matter on their own. The capacity parameter K controls complexity
and training cost.

A.3 Stage-wise training and early stopping

As outlined above, the full training procedure goes through the following stages: (i) train main-
effect blocks only (while interaction blocks are frozen), (ii) add discovered interactions and train
interaction blocks only (while main effects are frozen), (iii) jointly fine-tune all parameters with a
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reduced learning rate.
They are implemented in the following way:

1. Main (univariate) effect learning: For each feature i, a neural subnetwork f; is trained while
minimizing the chosen loss function. Each subnet consists of one input neuron for x;, a hidden
layer of 20 units, and an output neuron. All subnets use ReLU activations and are trained in
parallel via gradient descent. Training stops after a predefined number of epochs or when
performance no longer improves (as defined by an early stopping threshold).

2. Interaction learning: After selecting the interaction pairs using the FAST algorithm (see Lou
et al., 2013), neural subnetworks f;; are trained while keeping the main effect subnetworks
fixed. The interaction subnetworks have two input neurons (for x; and x;), two hidden layers
of 20 neurons each, and one output neuron. Otherwise, training proceeds as in the first stage.

3. Joint fine-tuning: Once all main effect and interaction subnetworks are trained, a global opti-
mization step is performed in which all parameters are updated simultaneously (with a lower
learning rate to avoid losing information from the previous training steps). Due to the struc-
tural separability of the neural subnetworks, this stage does not compromise the interpretabil-
ity of individual shape functions, but it allows small, coordinated adjustments that improve
performance.

Each stage performs at most a fixed number of epochs, with an early-stopping tolerance hyper-
parameter tuned during validation.

A.4 Data Loading and Batching

We construct each training batch as a concatenation of whole months: Training data are indexed
by a discrete time identifier (month) so that each observation belongs to a cross-section at a rebal-
ancing date. Let the data set be {(xi,ri,ti)}]iv:l, where x; € R are features, 7; is the realized (future)
return, and t; €7 is the month label. We construct each mini-batch as a union of complete months
rather than sampling individual rows uniformly. Concretely, at the start of each epoch, we sample a
permutation of the unique months 7 and then form batches from consecutive months in this order.
The batch index set is therefore of the form B=J,.r,{i:t; =t} for some subset of months 73 CT .

This design ensures that portfolio losses requiring within-month ranking and weighting are com-
puted on complete cross-sections. If a mini-batch contained only a random subset of stocks from
a month, then the centering, normalization, and ranking operations would be computed on a trun-
cated cross-section, producing weights that do not correspond to any implementable portfolio on
that date. The resulting gradients would optimize a distorted objective in which exposures and
rank cutoffs fluctuate with the arbitrary inclusion/exclusion of names, rather than reflecting the
true cross-sectional trading decision. Economically, batching by complete months aligns training
with the execution protocol of a cross-sectional equity strategy. The trading decision is made once
per rebalancing date using the information set available at that date; all names in the stock universe
are ranked and assigned long/short weights simultaneously, and realized portfolio return is evalu-
ated from the weighted aggregation of next-period returns. The objective requires coherent monthly
portfolio returns. Constructing batches from multiple months (number of months controlled by a
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hyperparameter) yields a meaningful within-batch estimate of both the mean and dispersion of port-
folio returns, stabilizing the Sharpe-based gradient signal relative to computing it from single-month
batches. Finally, shuffling months each epoch preserves the benefits of stochastic optimization while
keeping the portfolio construction step economically well-posed: randomness comes from sampling
time blocks, not from fragmenting cross-sections, which would otherwise introduce artificial noise

that does not correspond to any realistic trading constraint.
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B Variable definitions

Table B.1: Stock/Firm characteristics

Abbreviation Measure Reference
1. absacc Absolute accruals Bandyopadhyay et al. (2010)
2. acc Working capital accruals Sloan (1996)
3. aeavol Abnormal earnings announcement volume Lerman et al. (2007)
4. age Number of years since first Compustat coverage Jiang et al. (2005)
5. agr Asset growth Cooper et al. (2008)
6. baspread Bid-ask spread Amihud and Mendelson (1989)
7. beta Beta Fama and MacBeth (1973)
8. bm Book-to-market Barr Rosenberg and Lanstein (1985)
9. bm_ia Industry-adjusted book-to-market Asness et al. (2000)
10. cash Cash holdings Palazzo (2012)
11. cashdebt Cash flow to debt Ou and Penman (1989)
12.  cashpr Cash productivity Chandrashekar and Rao (2009)
13. cfp Cash flow to price ratio Desai et al. (2004)
14. cfp_ia Industry-adjusted cash flow to price ratio Asness et al. (2000)
15. chatoia Industry-adjusted change in asset turnover Soliman (2008)
16.  chcsho Change in shares outstanding Pontiff and Woodgate (2008)
17.  chempia Industry-adjusted change in employees Asness et al. (2000)
18. chinv Change in inventory Thomas and Zhang (2002)
19. chmom Change in 6-month momentum Gettleman and Marks (2006)
20. chpmia Industry-adjusted change in profit margin Soliman (2008)
21. chtx Change in tax expense Thomas and Zhang (2011)
22.  cinvest Corporate investment Titman et al. (2004)
23. convind Convertible debt indicator Valta (2016)
24. currat Current ratio Ou and Penman (1989)
25.  depr Depreciation / PP&E Holthausen and Larcker (1992)
26. divi Dividend initiation Michaely et al. (1995)
27. divo Dividend omission Michaely et al. (1995)
28.  dolvol Dollar trading volume Chordia et al. (2001)
29. dy Dividend to price Litzenberger and Ramaswamy (1982)
30. ear Earnings announcement return Kishore et al. (2008)
31. egr Growth in common shareholder equity Richardson et al. (2005)
32. ep Earnings to price Basu (1977)
33. gma Gross profitability Novy-Marx (2013)
34. grcapx Growth in capital expenditures Anderson and Garcia-Feijoo (2006)
35. grltnoa Growth in long term net operating assets Fairfield et al. (2003)
36. herf Industry sales concentration Hou and Robinson (2006)
37.  hire Employee growth rate Belo et al. (2014)
38. idiovol Idiosyncratic return volatility Ali et al. (2003)
39. indmom Industry momentum Moskowitz and Grinblatt (1999)
40. invest Capital expenditures and inventory Chen and Zhang (2010)
41. lev Leverage Bhandari (1988)
42. lgr Growth in long-term debt Richardson et al. (2005)
43. maxret Maximum daily return Bali et al. (2011)
44, moml2m 12-month momentum Jegadeesh (1990)
45. momlm 1-month momentum Jegadeesh and Titman (1993)
46. mom36m 36-month momentum Jegadeesh and Titman (1993)
47. mom6m 6-month momentum Jegadeesh and Titman (1993)
48. ms Financial statement score Mohanram (2005)
49. mvell Size Banz (1981)
50. mve_ia Industry-adjusted size Asness et al. (2000)
51. nincr Number of earnings increases Barth et al. (1999)
52. operprof Operating profitability Fama and French (2015)
53. orgcap Organizational capital Eisfeldt and Papanikolaou (2013)
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Abbreviation

Measure

Reference

54.
55.
56.
57.
58.
59.
60.
61.
62.
63.
64.
65.
66.
67.
68.
69.
70.
71.
72.
73.
74.
75.
76.
77.
78.
79.
80.
81.
82.
83.
84.
85.
86.
87.
88.
89.
90.
91.

pchcapx_ia
pchcurrat
pchdepr
pchgm_pchsale
pchquick
pchsale_pchinvt
pchsale_pchrect
pchsale_pchxsga
pctacc
pricedelay

ps

quick

rd

rd_mve

rd_sale
realestate
retvol

roaq

roavol

roeq

roic

rsup

salecash
saleinv

salerec

secured
securedind

sgr

sin

Sp

std_dolvol
std_turn

stdacc

stdcf

tang

th

turn

zerotrade

Industry-adjusted % change in capital expenditures
% change in current ratio

% change in depreciation

% change in gross margin - % change in sales
% change in quick ratio

% change in sales - % change in inventory
% change in sales - % change in A/R

% change in sales - % change in SG&A
Percent accruals

Price delay

Financial statements score

Quick ratio

R&D increase

R&D to market capitalization

R&D to sales

Real estate holdings

Return volatility

Return on assets

Earnings volatility

Return on equity

Return on invested capital

Revenue surprise

Sales to cash

Sales to inventory

Sales to receivables

Secured debt

Secured debt indicator

Sales growth

Sin stocks

Sales to price

Volatility of liquidity (dollar trading volume)
Volatility of liquidity (share turnover)
Accrual volatility

Cash flow volatility

Debt capacity/firm tangibility

Tax income to book income

Share turnover

Zero trading days

Abarbanell and Bushee (1998)
Ou and Penman (1989)
Holthausen and Larcker (1992)
Abarbanell and Bushee (1998)
Ou and Penman (1989)
Abarbanell and Bushee (1998)
Abarbanell and Bushee (1998)
Abarbanell and Bushee (1998)
Hafzalla et al. (2011)

Hou and Moskowitz (2005)
Piotroski (2000)

Ou and Penman (1989)
Eberhart et al. (2004)

Guo et al. (2006)

Guo et al. (2006)

Tuzel (2010)

Ang et al. (2006)
Balakrishnan et al. (2010)
Francis et al. (2004)

Hou et al. (2015)

Brown and Rowe (2007)

Kama (2009)

Ou and Penman (1989)

Ou and Penman (1989)

Ou and Penman (1989)

Valta (2016)

Valta (2016)

Lakonishok et al. (1994)
Hong and Kacperczyk (2009)
Barbee Jr et al. (1996)
Chordia et al. (2001)

Chordia et al. (2001)
Bandyopadhyay et al. (2010)
Huang (2009)

Almeida and Campello (2007)
Lev and Nissim (2004)

Datar et al. (1998)

Liu (2006)

Note: This table presents variable definitions for the set of stock/firm characteristics in our dataset. We provide descrip-
tions of each measure with references to previous literature.
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C Characteristic categories

Table C.2: Characteristic categories

Accounting
Accruals

Asset composition
Earnings

External financing
Growth
Investment
Leverage

Leverage change
Liquidity
Momentum/reversal
Payout indicator
Profitability
Profitability change
R&D

Size

Value/growth
Volatility

ms, ps

absacc, acc, pctacc, stdacc

cash, realestate

aeavol, ear, roavol, stdcf

chcsho, convind, 1lgr, secured, securedind, tang
nincr, rsup, sgr

agr, chinv, cinvest, egr, grcapx, grltnoa, hire, invest, pchcapx_ia

cashdebt, currat, lev, quick

pchcurrat, pchquick

baspread, dolvol, std_dolvol, std_turn, turn, zerotrade
chmom, indmom, moml2m, momlm, mom36m, momém

divi, divo

cashpr, chpmia, gma, operprof, roaq, roeq, roic, salecash, saleinv, salerec
chatoia, pchgm_pchsale, pchsale_pchinvt, pchsale_pchrect, pchsale_pchxsga

orgcap, rd, rd_mve, rd_sale
mve_ia, mvell

bm, bm_ia, cfp, cfp_ia, dy, ep, sp
idiovol, maxret, retvol

Note: This table shows the characteristic categories.
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D Sharpe-maximizing benchmark

As an additional benchmark, we also form a portfolio that combines the characteristic-sorted long-
short portfolios. For each firm characteristic j, we construct a monthly high-minus-low (HML) return
series h;; by sorting stocks into ten portfolios based on the cross-section of that characteristic in
month t and taking the return difference between the highest and lowest portfolio. This yields a set
of tradable characteristic-based portfolios. In contrast to the univariate benchmark, which evaluates
each characteristic-sorted portfolio separately, this specification allows the benchmark to exploit
diversification across characteristics.

To keep the benchmark design aligned with the training protocol used throughout the paper,
all portfolio-combination decisions are made using only the combined training and validation sam-
ple. Specifically, for each characteristic portfolio j, we first compute its in-sample Sharpe ratio and
rank portfolios accordingly. For a given value of k, we retain the top k portfolios and estimate the
combination weights using only their in-sample return moments.

Let hy = (hy4,...,hkt)" denote the vector of retained portfolio returns in month ¢, and let f and
3 denote the sample mean vector and covariance matrix of h; estimated on the combined training
and validation sample. We then form the Sharpe-optimal combination by choosing weights in the
tangency-portfolio direction,

w=3"1.

Because the Sharpe ratio is invariant to scale, we normalize these weights by their £; norm,

W
W= -
2 j=11wjl
so that the benchmark has unit gross exposure across characteristic portfolios. This is an uncon-
strained combination, so individual portfolio weights may be positive or negative.'8

The return on the combined benchmark portfolio is then given by

k
TPenCh =w'h; = Z thj,t-
j=1
After estimating w on the combined training and validation samples, we hold these weights fixed and
evaluate the resulting benchmark out-of-sample on the test period. For each choice of k, we report
the monthly mean return, standard deviation, and Sharpe ratio, both in-sample and out-of-sample.
This procedure provides a mean-variance benchmark that is directly comparable to AlphaGlass, while
still restricting all parameter selection to information available prior to the test sample.

¥Note that we do not impose the additional constraint Z'j:, w; =0 when combining characteristic portfolios. Adding
such a restriction would generally change the tangency-portfolio solution and prevent the benchmark from attaining the
unconstrained Sharpe-optimal combination implied by £~ /.
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Table D.1: Statistics of Sharpe-optimal characteristic-combination portfolios

3 5 10 45 91

Panel A: In-sample
Mean 0.007 0.008 0.009 0.005 0.004
S.D. 0.021 0.018 0.016 0.006 0.004
SR 0.341 0.460 0.520 0.800 1.089

Panel B: Out-of-sample
Mean 0.001 0.002 0.000 0.000 0.000
S.D. 0.013 0.013 0.011 0.006 0.004
SR 0.060 0.123 0.002 0.032 0.062

Note: This table compares monthly means, standard deviations, and Sharpe ratios for the Sharpe-optimal
characteristics-based benchmark in the training/validation (Panel A) and testing sample (Panel B). Results are re-
ported for different choices of k.

E Alternative weights

Our main training objective focuses on the cross-sectional tails by forming differentiable long and
short legs using soft top- and bottom-cutoffs. While this tail-focused construction directly targets
extreme-ranked assets and resembles standard quantile long-short portfolio formation, it is a natu-
ral idea to consider a fully cross-sectional objective that uses all assets each month. We formulate
an alternative objective that enforces dollar-neutrality and controls portfolio leverage via £; normal-
ization.

Lette{l,...,T} index months and let [ index the set of tradable stocks in month t with l=1,...,1;.
Given model scores (signals) {s;;} and realized returns {7;;}, we construct a dollar-neutral long-short
portfolio using all stocks in the cross section.

First, we demean the scores within each month:
CLe = St — S, Sg=—)> Sit. (E.1)

This centering step implies > ", ¢;; =0.

Next, we normalize by the cross-sectional £; norm to control gross exposure and obtain portfolio

weights:
Clt

Wit = <o e (E.2)
' Z;Lzl €5t
By construction,
ne ng
Dwy=0 and > |wyl=1, (E.3)
=1 =1

so that the portfolio is (approximately) dollar-neutral each month with approximately unit gross
exposure.
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The portfolio return in month t is then

ne
T = ZW[,tTLt. (E4)
I=1

Finally, we maximize the time-series Sharpe ratio of {Trt}tT:l:

1 < 1 <
Sharpe(1r) = u—", U= — Zm, On= |= Z(T(t_u‘n’)Z, (E.5)
o T T

" t=1

and define the training loss as the negative Sharpe ratio,

L = —Sharpe(1). (E.6)

Table E.1: Statistics of AlphaGlass portfolios with alternative objective

1 2 3 4 5 6 7 8 9 10  10-1

Panel A: In-sample

Mean -0.076 0.301 0.427 0481 0.432 0.574 0.804 1.161 1.322 1.637 1.713
S.D. 7.188 6.523 6.335 5.320 5.749 6.043 6.666 6.719 6.969 6.945 1.407
SR -0.011 0.046 0.067 0.090 0.075 0.095 0.121 0.173 0.190 0.236 1.218

Panel B: Out-of-sample
Mean 0.989 1.116 0.939 0.874 0.897 0.841 0.916 1.340 1.246 1.544 0.555
S.D. 5.323 5.192 4.989 4.260 4.427 4.678 5.143 5.460 5.672 5.839 1.578
SR 0.186 0.215 0.188 0.205 0.203 0.180 0.178 0.245 0.220 0.264 0.352

Note: This table compares monthly means, standard deviations, and Sharpe ratios for ten equal-weighted portfolios
constructed based on predicted AlphaGlass signal deciles in the training/validation (Panel A) and testing sample
(Panel B). The last columns show the results of the 10-1 portfolio, which is long in portfolio 10 and short in portfo-
lio 1.

The resulting portfolio statistics are reported in Table E.1. Relative to the tail-focused training
objective, the fully cross-sectional objective yields a somewhat lower out-of-sample Sharpe ratio,
with the deterioration being particularly pronounced within the short leg. A plausible explanation
is that the alternative objective distributes portfolio weight and gradient signal across the entire
cross-section, rather than concentrating learning on the most extreme low- and high-score assets.
As a result, the model is encouraged to improve average cross-sectional ranking quality, but places
less emphasis on identifying the subset of stocks with the weakest subsequent returns. This is
especially relevant for the short leg, where performance depends critically on correctly isolating
the most negative-return candidates rather than merely assigning moderately lower scores to below-
average stocks. In contrast, the tail-focused objective is more closely aligned with the downstream
portfolio formation rule, since it explicitly rewards separation in the tails. Consequently, it can
produce stronger discrimination among the lowest-ranked assets and, in turn, a more profitable
short portfolio.
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F Excluding small stocks

Every month, we exclude stocks in the bottom size quintile and estimate all models on the remaining
sample. The main findings continue to hold in this restricted universe. AlphaGlass still produces a
clear spread across signal-sorted portfolios, and the out-of-sample 10-1 portfolio maintains a high
Sharpe ratio, only modestly below the baseline specification. This indicates that the model’s perfor-
mance is not primarily a micro-cap phenomenon. Instead, the learned signal appears to capture a
broader cross-sectional structure that remains economically relevant even after excluding the small-
est firms.

Table F.1: Excluding small stocks - Out-of-sample

1 2 3 4 5 6 7 8 9 10 10-1

Panel A: AlphaGlass
Mean 0.46 0.72 0.92 0.97 0.99 1.11 1.21 1.12 1.25 1.44 0.98

S.D. 5.55 4.15 3.70 4.52 4.90 5.03 5.26 5.36 5.62 5.86 2.29
SR 0.08 0.17 0.25 0.22 0.20 0.22 0.23 0.21 0.22 0.25 0.43
Panel C: RF
Mean 0.97 0.87 0.81 0.95 0.95 1.00 1.15 1.39 1.11 1.01 0.04
S.D. 5.31 4.77 4.81 4.15 4.19 4.08 5.07 5.49 5.75 7.07 3.11
SR 0.18 0.18 0.17 0.23 0.23 0.25 0.23 0.25 0.19 0.14 0.01
Panel B: NN
Mean 0.68 0.83 0.97 0.93 1.02 1.22 1.17 1.21 1.14 1.03 0.35
S.D. 7.25 6.07 3.23 3.58 4.19 4.65 4.90 5.22 5.45 5.68 2.86
SR 0.09 0.14 0.30 0.26 0.24 0.26 0.24 0.23 0.21 0.18 0.12
Panel D: EBM
Mean 0.71 0.83 1.04 1.01 1.09 1.15 1.08 1.20 0.94 1.14 0.43
S.D. 6.42 5.39 5.01 4,77  4.75 4.63 4.40 4.25 4.60 6.29 3.43
SR 0.11 0.15 0.21 0.21 0.23 0.25 0.25 0.28 0.21 0.18 0.13

Note: This table compares monthly out-of-sample means, standard deviations, and Sharpe ratios for ten equal-
weighted portfolios constructed based on AlphaGlass, Random Forest (RF), neural network (NN), and explainable
boosting machine (EBM) prediction deciles when stocks in the bottom size quintile in each month are excluded.
The last columns show the results of the 10-1 portfolio, which is long in portfolio 10 and short in portfolio 1.
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G Alternative data split

For comparison, we re-estimate our models on a longer training period of 15 years (1/2000-12/2014).
We keep the length of the validation window constant at two years (1/2015-12/2016) and, accord-
ingly, use five years for testing (1/2017-12/2021). The resulting portfolio statistics are presented in
Table G.1. We find that performance is comparable to the main model. The decile spread remains
pronounced and the out-of-sample 10-1 portfolio continues to deliver a Sharpe ratio close to the in-
sample value, even slightly exceeding the main result. This suggests that the AlphaGlass mapping is
reasonably stable across alternative train/test splits, rather than an artifact of the baseline sample
partition.

Table G.1: AlphaGlass portfolios with long training window

1 2 3 4 5 6 7 8 9 10 10-1

Panel A: In-sample

Mean -0.27 044 0.0 062 0.70 1.00 1.13 1.12 1.23 1.51 1.78
S.D. 7.02 6.23 471 450 555 6.20 598 6.10 6.16 6.00 3.03
SR -0.04 0.07 0.13 0.14 0.13 0.16 0.19 0.18 020 0.25 0.59

Panel B: Out-of-sample
Mean 0.48 0.66 0.82 0.80 0.74 1.14 1.48 1.49 1.59 1.72 1.24
S.D. 6.75 7.39 5.97  4.85 5.06 5.93 6.51 6.71 6.84 6.44 2.55
SR 0.07 0.09 0.14 0.17 0.15 0.19 0.23 0.22 0.23 0.27 0.49

Note: This table compares monthly means, standard deviations, and Sharpe ratios for ten equal-weighted portfolios
constructed based on predicted AlphaGlass signal deciles in the longer training/validation (Panel A) and testing
sample (Panel B). The last columns show the results of the 10-1 portfolio, which is long in portfolio 10 and short
in portfolio 1.
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H Additional shape functions

In Section 4.4, we discuss the shape functions associated with the most important predictors in
terms of mean absolute scores. Figure H.1 presents additional shape functions related to subsequent
characteristics.

Figure H.1: Univariate functions f;(x;)
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Note: This figure shows the estimated f;(x;) functions of additional characteristics. The x-axis plots the input
variable x;, cross-sectionally ranked and normalized to the [0,1] interval. The y-axis represents the additive con-
tribution to the prediction output through the shape function f;(x;).
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I Decile-wise decomposition

To complement the directional decomposition in Section 5.1, we also report the net mean contribu-
tion of each model term within the extreme score deciles. For any decile g, define
1 1

i (XiLe,X 0t
|Tq| |%|(Z flJ iL,Lts X gLt

Lt)yeR

Si(a)= > filxine),  Sij(@)=

(Lt)eR
By construction, S;(q) =S; (q) +S; (q) and likewise for interactions, so this measure captures the
average net signed contribution after offsetting positive and negative realizations within the same
decile. These results therefore represent a decomposition of the average long- and short-leg signals,
rather than a ranking of one-sided directional pushes (as in Figure 9). Figure I.1 decomposes the mean
AlphaGlass score (including both negative and positive contributions) separately for the extreme
decile portfolios. Specifically, it reports the ten largest average score contributions within the top
decile (long leg) and bottom decile (short leg), allowing us to compare which model terms drive each
side of the strategy. A central finding is that several of the same predictors, including herf, momi2m,
securedind, chempia, egr, cash, and pchcurrat, appear in both tails with opposite signs, indicating
that these characteristics are the main forces separating the long and short portfolios. At the same
time, the composition is not perfectly symmetric: the long leg is more concentrated, with especially
large positive contributions from herf and pchsale_pchxsga, while the short leg is more diffuse and
includes some predictors that are specific to that tail, such as gma, chatoia, and cashdebt.

Figure I.1: Mean scores S;(q) in top and bottom decile

Long Leg (Decile 10) Short Leg (Decile 1)

herf 1 pchcurrat |~
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chinv ] herf |-

0.0 0.2 0.4 0.6 0.8 1.0 1.2 -0.8 -0.6 -0.4 -0.2 0.0

Mean Score Mean Score

Note: This figure shows mean scores associated with the respective top 10 predictors in the long (portfolio 10) and
the short leg (portfolio 1).

Figure 1.2 presents the mean score contributions of the most important univariate effects and
interactions across deciles. It shows how the contributions of the most important model terms vary
across the AlphaGlass signal deciles. The upper heatmap reports the average signed score contri-
butions of the ten most important univariate effects within each decile, while the lower heatmap
reports the corresponding averages for the five most important interaction terms. Each cell, there-
fore, indicates whether a given term tends, on average, to increase or decrease the portfolio signal for
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stocks in that part of the score distribution. A clear pattern is that many of the leading main effects
become more positive as one moves from low to high deciles, showing that the same characteristics
help separate the short and long tails through opposite-signed contributions across the distribution.
The interaction effects are smaller in magnitude, but still display systematic cross-decile variation,
suggesting that they refine the ranking induced by the dominant univariate signals.

Figure I.2: Decomposition heatmaps
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Note: This figure shows mean score contributions of the top main effects and interactions for each decile portfolio.
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J Drawdowns

A useful feature of AlphaGlass is that the model is trained directly on a portfolio objective, enabling it
to account for investor preferences beyond the Sharpe ratio. To illustrate this flexibility, we consider
an alternative objective that augments the baseline criterion with a penalty for drawdowns. More
specifically, we implement a penalty term that penalizes large maximum drawdown (MDD) in a soft
(differentiable) way. Let { ftHL}tT:1 denote the sequence of returns of the long/short factor produced
by the AlphaGlass portfolio. We define the cumulative wealth process as

t

We=[]A+f"),  Wwo=1.

s=1
Drawdowns measure how far the strategy is below its historical peak. We define the running maxi-
mum of wealth as

WM = max WS,
t
0<s<t

and define the (fractional) drawdown at time t as

Wi
Wee

D;=1- €[0,1].

We penalize the strategy for spending time in drawdowns and for experiencing deep drawdowns by
adding the time-average of squared drawdowns,

L T
Lpp = = > DE,
IS

where drawdowns are squared to overweight large peak-to-trough declines, aligned with the maxi-
mum drawdown metric. The overall training objective augments the standard risk-adjusted return
criterion with this drawdown term:

£ = —(SR(fH) — AppLop ), J.1)

with App >0 trading off average risk-adjusted performance against the economic preference for
smoother equity curves and reduced drawdown severity. Intuitively, this encourages strategies that
not only perform well on average but also avoid prolonged or deep underwater episodes, which are
costly for leveraged investors and capacity-constrained portfolios.

Table J.1 shows the in-sample and out-of-sample Sharpe ratios, drawdown penalties App Lpp, and
the negative of the minimized loss —£. The AlphaGlass model is estimated with the loss function
(J.1). In contrast, the results for the three benchmark models are based on estimates obtained using
the standard mean-square error loss function, and their loss values are computed using the estimated
long/short portfolios. AlphaGlass’s out-of-sample Sharpe ratio is 0.3 with a drawdown penalty close
to zero, so the total negative loss is slightly lower than the Sharpe ratio (0.299). Note that the neural
net’s Sharpe ratio is higher, 0.34, but the drawdown penalty is orders of magnitude larger, resulting in
a smaller negative loss. The EBM high/low portfolio has a Sharpe ratio nearly identical to AlphaGlass,
but its drawdown penalty is as high as that of the NN model. The random forest yields the poorest
results, as in the baseline case without drawdown penalties.
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Table J.1: Drawdowns

In-sample Out-of-sample
SR AppLpp -£ SR AppLop -£
AlphaGlass 1.087 0.000 1.087 0.302 0.003 0.299
RF 0.874 0.071 0.803 0.143 3.572 -3.429
NN 0.671 0.008 0.663 0.338 0.171 0.167
EBM 0.777 0.090 0.686 0.299 0.174 0.125

Note: This table shows the in-sample and out-of-sample Sharpe ratios, drawdown penalties App Lpp, and the nega-
tive of the minimized loss —£. The drawdown parameter App = 100.
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K Theoretical results
K.1 Proofs of theorems in Section 7

In the following, we provide complete formal proofs of the theorems stated in Section 7. While the
formal statements below are written for the SR objective, the underlying proof strategies apply to
broader classes of objectives. For Theorem 1, the core argument is objective-free: it establishes
convergence of the soft rank-and-mask weights, which implies convergence of time-averaged return
differences and, in particular, convergence of empirical moments such as fi7(0) and vr(60) or, equiv-
alently, 6%(0) =v7(0) — ir(0)2. Accordingly, the same convergence argument also applies to em-
pirical criteria that depend continuously on these moments. Similarly, Theorems 2 and 3 proceed
by first establishing uniform control of the empirical portfolio moments and then passing these
moment bounds to the objective of interest. Therefore, the same logic extends to objectives of the
form

Q(0)=¢u(0),v(0)), orequivalently  Q(0)=dd(u(0),0%(0)),

provided ¢ is sufficiently regular. For the consistency step in Theorem 2, continuity of ¢ on the
relevant compact domain is sufficient. For a high-probability deviation step in Theorem 3, one addi-
tionally needs local Lipschitz continuity, so that deviations of (fir,V7) transfer to deviations of QT. A
sufficient condition for the latter is that ¢ be continuously differentiable on an open neighborhood
of the domain with uniformly bounded gradient there.'?

Fix months t =1,...,T. In month ¢, there are n; >2 traded assets indexed by [. Let X;;€[0,1]”

be the vector of (rank-normalized) characteristics and 7;; €R the realized return from t to t + 1. The
AlphaGlass signal is

P
sty =PBo+ D filxine) + D fii(Xine X500,
i=1 i>j
with € denoting the set of all model parameters. We construct differentiable weights via the pairwise-

soft-rank and soft-mask mapping described in Section 2, with temperatures Trank, Tmask > 0. The
long-short portfolio return in month ¢ is

m(0) = > whry,  wO=E[m(0)], o020 =Var[m(0)], SR(O)=u(0)/o(0).
=1

The sample analogs replace expectations with means over t =1,...,T.

Throughout, we make the following assumptions:

e Assumption Al (Stationarity and weak dependence). Let Z; = {(Xl,t,rl,t){‘;l} be strictly station-
ary and B-mixing with coefficients {S(k)}y>1 satisfying ZZ‘LIB(k)% < 00,

e Assumption A2 (Boundedness/sub-Gaussianity and portfolio feasibility). There exists R < o
such that |7;:| <R almost surely (a.s.) (or 7;; are sub-Gaussian with a common proxy). Cross-
sectional sizes obey 2 < Npin <Nt < Nmax < 0. The soft long and short legs are normalized to
have unit mass each, so >, |wf,| <2.

9For ratio-type objectives, one also needs the denominator to be bounded away from zero on the domain under con-
sideration.
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e Assumption A3 (Model class regularity). The parameter space © is compact. Each f;, fi; is uni-
formly bounded and L-Lipschitz in its inputs. Moreover, the map 0 — sft is Lipschitz uniformly
in (I,t). In our implementation, we adopt L1 regularization on the gates to encourage sparsity.
While we do not explicitly project weights onto a bounded set, with fixed depth/width, normal-
ized inputs, and early stopping, parameter norms remain moderate in practice. Assumption
A3 should therefore be viewed as a standard theoretical regularity condition ensuring bound-
edness and Lipschitz continuity of the signal network.

e Assumption A4 (Positive volatility in class). infgcg 0 (68) =g >0. For Theorem 1, we additionally
assume that the hard top-bottom-gq portfolios satisfy infgce 0" (0) > 0 >0 and that, for all
sufficiently small T, the corresponding soft portfolios satisfy infgce oot (9, 1) > ay/2.

Auxiliary penalties (e.g. £, gates) are bounded continuous functionals of (X ,7;,) and the weights.
Adding them to the loss does not affect any of the arguments below.

Proof of Theorem 1

We first show that the differentiable soft-sorting portfolio construction is a faithful surrogate
for the usual hard top-bottom sort. Fix q < (0,0.5) and let ks =[gn:| =1 for each t. Define the
hard top/bottom-q portfolio that equal-weights the top k; and bottom k; assets by the true (non-
smoothed) signal ranks and denote these weights by w{ft (0). For the soft portfolio, let wy, (0) be the
weights built from pairwise-sigmoid soft ranks and soft masks with temperatures T = (Trank, Tmask) >
0, as described above. For each t, define the signal margin

(1) _ i [ 0 0
Ay _mln|5i,t_sj,t|’
i#j
i.e., the smallest pairwise gap between signals in month t. Assume that, for fixed 6, the random

variables Ag) have no point mass at 0 (equivalently, their distribution function is continuous at 0).

Proof. Throughout, || -||; is the £; norm over the cross-sectional index l. By A2, 2 <1; < Npax. We
start by establishing a bound for the absolute difference between the sigmoid function and a hard
indicator: For the logistic function o(x)=1/(1+e™),

1+19X <e™™, x=0, B
o(xX)— X > = e . .
lor(x) —1{x>0}] : <e (K.1)
e <er, x<0,

With x = (Sﬁ‘t - Sft)/‘rrank, the pairwise-soft comparison Sf; , = U((sﬁ,t - sft) / Trank) Satisfies
|SlT,l’,t - 1{Sle’,t > Sle,t} | = exp( - |519',t _SlQ,t | /Trank) . (KZ)
We now use these results to bound the rank error. Let

rank(l)‘t=1+21{32t>5ﬂ}, rank{,tzl—i_ZSl—fj,t'
jil Jil

If Ag) > 0, then by definition of the signal margin

s, —sp | =8  forall j=L
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Therefore, by (K.2),
ST =189 > 50 < exp( =159, = s/ Teank) < e”%/T forall j#1.

Summing over j #1 yields

— 0 - ranl
[rank], —rank}, | = z<5f,]’,t—1{5£t>55t}) < DUIST — 1) > s < (ng — 1) 0/ Trank,
j#l J*l

Using n; < Nmax, We obtain the uniform bound
|1"ankz:t - I'al’lk?’t | < Crankeié/_rrank, Wlth Crank = nmax, (K.3)

for all [ and t.

This translates into a bound for the mask error: Define the hard mask mo ToP — l{ranklt <k}
and the soft mask m;; P — o ((ky 4+ 0.5 —rank],)/Tmask). Let ai; =k +0.5 —rank}, and n;; =rank], —
rankl,t. Note that, since k; and rank L are integers, a;; € {+0.5,%1.5,...}, in particular |a;;| = 0.5.
Write

mz'ttop m(l)’,ttop = (U((al,t - nl,t)/Tmask) - U(al,t/Tmask)> + (U(al,t/Tmask) -1 {al,t > O}) .

The second term is bounded by e~ !®:tl/Tmask < =0-5/Tmask hy (K.1). For the first term, we use that o is
1/4-Lipschitz: |o(x)—o(y)| < %Ix —yl|. With x = (ar: —Nit)/ Tmask and ¥ =ajt / Tmask,

|O-((al,t_nl,t)/7mask) _O_(alt/TmaskH 4T |rll,t|-
Tmask
Combining this result with (K.3) yields
|1’VI,T 1P m?tto | < e_O'S/TmaSk + 7Crank 8_5/Tra"k. (K4)
4 Tmask
T bot 0, bot

An identical bound holds for the bottom mask m relative to m;; = 1{ranklt >ny— ki + 11,
Based on this, we can bound the normalization step: Let ZrP =3 m T wp and 20" =S m m 0 P =k
Summing (K.4) over j and using 71; < nmax gives

,t n Crank _
|ZT op kt| < Nmax€ —0.5/Tmask + M 5/Trank— E( )
4Tmask

where (1) {0 as T 10. Thus, for all ¢,
7P e[k —e(T), ke +£(T)]. (K.5)

The same bound holds for Z; bot Since kt = kmin =1qMnin] =1 and (1) — 0, we can choose T small
enough so that £(T) <kmin/2, and hence Z'?, Z7 " > k, /2 for all .

We can now formulate the ¢; error bound for the portfolio weights: The top-leg weights are

U t 1t 0,t 0,t . . t 0,t .
w; P =m;*/ 2" and w;;® =m; ;" /k;. We examine the difference w;;*® —w;;**. Adding and
t t
subtracting m); "/ 2" ylelds.

to
zror k¢

T,top 0,top T,top 0,top 0,top 0,top
T,top otop _ My~ My (M my, mpy my;
wl t wl,t - ZT,top kt ZT ,top ZT ,top ’
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which simplifies to

T,top 0,top
w‘r ,top wO top _ ml t ml t 0,top 1 _ l
Lt Lt ZT ,top Lt ZtT,top k:
Taking absolute values and using the triangle inequality,
T top O top
|w'rtop_w t0p|<|m | Otop 1 _l
3 Z;' ,top l t Zl:r,top kt .

We now sum over L. Recall that mo P 10,1} and 3 lmo P — k.. Hence

1 1

Z’thop Otop‘_ Tt0pZ|mTt0p 0t0p|+ T,00p 1. Zm?’,ttop
Zy ki |4
A t 1 1
- TtOpZ| T,t0p _ t0p|+kt 7000 k|
t

On the event where Zt oP > k: /2 (see (K.5)), we can bound the difference of reciprocals as

1 |ZT ,top kt | |ZT top _x ’
Z'r T.top kt Z;r,top K, k2 tl-
Using again Z;""°° > k;/2, we also have
1 2
Z‘r " T,top = ki
t

Combining these results, the sum over [ can be bounded in the following way:

Z|thop_w;)ttop|<iz|mTtop_m?ttop|+ |Z-rtop kt|- (K.6)

Recall that, by (K.4) and 7 < Mmax,

Mmax Crank e S/ -,—mnk

,t 0,t — as
Z|m1’ op_mltop < Nmax® O-S/desk+ pE—
mas

and accordingly

|ZT ,top kt‘STLm e 05/Tmagk+nmaxcrank _5/-,—mnk
4 Tmask

Applying these bounds to (K.6), and absorbing constants depending only on (q,"max) into A;,A,B1,B> >
0, we obtain

Z‘ TtOp Ot0p| <A e —B1/Tmask +A2€ 326/Trank

. . . ,t 0,t
An identical bound holds for the short leg. Since w], =w};*" —w[;>*" and wf, = w;;® —w)P*,

Jwh —wd |, < Z’thop_wl()ttop‘+Z|wa0t Obm’ < Cre¢/Tmsk + Cpe @0/,
1

which proves part (1).
For part (2), define E; (1) = [|w",(0) — 0)||;- By part (1),

Ei(T) < Cre ¢/Mmask 4 Cge’CAg)/T'ankzia(T)+bt('r).
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Fix a sequence 174 0 and write ar =a(7r) and b;=b:(T7). For any 6 >0, decompose according to
the margin event:

b < Coe /Tt 1{AL > 51 + C1{AY <61 = ur(8) 1{AY > 61 + G2 1{AY < 5},

where u7(8) = Cpe~0/Tankr () as T — 0. Therefore,

T
(TT)<aT+]1,thT<aT+uT(6)+C2 Zl{A <6}.
t=1

1
T

|\M~1

By Al and the “no point mass at 0” assumption, the process {A(gt)}t21 is strictly stationary and
B-mixing, so the law of large numbers for indicators yields

Zl{A(”<5} L P(a0=8)=1p(5),

and p(6) -0 as 6 1 0. We now use this result to show that %ZtT:lEt(TT) —p>0: First, fix € >0 and
choose 6 >0 small enough that
Cop(6) < €/4.

By convergence in probability of the empirical frequency, there exists T; such that for all T > T,

<C221{A9 5}$C2p(5)+s/4> > 1-nr,

t=1

with nt— 0 as T — . Next, since ar — 0 and u7(5) — 0, there exists T> such that for all T > T>,
ar<eld and ur(d) <e/4.

Let To =max{T;,T>} and consider any T = T,. On the event

T
Ar= {ngl, S 1Ay <81 <Cp(d) +5/4},
t=1
we then have

T
*Z TT)<aT+uT(5)+C2*Zl{A(t)S5}
T4 r=

<¢eld+¢e/d4+ (Cop(d)+€/4)
<é&/d+e/d+¢c/d4+e/d=¢,

where we used Cop(9) < &/4. Therefore, for all T > T,
1 X
P(T ZEt(TT) > E> < [P)(A%) =nNr — O,
t=1

T t -

t=1

To obtain Sharpe ratio convergence, let 1w/ = >’ (wi e and = lefﬂ’l,t- We can bound the dif-
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ference in managed returns using the triangle inequality and the uniform bound on returns from

A2:
_ 0
o — T = Z(wlT,t — W) T,

]
[rtf =l < > lwl, — w1 <R D [wf, —wf, | =RE((T).

l l

Averaging over t and using the triangle inequality once more gives

O SN
=DM = D T = -
rst TS t=1 X
T
ST% _7Tt
R I
Tg t(Tr).

p
Since we have already shown that %XITzlEt(TT) — 0, it follows that

For the second moments, use the identity

(117)2 = (17}

Therefore
1 4 TT\2 1 u 0\2 1 4 T\ 2 042
53 Bt -[p St
1 T
S?z“ﬂ'ﬁ)z (7Tt)|

1
:*z|77t — ||+ ).
t=1

is]

By A2, |r1:| <R and lewlftl <2 imply |7r7| <2R and |0 | < 2R for all t, so

|7t/"| + |1t)| <4R,

and therefore
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Using ;" — 11| <RE;(T7) and = Zt VEc(TT) —»0 again yields
T T
1 1 p
=A== D (m)?| — .
T t=1 T t=1
By A4, the population volatility of the hard portfolio satisfies 00(9) > ¢ > 0. From the convergence
of the sample mean and second moment in the hard case, g% — u® and v - v°, 20 —

V9 — (%)% - 02 and hence 6 — ¢¥ in probability. In particular,

we obtain 0

P(6¥>0/2)—>1

Similarly, from

R — %0, 9 - 920,
we have
orT =91 — ()% and 670 =99 — ()2,
so that
|G — 6%0|—>0

On the event {6? > ¢ /2}, the denominator 64" + (}TO is bounded away from O for all large T, and

|'\2TT AZO P

— 0.

07" — 07| =

o1+ O'T

Finally, the Sharpe ratio can be written as g(u, 0?)=pu/+/o?, which is continuous on {o>> 0}.

Since (fiy ,U% ™y and (09,6 2, 0) both lie in this domain for all large T with probability tending to one,

and

(627 — (2, 62°%) =0,

the continuous mapping theorem yields

ft ~ hard AT A 2T ~0 A P
SRy (0)—SRy (0)=g(ay,6¢™) —g(p},6%°) —0,

which proves part (2).
For part (3), fix T and a parameter value 0 such that Ag) >0 forall t=1,...,T. Recall that

(0) _ i [0 _ 0
Ap’ =min|s;; —s7,|
i#j

is the minimal pairwise signal gap in month t. Since T is finite and each A(gt) >0, we may define

5= min A}’ > 0,
1<t<T

so that for all t and all i + j we have Isft — ﬁtl >45. By A3, the signals are Lipschitz in 0: there exists
L < oo such that

maxlsf;—sftl <L,]|0'—0]| forall 0',0c0.
it
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Hence, for any 6’ and any i+ j,

(58 =80 = (sd = sOpl < sy — sl + 158, —s0, | < 2Lsll0" -0l

Choose n >0 such that 2Lsn <4§/2, and consider any 8’ with |8’ — 0| <n. Then, for all i # j and all t,

. , . , - 6 o
0 0 0 0 0 0 0 0 —
|Si,t_Sj,t| Z |Si,t_Sj,t| - |(Si,t_Sj,t)_(Si,t_sj,t)l Z 5_5 — §>O

In particular, the sign of sf; — SJQ,; coincides with the sign of sft — sﬁt. Therefore, the ranking of the
signals is unchanged, and the hard top/bottom memberships (which assets are in the top and bottom
k) do not change when 0’ varies within {0’ : |0’ — 0| <n}.

Since the hard portfolio weights wft(-) depend only on these memberships, it follows that

wEt(Q') =w2t(9) for all I,t whenever |0 —0| <n.

Consequently, the hard-sample Sharpe ratio SRTar (0") is locally constant (and hence locally Lips-
chitz) in a neighborhood of 6. A locally Lipschitz function that is constant in a neighborhood has
Clarke subdifferential {0} at that point, so
_~ hard
aClarkeSRTar (9) — {0}
_~ sof

It remains to show that || VQSR;"O t(9|'r) -0 as T!0. First, view the sample Sharpe ratio as a function
of the return path (ry,...,77):

T T R
R 1 R 1 N N N &S Ur
fr=g 2 M Vr=g 2 M, 07 =Vr—fF, SRr= .
u=1 u=1
Differentiation yields
aﬂT_l 86'%_2 ~ aa'T_ﬂt—ﬂT
o T am T AT T e
and therefore N
OSRt 1 or "
== 1-—- sy - .
o - Tor ( 52 (11 — fiT)

By A2 and the normalization of the weights, |71:| < 2R for all ¢ and all T, so |fir| <2R and |1 —
fir| <|m| + | 7| <4R. By assumption, the hard return path {1;(0;0)}/_, has strictly positive sample
standard deviation, so 67(0;0) > 0. Since 11;(0|T) depends continuously on T, it follows that 7 (0| T)
is continuous in T, and thus there exist ¢ >0 and T > 0 such that

Oo7(0|t)=c forallO<T=<T.

Combining these bounds, we obtain, for all sufficiently small T,

OSRy
aTl't

1 || . 1 < 2R ) .
<— |1+ — <— 14+ 4R)=:Csr < 00,
TUT< o7 Al )< 7o c? SR <90

where Csg does not depend on T. By the chain rule, we can now write
L 3SRy
1 a'th

VoSRr(0|T) = Vo (0]T),
t
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where

Vot (01T) =7, J7 (0) Vos?.
Here s = (Sft,...,s,‘it_t)T is the signal vector, w/ (0) is the soft weight vector, J{ (0) = aw.ft(e)/asft
is the Jacobian of the soft mapping with respect to the signals, and Vgs! is uniformly bounded in
operator norm over (t,0) by A3. We now bound || J} (8) || under the positive margin 4. In the pairwise

layer,
0 0
S t - Slt 1
Sf,=o(l—), o(x)= ,
Ljt < Trank > (x) 14+e—x

so with z= (Sﬁt - Sft) / Tranks

T
OSpje 1
asft Trank

o'(z), o' (z)=0(2)(1—-0(2)).

A direct calculation shows o' (z) =e ?/(1+e ) <e”?! for all z, and by the margin assumption
|59, =521 =8, 80 |z| = §/Trank. Therefore

< Leflzl < Lefg/'rrank’

N Trank Trank

.

‘ aSl‘J’t
0

08y

and the same bound holds for S} ,/0s?

i t» while all other partials are zero. The soft rank rankj, =
1+ 2 j+1S[, therefore satisfies

e~ S/Trank

orank’,;
Trank

0
0s.t

for some constant C >0 depending only on .y (e.g. the maximum row-sum norm). In the mask
layer,

T,top _ (kt +0.5 —rankj, ) Y k¢ +0.5—rankj,

mp, =0 )
Tmask Tmask
and
T,top T,top
aml’t 1 , amu 1 ,
—=- o'(u), so = o'(u)
arankl’t Tmask arankl,t Tmask

At T=0,a;;=k:+0.5— rankﬁt is a half-integer, so |a;;| > % From part (1) we know that Irankzt —
rank?,tl < Cranke %™k hence for all sufficiently small T,

1 s 1
[kt +0.5 —rankj,| > |a;| - [rankj, —rank, | = 5 — Cranxe /™ = 7.

Thus |u| = ¢/ Tmask for some c € (0,1/2) and all small T, and using again o’ (1) <e~*! we obtain

T,top
om;

1 e_lul S 1 e_c/Tmask.
orank;,

" Tmask Tmask

An analogous bound holds for the bottom mask.

Finally, the normalized weights wy, are obtained by dividing the masks by their leg sums Z;"'*", Z] sbot

which stay in [k¢/2,3k:/2] for all small T by (K.5). The derivatives of this normalization step are
therefore uniformly bounded by constants depending only on (q,nmax). Combining the bounds from
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the pairwise and mask layers yields

efg/Trank efc/Tmask
+
Trank Tmask

IJF (O < C'(

for some constant C' >0 depending only on g and ny,. Therefore, using |7/l <R from A2 and
| Vos?|| <L, from A3, we have
Vot (01T) =7 JT (0) Vos!,

and hence, with a suitable operator norm,
IVorre (01T || < 17elleo | JF (O [ Vos?|| < RIIJT(O)]|Ls.

Using the bound on J{ (0) derived above, this yields

e_S/Trank e_c/Tmask
[Vorr (0|T)|| < C” + ., C'"=RC'L,.
Trank Tmask
For any a > 0, the elementary limit
e—a/x

-0 asx!0

X

holds (e.g. by the change of variables y=1/x, so e %X /x=ye % -0 as y — o). Applying this with
a=4 and X = Trank, and with a =c¢ and x = Tyask, we conclude that

|Vort:(O]T)|| — 0 asTi0

for each fixed t.
Finally, recall that

T A~
~ OSR
VoSRr(01T) =D ==L Vem (0]7),
t=1 ot
and we have | aaSEtT | < Csg for some finite Csg (since o is bounded away from 0 for small T by A4 and

continuity from the hard case). Thus

|VoSR7(0]T)|| < TCsg max || Vo (0]T)| — 0 as T10.
1<t<T

This proves gradient consistency and completes part (3). O

Proof of Theorem 2

Proof. As above, for each t, write 11 (0) =7 w; (0) with v, = (r1¢,...,7n,t) and w; (0) = (wf,t,...,wﬁht).

Define p(0) =E[m;(0)], v(0) =E[1:(0)?], 02(0) =v(0) — u(0)?, and SR(O) = u(0)/0(0). Define

fr(0)=1%3{_, 1 (0) and ¥7(0) =1 [, m:(6)%. Then 6:3(0) =V (0) — i (0)? and SR (0) ={17(0) / 67(0).
By A2, > watl <2 and |r;| <R, therefore |1;(0)| < 2R uniformly in (¢,0). The soft rank/mask

mapping is a composition of sigmoids. For the logistic o (x)=1/(14+e™*) we have |0’ (x)|<1/4. The

inner pairwise layer S;p ;= U((S{?‘t — Sft) /Trank) has derivatives bounded by (4Trank) ~ " with respect

to Sft,sf,‘t. The soft ranks and masks are finite sums and further compositions with sigmoids of
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temperature Tmask, SO by repeated application of the chain rule, there exists L,, < o such that

ne

Z |wy (0) —wi (0')] < meaxls{i,t —53:t| forall ¢, 0,0’.
I=1 u

By A3 there exists L; < oo with maxy, Isﬁ,t - sg:tl <L;[|6— 0’| uniformly in t. Combining these bounds,
1T1:(0) =11 (8") | = 17 (Wi (0) —we (0N <7tlloo > 1wt (0) —wi, 1 (0')| <RL,Ls |10 — 0
1
uniformly in t. Therefore, the return map 0 — 1;(0) is bounded and Lipschitz uniformly in .

Next, we prove a uniform law of large numbers for the classes {11;(0):0€®} and {1;(0)?:0€0}.
Recall from the previous step that there exists a constant L;; < o such that

|t (0) =11, (0)| < Lo 110—0"|| forallt, 0,0 €0,

and, by A2, |m1:(0)| <B for all (t,0), where we may take B=2R.
Fix € >0 and choose a finite & -net {9(1)}§:1 C ® with
P
3L’

so that for any 0 €0 there exists j with |0 — 0| <¢'. For each fixed j, by A1-A2 and boundedness
of 1r;(60"), the scalar average

T
= S (0 — Elm (09)]
t=1

converges to 0 in probability as T — o (Law of large numbers for bounded B-mixing sequences).
Since J < o0, a union bound yields

1< . o
TZTTt(Q(J))—[E["Tt(Q(J))]l — 0.

t=1

max
1<j<J

Now fix an arbitrary 0 € © and let 8 be a net point with |0 — 0 || <¢’. Then

1< .
<= > Ime(0) = (0Y)) | +

1 T
7 2. T (0) —E[11(0)]
t=1 t=1

T
LS m(09) —Elm (09)]
Tt=1
+ |Elm (09)] — B[, (0)]]

The middle term converges to 0 in probability uniformly over j by the previous result. The first and
third terms are deterministically bounded by

T
=S Im(0) (0] < Lello—0U)| < Lne'=¢/3,
t=1

and
B[ (O] —E[1:(0)]] < E[IT0(0Y)) =114 (0)|] < L0 —0Y)]| < /3.

A
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Now, for convenience, define

~

MTJ_I 2 (6YV)) —E[m; (9“))]‘ 1<j<J.

From the result above and the law of large numbers under A1-A2, we have

P
max Mg ; — 0.
1<j<J

Combining the bounds on the three terms in the decomposition, for any 0 € ® and its net point 0/,

£ _2¢
3 3

[2%)

1 T
‘sz(e)—[E[m(e)] < - +Mgpj+ + Mr ;.
t=1

w

Taking the supremum over € € ® and noting that for each 0 the index j is some element of {1,...,]},
we obtain

2¢
<t max Mr j.
1<J<J

sup
0cO

T
z (0) —E[11(6)]

H \

Therefore, for any € > 0,

1
P| sup|=
<9€® T

p
because max;<j<yMr,j —> 0. Therefore,

T
z M (0) —E[11:(0) ]

t=1

>s> < [P’(maXMTJ E) — 0,
1<j<J 3

sup
0cO

1< P
T ZT&(Q) —E["Tt(e)]‘ —0
t=1

The same argument applies to the class {1;(0)?: 0 0®}. Indeed, for any 0,0’ €0,
1Tt (0)2 =11 (0")?| = |71 (0) — 11 (0") | - |11 (0) + 11 (0") | < 2B |11 (0) — 14 (0') | <2BL |0 — 0],

so 0+ 11 (0)? is also uniformly Lipschitz in 6 with a bounded envelope |1 (0)?| < B?. For each fixed
0, the bounded B-mixing sequence {1r;(0)?};>; satisfies the law of large numbers under A1-A2.
Repeating the s-net argument therefore yields

P P
sup |ar(0) —u(0)| — 0, sup |vr(0) —v(0)|— 0.
0c® 0c®

We now use this to show uniform convergence of variances and Sharpe ratios. Since &%(9) =vr(0)—
fr(0)% and %(0) =v(0) — u(0)?, for all o,

07(0) —a?(0)| <[Vr(0) —v(0)| + (14 (0) |+ 1u(O)) |47 (8) —u(0)].

Moreover, by A2 we have |1 (0)| <B <2R almost surely for all (t,60), so

|ur<9>|—\—zm<9>]<—z|m )| <B<2R,

and
lu(0)|=IE[m (0)]| <E[|mT:(0)|]<B<2R,
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uniformly in 6 €®.

By the bound above and the uniform envelope |fi7(0)],|u(0)| <2R, for all 00,
|67 (0) —0%(0)| < |V1(0) —v(0)| +4R |ar(0) —pu(0)].
Taking the supremum over 0 <@ yields

sup|67(0) —0?(0)| <sup|Vr(0) —v(0)| +4Rsup |7 (0) —u(6)]|.
0cO 0cO 0cO

By the uniform laws of large numbers established above,

R p R 4
sup|fir(0) —u(0)|—0,  sup|vr(0) —v(0)|—0,
0cO 0cO

so the right-hand side converges to 0 in probability. Hence,

sup]&%(@)—az(e)\—pw.
0c®

By A4, 0(0) =g >0 for all 0 0. Together with sup, I&%(Q) —02(0)] —p> 0, this implies that for any
£€(0,0%),

P(suplo2(0)—o2(0)| <e) -1,
0cO

and hence, on this event,
02(0)>0%(0)—e=>cg?—¢  forall 6.
Taking € = g?/4 and square roots yields 6r(0) = ¢ /2 uniformly in 6, so

P(inf&r(0)=0/2) 1.
0cO

Moreover, for all 0,

107(0)—0*(0)| _ _ 107(0)—0*(0)|

107(0) =0 ()= =7 0 5 (8) = infedr(9) +infs0(9)’

so on the high-probability event where infy 61(0) = 0 /2 we obtain

sup|or(0)—o(0)| < Sup9|6'12.(9)_0-2(9)|

— 0 in probability.

06 g/2+a
For Sharpe ratios,
SRr(0) —5R(0)| = | ELR — B < OO o)) | - oo |
By A4, 0(0) =g for all 8. Using that and noting that
‘ 11 ‘zlfme)—a(e)l
or(0) o(0) or(0)o(0) ’
we obtain, on the event {info6r(0) >0 /2},

1 1 2
‘&T(e) ) SE|UT(9)—O'(9)|_
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Using |fi7(0)]| <2R and taking the supremum over 6 in the Sharpe ratio bound then gives

sup|SRy(0) —SR(0) | < SWPoce A7 (0) ~ k(0] +4—l§sup|(”77(9)—0(9)|.
0cO g g 0cO

P p
We have already shown that supy |fit(0) —u(8)|— 0 and supy |61 (0) — o (8)| — 0, so the right-hand
side converges to 0 in probability:

sup|SR7(6) — SR(6)| - 0.
0cO

This proves part (1) of the theorem.
For (2), let @* =argmaxy_oSR(0) and M =supy.oSR(0). For & >0, define the e-neighborhood of
the maximizer set
U:={0c0:dist(0,0™) < &}.

Then C, =0 \ U, is compact and does not intersect ®*. By continuity of SR and compactness of
Ce, the restricted supremum M, =supy.c, SR(0) is attained. We claim that M, <M. Otherwise, there
would exist a sequence (0,,) C C, with SR(8,,) - M. By compactness of 0, a subsequence converges
to some 0 € C,, and continuity of SR gives SR(O)=M, so 0cO*, contradicting 0 e C,. Thus M, <M,

and we may define
M—M, S

o(e)= >

0,

so that

sup SR(O)=M.<M—26(¢) =supSR(0) —26(¢).
0cO\U; 0cO

By part (1), we have

sup|SR7(8) — SR(6)| -0,
0cO

so for any fixed £>0,

P(sup|SR7(0) —SR(0)| <5(e)) = 1.
0cO

On the event

Ar(g) ={sup|SRr(0) —SR(0)| <5 (e) |,
00O

we have, for all 0 €0 \ U,

SR7(0) <SR(0) +5(¢) < sup SR(3)+6(e) <supSR(4)—0d(¢).
3eO\U; 9e0

On the other hand, pick any 0* €®*. Then SR(0*) =supg.oSR($) and, on Ar(¢),

SR7(0*)=SR(0*) — S (&) =supSR(9) — 5 (¢).
9cO

Combining the last two results, on Ay (&) we obtain

sup SR7(0) <supSR(9)—&(e) <SR7(0*) <supSRr(9).
0cO\U; 9c0 9cO
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Therefore any maximizer ér eargmaX%@SART(Q) must lie in U, on Ar(¢): indeed, if §T€® N\ Us,
then SRy (07) < SUPgco~. SR7(0) <supg.oSR($) — 8(¢), while there exists 6* € ©* with SRy (0*) >
SUpPg.eSR(Y) — 6 (&), contradicting maximality of §T. Therefore,

[P’(éTeUg) -1 for every £>0.

~ 14 ~
Equivalently, dist(07,0*) — 0. If, in addition, the maximizer is unique, ®* = {0*}, then 07— 0™ in
probability, proving part (2).
For (3), fix any 0* € ®*. By the triangle inequality,

ISR7(07) —SR(6*)| <|SR7(01) —SR(O7) | +|SR(67) —SR(0*)| <sup|SR7(6) —SR(0) | + |SR(O1) —SR(6™)|.
0cO

The first term converges to 0 in probability by part (1). For the second term, note that SR is continu-
ous on the compact set ®, hence uniformly continuous. Therefore, for any >0 there exists € >0 such
that |0 — 9| < € implies |SR(0) —SR(3)| <n for all 0,9 €0O. Since SR is constant on the maximizer set
0™, whenever dist(éT,G*) <& we can find 97 €©* with |I§T — 97| <€ and hence ISR(éT) —SR(0™)| =
ISR(éT) —SR(97)| <n. Because dist(éT,®*) LR 0 by (2), this shows SR(QAT) — SR(0™) in probability.
Combining the two terms yields

SR (B7) —SR(8%)| -0,

which proves part (3).
O

The proof of Theorem 2 can be strengthened to a high-probability bound. In particular, under
A1-A4 there exists a complexity term R (IT) for the class I1= {m.(0) . 0 € ®} such that, for any
0¢(0,1) and some constant C >0, with probability at least 1 — 9,

sup @T(Q)—SR(Q)‘ < C(%T(HH‘ %gé)
0cO

We make this precise below.

Proof of Theorem 3
Theorem 3 (Oracle inequality for out-of-sample Sharpe ratio)

Let

0* cargmaxSR(0), éTeargmaxSART(G).
0cO 0cO

Assume Al1-A4 and suppose that |11:(0)| <B a.s. for allt and 0 €©. Fix a block lengthbe{1,...,|T/2]}
and let T

Let RY% (11) denote the blocked complexity of the portfolio-return class I1={11.(0) : 0 € ©} defined in
Lemma 1. Then there exist constants C,,C, >0, depending only on o, B, and the mixing coefficients,
such that for every 6 €(0,1),

b log(8/6)

[P’(SR(Q*) —SR(0r) < CRYX () + & <T+ - >> >1-6—-2mB(b).
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In particular, if b=Dbr s is chosen so that 2mB(b) <6/2, then the same bound holds with probability
at least 1 — 6.

Recall the portfolio return 1 (0) = 2{;‘1 wftrl,t, the population moments pu(0) =E[1:(0)], v(0) =
E[11:(0)?], 0%(0) =v(0) — u(0)?, and SR(0) =u(0)/0(0). The sample analogs are

1« 1«
IAJT(Q):TZTTt(Q), f/T(G)Z?zm(G)Z,
t=1 t=1

fr(0)

or(0)’

Let IT={m.(0) : 0 c®} denote the class of return processes induced by the model.
Lemma 1. Under A1-A3 and |1:(0)| <B a.s., fix a block length bec {1,...,|T/2]} and let

G2(0)=vr(0) —ar(0)2, SRy (0)=

T
m=[@J.
Define the odd-block sums
(2j-1)b
Uuio)= > w0, j=1,.,m,
t=(2j-2)b+1

and let Uf ..., U be independent Berbee couplings of the odd blocks, with each U; having the same
marginal law as U;. Let€y,...,€n be i.i.d. Rademacher variables independent of the sample and define
the blocked complexity

R (D) : %[Esup
00

ZGJ'U;(Q)'.

j=1
Then there exists a constant C > 0, depending only on B and the mixing coefficients, such that for every
0€(0,1), with probability at least 1 —6 —2mpB(b),

sup |Qr(0) —p(0)] < 4RPK (1) + CB 9+
0cO ' T

10g(8/5)>

m
and

sup|¥7(0) — v(0)| < 8BREK (1) + CB? <b + bg(w) .
SC) ' T m

Proof. We prove the bound for the mean. The argument for the second moment is analogous, with
an additional contraction step for the map x ~ x°.

Define the centered process
Zi(0) =1 (0) — E[11,:(0)].

Then
T
fr(0) —u(0) = z

Since |1 (0)| <B a.s., we have |Z;(0)| <2B for all t and 6. Thus it suffices to control the empirical
process {T~'>[_, Z1(0)} g uniformly in 6.
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Step 1: Odd-even block decomposition. Write
T=2mb+7, 0<r<2b,

and define the odd and even block sums

(2j-1)b 2jb
t=(2j-2)b+1 t=(2j—1)b+1

together with the remainder

T
Rr(O)= > Z(0).

t=2mb+1

Then

m

T m
> Zi(0)=> UT;(0)+ > V;(0) +Rr(0).
j=1

t=1

Because | Z;(0)| < 2B, the remainder is bounded uniformly by

sup|Rr(0)| <2Br <4Bb.

0c®
Therefore,
T m m
1 4Bb
sup (= > Z(0) ' 7Sup z sup Z 0)|+—. (K.7)
0O Tt:1 96@ j=1 96@ j=1 T

This step is directly analogous to the decomposition in the original proof, but with odd and even
blocks separated by a gap of length b, which is what allows Berbee’s coupling to be applied correctly
under S-mixing.

Step 2: Coupling the odd and even blocks. Under Al, the process (Z;);>1 is B-mixing. Since consec-
utive odd blocks are separated by even blocks of length b, Berbee’s coupling theorem implies that
there exist independent copies Lfo ..., UZ% such that each U f has the same marginal law as U ; and

P((O,..n, U # (T, 05) ) <mB(b).
Likewise, there exist independent copies \N/f \N/fn such that
P((V1,... Vi) = (V... Vi) ) <mB (D).

This is the key place where the corrected proof differs from the original one: the mixing error appears
as a loss of probability, rather than as a samplewise additive term inside the deviation bound.

For any threshold x > 0, the coupling immediately yields

m m

1 sup z (0)|>x 1 sup z

T 0c0 |j=1 T 0c0 |j=1

and the analogous inequality holds for the even blocks. Hence it suffices to control the corresponding
independent-block processes.

X)+mﬂwL
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Step 3: Symmetrization for the independent odd blocks. Let

Because each ﬁf has the same law as the centered block sum ﬁj, we have E[ﬁf (0)]=0 for each j and
0. Introduce i.i.d. Rademacher signs €3,...,€;,, independent of the data. By the usual symmetrization
inequality for independent empirical processes,

2
[EA?] < —Esup
T 0c®

m
> €;U7(0) | :
j=1
Since ﬁf (0) is the centered version of the return block Uf (0) and centering does not increase the
symmetrized supremum by more than a universal factor, we may absorb that factor into the defini-
tion of RY'S (IT) and conclude that

EA] <25 (1D). (K.8)

The same argument applies to the independent even blocks.

Step 4: Concentration around the expectation for the independent blocks. We now show that Afj
concentrates around its mean. View

~ ~ 1
AL =FWOF,. 0L, f(x1,....,Xm) = —sup
T@e@

ZXJ(9)|

j=1
If two inputs differ only in the jth coordinate, then by the same bounded-differences argument as
in the original proof,

1
Lf () = f (x| < sup|x;(0) —x;(0)].
0cO

Because each block contains exactly b observations and |Z;(0)| < 2B, we have

suplﬁf(@)l <2Bb,
0cO

so changing one block can alter Af] by at most

1 2B
—+4Bb < —,
T m

since T = 2mb. Therefore McDiarmid’s inequality implies that, with probability at least 1 —6/4,

A} <EA? +CB, /w, (K.9)

for a universal constant C > 0. The same estimate holds for the independent even-block process

1
Af/ = —sup
0c0

Z\N/f(e)‘.

J=1

Combining (K.8) and (K.9), and applying the same argument to the even blocks, we obtain that
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with probability at least 1 —6/2,

Ab + AL <4RPE (IT) + CB, lw.

After intersecting with the two coupling events from Step 2 and using a union bound, the same
inequality holds for the original odd and even block sums with probability at least 1 —6 —2m (b).

Step 5: Conclusion for the mean. Insert the odd/even block bound into (K.7). This shows that, with
probability at least 1 —6 —2m (b),

sup|fir (0) —u(0)| <4RY% (1) + CB <b+ 10g(8/5>>
0cO ’ T m

This proves the first bound.
Step 6: Second moment bound via contraction. Now define
Y, (0) =1 (0)* — E[11:(0)°].
On [—B,B], the map h(x)=x? is 2B-Lipschitz, since
|lh(x) —h(¥)|=Ix—ylIx+y|<2B[x—yI.

Hence the symmetrized complexity of the squared-return class is at most a factor 2B larger than
that of the original return class. Repeating Steps 1-5 with Y;(0) in place of Z;(0) and using the
contraction inequality therefore yields

suplww—v(ensst;H;<n>+cgz(b+ log<8/6>>
0<cO ’ T m

on the same event, after adjusting the constant C.

Combining the two displays yields the lemma. O

Lemma 2. Under A3 (signals are uniformly Lipschitz in 0) and the differentiable soft rank/mask map-
ping with temperatures Trank, Tmask > 0, there exists L < oo such that, uniformly in t,

|11 (0) — 11 (0") | < L 10— 0| for all 6,0’ c0.
In particular, one may take

Ly =< Rmastorthets with Rmax =Ssup |7’l,t|1
t,l

where Ly, is the Lipschitz envelope of 6 — sft (A3) and Ly is an explicit constant depending only on
(Trankmiask;q’nmax) deﬁned belOW.

Proof. By A3, there exists Lo < oo such that for all (I,£) and all 6,0’,
|58 =50t < Loedl0 =011 (K.10)

The soft pairwise preference is S ;= U((Sﬁt —sft)/Trank) with ' (x)=0(x)(1—0(x)) e [O,%].
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By the chain rule,

‘ oSt

0 0
1 A S TSI 1 )
asf = o = :-Cpair,
b

Trank Trank 4 Trank

and the same bound holds for 05,/ asﬁt (all other signal partials are zero). The soft rank is rank;, =
1+ > j+151;,¢- Hence, for any fixed asset index u,

.
orankj,
|52

0sd
u,t j#l

0S1,jt
R

<(n;—1) Cpair =< (Mmax—1) Cpair = Crank-

The top-mask is mllft =0 ((k¢+0.5 —rank,)/Tmask), with derivative

amft 1 ,( k¢ +0.5 —rank], 1
| = g =< - Cmask
a ].‘al’lkl t Tmask Tmask 4 Tmask

By the chain rule and the bound from the previous step, for any u,

orank;,
R

< Cmask Crank-

The same bound holds for the bottom mask mj,. Define the (soft) leg sums Z;'=3 ;m}, and Z; =
> ;m},. The normalized leg weights are

H L
long _ Mt short _ Mt
w = w = —
l,t Z 4 l,t ZL "
t t

By A2, 2 <n; <nnmax and the masks are strictly positive (logistic), so there exists a deterministic lower
bound Z > 0 such that

Zi>z, zZt=z forallt, (K.11)
uniformly over the sample. One convenient choice is
kmin::max{l,l_qnmin”, Z:kmino(O-S/Tmask)-

For the long leg, differentiate wll_otng with respect to a single mask m! ;:

8wllf’tng _1{l=u} mpy
amg,t z (zfH2’
so that, using m;; <1 and (K.11),
Slowrt| 1 semb 1ozt 2
Slomil, | TzZF T (Zhe: ZF T @ Tz

Summing over all masks (chain rule) and using n; < npy.x gives

ne d long ne d H D long 5
Wit Mt Lt
< - su E <n C C ‘= K.12
; 553,t (J; 853‘1» up l amﬁ,t max( mask rank) Z ( )
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The same bound holds for the short leg:
ne awlslgort 2
z b < Nmax (CmaskCrank) * - (K.13)
=1 0su VA
The long-short weights are w;; = wlling —wfi°"'. Combining (K.12) and (K.13) yields

ne _ 2

Z aug,t < 4nmax CmaskCrank — 4nmax . 1 . Mmax 1 < Mmax . 1 )

-1 aSu,t VA VA 4 Tmask 4 Trank 4Z  Tmask Trank

Hence, for any two signal vectors s% and s?;,
ne 2
Nmax 1
Lsort = . . K.14
sort 4 Z Tmask Trank ( )

> [w1,e(0) =wi,t (0")] < Loore *max| sy — sy,

=1
By (K.10), maxy, |8, —s& ;| < Lnet|0 — 0']|. Plugging into (K.14) gives

Z |wl,t(9) _wl,t(el)| =< Lsorthet||9 - 9,”

=1

Finally, the managed return difference satisfies
ne ng
I (0) =1 (0)) ] = | 3 (w0 (0) —wi,t (0) 71| < 17 tlleo > [w1,0(0) = w1t (0")| < Rnas Lort Lnet 0 — 0.
=1 =1
O

This proves the claim with L; = RmaxLsort Lnet-

Lemma 3. Let g(u,v)=pu/~/v — u? be defined on
DQ,B:{(u,v)e[RZZ v—u®> > o’ |ul<B, OSVSBZ}.

Under A2-A4, fixbe{l,...,|T/2]} and m=|T/(2b)]. Then for any 6 € (0,1) there exists a constant
Csg = Csg (0,B) > 0 such that, with probability at least 1 —6 —2mf(b),

sup [SR7(0) —SR(0)| < Cr  sup|fr(0) — ()| + sup|¥r(0)—v(0)| )
00 0c0 0cO

Consequently, by Lemma 1, with probability at least 1 —6 —2mp(b),
sup|SR7(0) —SR(0)| < Csp <Q{'%1’kb(n) + ? n log(yi/&)

0c®
Proof. We first compute the gradient of g and bound it uniformly on a set that contains, with high

probability, the line segment between the population moments (u(6),v(60)) and the empirical mo-

ments (fr(0),vr(0)), uniformly over 6.
Write o> =v —pu? and o =+/v — u2. Then

gy = =pv—p?)1e2,
o
By differentiation,
9_1 K dg__ M
ou o o3 ov 203"
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Hence, on any set with o0 >s>0 and |u| <B,

2
ol _1 B 20l _ B
8N‘S§+s3’ a"‘s2s3' (K-15)
Thus )
1 B B
Vol <=+ + —.
IVgll2 st o3

Fix 0 € ® and consider the line segment between the population pair x = (u,v) and empirical pair
X = (fr,V7):
xXe=(1-t)x+tx=(u,vt), tel0,1].

Since |11:(0)| < B almost surely, we have deterministically |fir(0)| <B and 0 <v7(0) <B?, and there-
fore |u;| <B and 0<v; <B? for all te[0,1].

Define the uniform deviations

Ap=suplir(8) —u(d)l,  Ay=sup|vr($)—v(9)|.
9cO 9e0

Then, for every 0 and every tc[0,1],
Vi— ;= 02(0)— Ay —Au(2B+A).

Indeed, this is exactly the same segment argument as in the current proof. By A4, 0?(0) = ¢? uni-
formly over 0. Hence on the event
Ar(n) ={Au+ Ay =n},

we have
vi—u?>0?-n(2B+1+n)  forall te[0,1], uniformly in 6.

Choose n >0 small enough so that n(2B+1+n)<c?/2. Then on Ar(n),
vi—u?=cg?/2  forall te[0,1], uniformly in 6. (K.16)
By Lemma 1, the event A1 (n) has probability at least 1 —6 —2mpB(b) once

b log(8/6)
— sy blk
n=RYLID + 7+ :

Now apply the multivariate mean value theorem. For each 0, there exists t* < (0,1) such that
ISR7(0) —SR(0)| = |g (far,¥7) — g (u,v) | <1V g (e, ve) 2 || (i — (1,90 = V) || 5.

By (K.16), the intermediate point (L=, vs+) lies in a domain where the variance is bounded below by
0 /~/2. Therefore, using (K.15) with s=0/ \/2, we obtain a finite constant Csg (¢,B) such that

Vg (e, ve)ll2 < Csr (0, B)

uniformly in 6. Since

[y =, 7 =) [l <lfr —pl + V7 = VI,
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we conclude that on Ar(n),
|SRr(0) —SR(0)| < Cr (117 (0) — p(0) | +97(0) = v (0)1)

uniformly over 0 ¢ ®. Taking the supremum over 0 proves the first display.
The second display follows by substituting the moment bounds from Lemma 1 into the right-

hand side and absorbing the resulting numerical factors into the same constant Cgg. O

Proposition 1. Let 0™ cargmaxyceSR(0) and let éT €argmaxyce S/I\{T(Q) be any empirical maximizer.
Then

SR(0*)—SR(07) < 2sup|SRr(0) —SR(0)|. (K.17)
0cO

Consequently, under A1-A4, for every 6 € (0,1),

IP’<SR(9*) —SR(07) < 2Csx <9at;{1;,(n) + ? - 1og(£/5)>> >1-6-2mpB(b),

where m=|T/(2b) | and Csg = Csg (0 ,B) is the constant from Lemma 3.

Proof. Fix any selections 0* € argmaxoSR(0) and 07 eargmax@SART(G). We begin with the same de-
terministic decomposition used in the current proof:

SR(6*) —SR(07) = (SR(6*) —SRr(6*)) + (SRr(6*) —SRr(07)) + (SRr(67) —SR(67)).
By the optimality of Or for the empirical criterion,
SRr(0*) — SRy (0r) <0.

Therefore,
SR(6*) —SR(O7) <|SR(0*) —SR7(0*)| + |SR7(67) —SR(O7)|,

and each of the two absolute values is bounded by the uniform deviation supgy.g ISR7(0) —SR(0)]|.
This proves (K.17).

Now apply Lemma 3. On an event of probability at least 1 —6 —2mp(b),

sup|SR7(0) —SR(0)| < Csp (9&‘%“;)(1-[) + b +\/m> _
0cO ’ T m

Combining this with (K.17) yields the stated oracle inequality. O

Remark 1. Lemma 2 implies that the managed-return class is a Lipschitz parametric class in 0. This
is the starting point for deriving further upper bounds on the blocked complexity ?’J%l}z (IT) under addi-
tional entropy or covering assumptions on ©.

K.2 Additional results

Complementing the properties presented in Section 7, we provide additional theoretical justifica-
tions for our approach. First, we provide a simple expected-utility foundation for the Sharpe ratio
objective, which is used to estimate the AlphaGlass portfolio rule, clarifying the relation between the
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baseline objective and a standard mean-variance investment problem. The key point is that, in the
presence of a risk-free asset and under standard mean-variance preferences (or expected utility with
elliptical returns), the investor’s portfolio choice problem reduces to maximizing the unconditional
Sharpe ratio of the resulting portfolio return. Risk aversion determines only the overall leverage
under the rule, but it does not affect which rule is optimal within a given class.

We work in a one-period setting. Let R e RY denote the vector of excess returns on N test assets

over the risk-free rate. A portfolio rule m maps time-t information (such as firm characteristics) into
portfolio weights w (1) e RY. The associated portfolio excess return is

1y (M) =w(m) 'R,

with mean and variance
p(m) =E[ry,(m)],  o*(m)=Var(r,(1m)).

The investor can also invest in the risk-free asset, yielding a gross return of 1 + 7. Given a portfolio
rule 1T, she chooses a scalar position xR that scales the zero-cost portfolio, so that final wealth
(normalized by initial wealth) is

Wi (e, 1) = (1 +7f) + &y (7).

We assume mean-variance preferences,
U(x,m) =E[W;(x,17)] — %Var(Wl(a,n)),

for some risk-aversion parameter y > 0.2° Let II denote the class of admissible portfolio rules. In
our empirical implementation, IT is the class of AlphaGlass GAM-like rules, parameterized by 6 and
mapping characteristics into weights via the differentiable rank-mask architecture described above.
The following theorem shows that the investor’s joint choice of a portfolio rule 7t €IT and scale xe R
is equivalent to choosing the rule that maximizes the Sharpe ratio of the portfolio return , (7).

Theorem 4 (Optimal portfolio rule as Sharpe maximizer)

Let R be a vector of excess returns and let I1 be a class of portfolio rules 1, each inducing a zero-
cost portfolio excess return v, (1) with mean u(t) and variance o?(11). Suppose the investor has
mean-variance preferences

U (o, 71) = E[W; (0,77) ] —%Var(Wl((x,n)),
where Wy (x, 1) = (1 +7y) + &y, (17), and y >0 is fixed. Then the problem

max U(x,T)
mell, xeR

is equivalent to
p (1)

maxSR(17), SR(1r)=—7"F,
mell o (1)

20Under elliptical returns (for example, multivariate normality) this mean-variance representation is equivalent to ex-
pected utility maximization for any increasing concave Bernoulli utility, so the analysis below can also be interpreted as
a reduced-form representation of more general preferences.
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in the sense that any portfolio rule t* €Il that solves

T cargmaxSR (17)
mrell

admits a scale o* (11*) such that the pair (Tt*,* (11*)) solves the original utility maximization prob-
lem. The optimal scale for a given 1t is
p (1)
o(TT) = ——,
(m) y o 2(m)
so risk aversion y only affects the leverage «* (11), not which portfolio rule 1t is optimal within I1.

Economically, Theorem 4 implies that, once we fix a class IT of portfolio rules (in our case, inter-
pretable GAM-style rules with sparsity and pairwise interactions), the “right” object to estimate for
a mean-variance investor with access to the risk-free asset is the portfolio rule that maximizes the
unconditional Sharpe ratio of the induced portfolio return. This provides a decision-theoretic ratio-
nale for our baseline Sharpe ratio specification. Note, however, that this equivalence result concerns
the choice of the portfolio rule in a benchmark problem with separate leverage choice. Our mean-
variance exercise in Section 6 serves a different purpose: it studies whether AlphaGlass continues to
perform well when investor preferences are embedded directly in the estimation objective through
the parameter y. In this sense, the Sharpe-ratio and mean-variance specifications are complementary
formulations.

Second, we provide an economic and decision-theoretic rationale for our choice of rank-based
mask weights, rather than softmax-based weights, as the final link function from scores to portfolio
weights. The key idea is that the output of the AlphaGlass signal is only identified up to strictly
increasing transformations: if we compose the last layer of the network with a strictly increasing
scalar function and adjust earlier layers accordingly, the ranking of assets by score is preserved and,
in large samples, portfolio performance is unchanged. Economically, this means that the ordering
induced by the score carries information (which stocks are better or worse), but the cardinal scale
of the score is not uniquely meaningful.

A natural robustness requirement is that the portfolio decision be ordinarily invariant: if we
apply any strictly increasing transformation to the scores, the resulting portfolio should not change.
At the same time, we require that the rule treat assets symmetrically and only react to the ranking,
not to asset labels. Formally, this symmetry is captured by permutation equivariance. We show
below that these two requirements together imply that the weighting rule must be rank-based: there
exists a function f on the set of ranks such that the weight assigned to asset i depends only on its
rank in the cross-section. Our top/bottom mask is a particularly transparent and simple choice of
such a rank-based rule.

By contrast, softmax-based weighting schemes implicitly treat the scores as economically mean-
ingful in levels and are sensitive to arbitrary monotone rescalings of the scores. Changing the “tem-
perature” of the softmax or rescaling the signal can yield very different portfolios, even when the
ranking of scores remains unchanged. From a decision-theoretic perspective, when scores are iden-
tified only up to monotone transformations, softmax is a fragile choice. Rank-based masks, by con-
struction, are robust to such transformations and therefore align better with the economic content
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of the signal.

We now formalize these ideas in a simple static cross-sectional setting. Fix a cross-section with
n =2 assets. Let

s=(81,...,8.) T eR™
denote the vector of scores produced by the signal in a given period. A portfolio rule is a mapping
WiR">R", s W(s)=(Wi(s),....Wn(s)) ',

where W;(s) is the portfolio weight assigned to asset i when the score vector is s.

We impose two structural properties that capture symmetry and robustness to monotone trans-
formations. For any permutation o of {1,...,n}, define the permuted score vector (o -s) € R"™ by

(0-8)i=So-13i)-
We say that W is permutation equivariant if
W(o-s)=0-W(s)

for all scR" and all permutations o. This means that relabeling the assets only relabels the weights.

Let ¢ : R— R be any strictly increasing function. We define the component-wise composition
¢poscR" by (¢pos);=d¢(s;). We say that W is ordinally invariant if

W(pos)=W(s)

for all score vectors s € R"™ and all strictly increasing ¢. This expresses the requirement that the
portfolio decision depends only on the ordering of the scores, not on an arbitrary monotone scaling
or transformation. For each s with distinct entries (no ties), let rank;(s) € {1,...,n} denote the rank
of asset i in the cross-section of scores, where rank 1 is the lowest score and rank » is the highest.
We will show that permutation equivariance and ordinal invariance force W (s) to depend only on
these ranks. We first show that any continuous portfolio rule that is permutation equivariant and
ordinally invariant must be rank-based.

Theorem 5 (Ordinally invariant portfolio rules are rank-based)

Let W :R"™ - R" be a portfolio rule that is permutation equivariant and ordinally invariant. Suppose
furthermore that W is continuous and that we restrict attention to score vectors s € R" with no ties,
si#sj for i+ j. Then there exists a function f:{1,...,n} - R such that, for every such s and every
asset i,

Wi(s) = f (rank;(s)).
In particular, W (s) depends only on the cross-sectional ranking of scores, not on their levels.

Proof. Take two score vectors s,s’ € R" without ties and the same ranking. That is, there exists a
permutation 1t of {1,...,n} such that
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Define the sorted score sequences
§kES‘IT(k)1 EI,CES‘I,T(k)’ k:1,...,n,

so that §; < <$§, and §] < < §},.

Because both sequences (i) and (3},) are strictly increasing, we can construct a strictly increasing
function ¢ : R — R such that
¢p(5x)=35, forallk=1,...,n.

One convenient construction is to define ¢ piecewise linearly through the points (8k,$}) and extend
it linearly outside [51,5,].

For each asset i, let ; =rank;(s), so that 7w (7;) =i and s; =3,,. By construction,
P(si) =P (5) =5, =5
In vector notation, ¢ o s =s’. By ordinal invariance,
W(s')=W(pos)=W(s).

Thus, whenever s and s’ have the same ranking, we must have W (s) =W (s"). Therefore, W(s) de-
pends only on the ranking pattern of s.

Let v°=(1,2,...,n)" denote the canonical strictly increasing vector. Its ranking is
1<2<-<n.
Define w'=Ww (v°) e R"™.
Now take any s with no ties. Let 11; be the permutation that sorts s in increasing order, so that
Sre(1) <Smp(2) < <Smg(n)-

Define the sorted vector §€R" by Sk = s, (k). Then s and § have the same ranking. By Step 1, W(s) =
W(s).

As before, because (1 <2<--<n) and (5; <--<8§,) are strictly increasing sequences, there exists
a strictly increasing function ¢ such that

¢P(k)=35, fork=1,...,n.
Thus ¢ o v°=§, so by ordinal invariance,
WE)=W(pov?)=ww®) =w’.

Combining, we obtain
W(s)=W(3)=w°.

This identity holds in the sorted coordinate system.

The relationship between s and its sorted version § is s =17+ §. By permutation equivariance,
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Taking the i-th component, we obtain

0

Wils)= (- w)i=wp 1.

But 11; ! (i) is precisely the rank of asset i in the cross-section of scores:
rank;(s) = 1(i).

Therefore
w. — 4,0
i(s)= wranki(s) .

Define f:{1,...,n} >R by f(k) =w}. Then for all i and all score vectors s without ties,
Wi(s) = f (rank;(s)),
which is exactly the desired rank-based representation. O

Theorem 5 formalizes the intuitive statement that, under the natural symmetry and robustness
properties of permutation equivariance and ordinal invariance, the portfolio rule cannot depend on
the cardinal scale of scores. It can only depend on the ordering of scores, and, therefore, must be a
function of ranks. In our application, the specific choice of f encodes how aggressively the portfolio
loads on high- versus low-score assets and whether the middle ranks receive zero weight.

We can now position our rank-based top/bottom mask and the softmax rule in the framework
of Theorem 5.

Our mask-based rule is defined as follows. Fix an integer K< {1,...,|n/2]}. For a score vector s
without ties, we set

1, ifrank;(s)>n—K (top K assets),
wi¥(s)=1 -1, ifrank;(s) <K (bottom K assets),
0, otherwise.

This is exactly of the form W;(s) = f (rank;(s)) with

-1/K, k=<K,
f(k)=10, K<k=n-K,
1/K, k>n—-K.

By construction, this rule is permutation equivariant and ordinally invariant, so it satisfies the struc-
tural requirements of Theorem 5. In words, it is a simple, symmetric rule that only cares about which
assets are in the top K and bottom K of the score distribution, while equal-weighting within each leg
to avoid overreacting to small cardinal differences in scores.

In contrast, the softmax rule maps scores into weights through exponential functions of the

levels:
exp(As;)

> j-1exp(As;)’

where A >0 is a temperature parameter. This rule is permutation equivariant, but it is not ordinally

sm — 1. _l
pi(s)= w;M(s)=pi(s) o
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invariant: rescaling the scores by a strictly increasing function changes the weights in general. We
formalize this in the next lemma.

Lemma 4 (Softmax is not ordinally invariant). Fix n>2 and A > 0. Define the softmax-based zero-cost

weights

sm(oy . XPAs) 1
wi(s) Yiexp(As;) n’

Let s € R™ be any non-constant score vector (L.e., s; #s;j for some i+ j). Then there exists a strictly
increasing function ¢ . R — R such that
w(pos)=wSm(s).

In particular, the softmax rule is not ordinally invariant.

Proof. We provide a simple argument based on linear rescaling. Consider a strictly increasing func-
tion of the form ¢ (x) =ax with a> 0. For any s and any a >0,

sm _ . sm __ exp(Aasy) 1
w;™(Ppos)=w;"(as) ST exp(Aas;)  n

Suppose, for contradiction, that w’™ (as)=w*"(s) for all a>0. Then the softmax probabilities would

also be invariant:
exp(Aas;) _  exp(As;)

= for all i and all a > 0.
Simiexp(Aas;) Y- exp(As))

Consider two indices i # j such that s; #s; (which exist because s is non-constant). Define the prob-
ability ratio

pi(s) _ exp(Asi)
pi(s) exp(As;)

¥ij($;A) = =exp(A(s;—sj)).
Under the supposed invariance, we must have
rij(as;A) =7ij(s;A) forall a>0.

But
rij(as;A) =exp(Aa(si—sj)),

so the equality 7;;(as;A) =7 (s;A) for all a >0 would imply
exp(Aa(s;i—s;j)) =exp(A(s;—s;)) foralla>0.
Taking logarithms, this requires
Aa(si—sj)=A(s;—s;) foralla>0,

which is impossible when A >0 and s; # s;. Thus, there exists at least one a >0 such that w*" (as) #
w3 (s). The function ¢(x) =ax is strictly increasing, so we have shown that there exists a strictly
increasing ¢ such that w™ (¢ os) +w™(s).

Therefore, the softmax rule is not ordinally invariant. O

Lemma 4 shows that softmax weights depend on the arbitrary scale of the score: multiplying all
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scores by a positive constant changes the portfolio, even though the ranking of scores is unchanged.
More generally, any strictly increasing transformation that alters the relative gaps between scores will
typically change the portfolio. When the underlying economic content of the signal is only ordinal
(the ordering of assets by expected performance or risk exposure), such sensitivity to the arbitrary
cardinal scale of the score is undesirable.

Combining Theorem 5, the structure of our rank-based mask, and Lemma 4, we obtain the fol-
lowing decision-theoretic interpretation. Assuming that scores are identified only up to strictly in-
creasing transformations, and requiring that the portfolio rule treats assets symmetrically and is
robust to such transformations, we are led to rank-based weighting rules. Our top/bottom mask is
a simple and transparent member of this class. In contrast, softmax-based rules implicitly treat the
levels of the scores as economically meaningful, and are fragile to arbitrary monotone rescalings of
the signal. For these reasons, we view rank-based masks as the more natural vehicle for constructing
economically robust portfolios from the AlphaGlass signal.

Finally, we show that the AlphaGlass Sharpe-maximization problem can be understood within
a standard asset-pricing framework based on a Hansen-Jagannathan (HJ) volatility bound. The key
object is the factor return F;;;(0) generated by a given parameter vector 6 in the AlphaGlass class.
Let

u(0)=E[F41(0)],  0%(0)=Var(F1(0)),

and write SR(0) =u(8)/o(0) for the population Sharpe ratio of the AlphaGlass factor generated by
0.

With each 0 we now associate a one-factor stochastic discount factor (SDF) of the form
Me1(0) =a(0) —b(0)Fy1(0),

where the coefficients a(6) and b(0) are chosen so that the SDF has unit mean and prices the Alpha-
Glass factor itself, i.e.
E[mi1(0)]=1, E[1¢41(0)Ft41(0)] =0.

These two linear restrictions pin down (a(8),b(0)) uniquely whenever o2 (0) >0, and define a family
My ={m(0):0c0}

of one-factor SDFs indexed by the same parameters, gates, and shape functions that parameterize the
AlphaGlass portfolio rules. We now formalize that, within the payoff class {F(0): 00}, maximizing
the Sharpe ratio is equivalent to selecting the payoff that attains the largest H] bound, i.e., the payoff
that implies the largest minimal SDF volatility among all SDFs that price it.

Theorem 6 (AlphaGlass Sharpe ratios as HJ bounds)
Fix 00 with 0?(0) >0 and let F(0) be the associated AlphaGlass factor with mean u(0) and variance
a(0).
1. Among all SDFs m with E[m] =1 that price F(0), ie. E[mF(0)] =0, the unique minimum-
variance SDF m™ is linear in F(0):

u(0)

m (9)21—02(9)

(F(0)—u(0)),  Var(m*(0))=SR(0)%.
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Equivalently, every such m satisfies \/Var(m) = |SR(0)|, with equality only for m™ (0).
2. If an SDF m prices all AlphaGlass factors {F(0) . 0 c®}, then necessarily

\Var(m) > sup|SR(0)].

0O

Among all stochastic discount factors (SDFs) m that have unit mean and correctly price this
payoff, the theorem characterizes the least volatile admissible SDF. This “closest” SDF with finite
variance is linear in the payoff and is unique. Its variance equals the squared Sharpe ratio,

Var(m*(0)) =SR(0)?,

and any other SDF that prices F(0) must have weakly larger volatility. Therefore, |SR(0)| is exactly
the tight HJ lower bound on SDF volatility implied by pricing the single payoff F(0).

This is economically valuable because SDF volatility summarizes the tightness of no-arbitrage
pricing restrictions: pricing payoffs with large mean return relative to risk requires an SDF with
correspondingly large variability. The theorem, therefore, links the statistical performance of an
AlphaGlass factor (its Sharpe ratio) to the minimal amount of pricing-kernel variation needed to ra-
tionalize it in an arbitrage-free model. In particular, a high Sharpe AlphaGlass factor is a payoff that
forces any compatible SDF to be volatile, i.e., it imposes a large pricing restriction on the economy.
The intuition can be extended to the entire AlphaGlass class: If there exists an SDF that simultane-
ously prices every AlphaGlass factor in the class, then its volatility must be at least the maximum
Sharpe ratio attainable within the class. This provides an economic measure of the “difficulty” of
jointly pricing the full family of AlphaGlass portfolios: the best-performing factor in Sharpe-ratio
terms sets a lower bound on the volatility of any SDF that is consistent with pricing the entire set of
AlphaGlass payoffs.
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