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Abstract
This paper studies when introducing verifiable communication choices between
agents (players) in a cheap-talk benchmark setting, with social tie, is beneficial to
welfare. In our model agents have two ways to communicate their private information: either through a costly verifiable information (hard) link or through a low-cost
cheap talk (soft) link. We identify that the appearance of hard links in the pure cheap
talk setting has two opposing effects on welfare: (i) a positive effect stems from the information improvement and (ii) a negative effect arises from crowding out soft communication with costly verifiable communication. Surprisingly, the final welfare outcome of the two opposing forces depends on the cost structure. If only one party bears
the cost of a hard link, then the positive (informational) effect always dominates the
negative (crowding out) effect, and thus introducing hard links is beneficial to welfare.
In contrast, if the cost of a hard link is shared by both parties, then allowing for verifiable communication can be detrimental to welfare. We also derive several testable
implications about introducing hard links in corporate governance, and demonstrate
the robustness of our findings in face of heterogenous costs, as well as the case where
cost is endogenizied via negotiation about how to split the costs.
Keywords: Hard and soft communication, Welfare, Incentive, Networks, Cost
structure.
JEL Classification: D71, D72, D82, D83, G34.

* First Draft: December 2018. This draft: March 2020. We are extremely grateful to Daron Acemoglu, Ricardo Caballero, Yeon-Koo Che, Wouter Dessein, Drew Fudenberg, Navin Kartik, Andrey Malenko, Nadya
Malenko, Rajiv Sethi, Alex Wolitzky and Muhamet Yildiz for valuable comments and suggestions. We also
thank seminar participants at Massachusetts Institute of Technology (MIT), Harvard University, University
of Pennsylvania, University of California, Berkeley, Princeton and USC for helpful comments. This paper
supersedes "A Theory of Two-dimensional Communication: Welfare and Corporate governance".
† Kakhbod: Massachusetts Institute of Technology (MIT), Department of Economics, Cambridge, MA
02139, United States. Email: akakhbod@mit.edu. Loginova: Columbia University, Department of Economics, New York, USA. current - McKinsey & Company. Email: uloginova@gmail.com.

1

1

Introduction

In many multi-division corporations a manager of a division is required to make his
judgements about the uncertain state of the world and picks the most appropriate actions that influence other divisions as well. Oftentimes, these decisions are made based
not only on private information of managers, but also on the information collected from
other managers (agents, players) during preliminary discussions.1 As a result, quality of
communication between managers is critical for efficient and successful decision making in corporations. What communication policies are efficient to improve the quality of
discussion between managers? And, how do these policies affect welfare?
The literature that studies possible communication policies can generally be classified
by the type of information transmission technology into two categories. One approach
follows Grossman (1981) and Milgrom (1981) in assuming a verifiable (or hard) type of
information, i.e., information that can be withheld by the manager (player) but not lied
about (hard talk). The second approach complies with Crawford and Sobel (1982) and
Green and Stokey (2007) in considering an unverifiable (or soft) type of information, i.e.,
information that can be arbitrarily misreported by the manager at no cost (soft, cheap talk).
The overwhelming majority of theoretical studies share the assumption that communication mode, either cheap talk or hard talk, is a feature of the environment, and hence is
a fixed characteristic of communication stage.2 While a predetermined communication
mode might be natural in some cases, in practice, the participants not only choose with
whom to communicate, but also get to determine the way in which the information is
transferred.3
1 See

e.g., Malenko (2014), Harris and Raviv (2008), Stevenson and Radin (2009) and Hart (2003).
include Kartik, Ottaviani and Squintani (2007) and Kartik (2009) who consider the case
when it is costly to misreport the information and show that the equilibrium outcome involves separation
with inflated language. Dessein and Santos (2006) assume that the information transmission takes the form
of a noisy hard talk and allow the organization to choose the level of communication precision. Dewatripont
and Tirole (2005) and Calvó-Armengol, de Martí and Prat (2011) depart from the predetermination of
communication mode by considering the setting where the trustworthiness of information transmission is
endogenously defined by the communication efforts of the parties.
3 In particular, communication of the same piece of private information can take different forms, from
sending one-sentence emails (soft talk) to prolonged discussions (hard talk). With the extreme options, it
is natural to assume that the email communication is cheap and the discussion is costly, because sending a
one-sentence email requires considerably less time and effort than participating in long discussions. Moreover, one would expect that a one-sentence email gives a decision-relevant summary of the sending party’s
private information without providing supplementary materials and explanations that will allow the receiving party to verify the message. Such limitation leaves the composition of the message entirely up to
the sender’s discretion. At the same time, prolonged discussions can give an opportunity for the reporting
party to present the supporting data and provide the necessary justifications, so that the receiving manager
is able to uncover the decision-relevant piece of information himself. From this point of view, sending a
one-sentence email is closer to cheap talk communication, while prolonged meetings resemble verifiable
2 Exceptions
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The goal of this paper is to study when introducing verifiable communication choices
in a pure cheap-talk benchmark is beneficial to welfare. A major twist in our model,
and a point of departure from the existing literature, is that agents have two ways to
communicate their private information over a communication network: either through
a costly verifiable information (hard link) or through a low-cost cheap talk (soft link).
We particularly ask the following questions: How does communication mode (hard
vs. soft) affect the quality of discussion between agents as well as welfare? Can verifiable
(hard) communication technology choices, paradoxically, be detrimental to welfare? If
introducing verifiable communication does have unintended effects then what types of
policy regulations can improve welfare in such environments? In this paper we provide
answers to these questions. Moreover, we study whether existing corporate policies mitigate or exacerbate the problem of ineffective communication, and specify which policies
are optimal.
Environment. We consider decision-making under imperfect information by managers
(players) with conflicts of interest in multi-division corporations. In such environments,
managers have to decide on strategies for their respective divisions.4 Moreover, the effect of chosen strategies on the firm’s well-being depends on the economic environment,
which is usually uncertain. However, each manager holds some private information
about the characteristics of the economic environment. Corporation divisions might be
endowed with different goals and interests depending on the divisions, which implies
preference divergence among the managers.5 Nevertheless, different divisions are parts
of one corporation, meaning that the strategy chosen by some manager has an effect on
other divisions’ payoffs as well as corporation’s welfare (shareholder value). Total corporation’s welfare (or simply welfare) in our formulation also refers to shareholder value.
Several empirical studies show that preliminary discussion between managers is not
necessarily all-to-all. Instead managers communicate based on their social tie, prior relationships, geography, etc. (e.g., Stevenson and Radin (2009) and references therein). We
model this by a communication network. That is, before making decisions, managers can
simultaneously transmit their private signals to each other according to the communication network, which is set prior to the signals’ realization. The network has a general
information transmission; and often it is up to the participants which type of communication to engage in.
4 For example, managers are potentially located in different locations (e.g., countries), each being responsible for the corporation’s performance in the manager’s respective division.
5 Conflicts of interest between managers may arise in corporate control transactions, for example, due
to managers’ ownership, geography, affiliation, social tie, etc. (see e.g. Adams, Hermalin and Weisbach
(2010)).
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structure and is described by a directed graph of hard and soft links. A manager can send
messages to other manager that he has links to in compliance with the link type: if the
link is soft, then reporting takes the form of cheap talk, while if the link is hard, then
communication is non-strategic and verifiable to the other party.
While soft links are very cheap to sustain, hard links are costly. The way the cost of a
hard link is split between the involved parties is defined by a specific cost structure that
is the same for all pairs of managers. That is, the costs of outgoing and incoming hard
links are fixed across managers. While considering a general cost structure where the cost
is split arbitrarily between the parties, we distinguish between the following two cases:
• The first case is one in which only one party, either the sender or the receiver, bears
the cost of a hard link.6
• The second case is one in which both parties bear strictly positive costs of a hard
link.7
After finishing the communication stage, managers (players) simultaneously choose actions that influence each other’s payoffs as well as welfare. To study the model, we define
an equilibrium to be an extension of pure strategies Perfect Bayesian Equilibrium (PBE).
Namely, communication and action strategies form the usual pure strategies PBE, holding
the communication network fixed. At the same time, the communication network must
be such that no manager prefers to delete a link, and no two managers prefer to form a
hard link in the absence of truthful communication, given rationally updated communication and decision making strategies. The resulting communication pattern is described
by a directed truthful network, in which every link corresponds to truthful communication through a soft or hard link.

1.1

Overview of the results

The first—rather intuitive—result of the paper describes the effect of introducing the
possibility of forming hard links on the scope of information transmission and the quality
of discussion between managers. More precisely, start from the pure cheap talk setting,
i.e., verifiable information transmission is prohibitively costly and all communication is
6 The structure with only the sender paying the cost naturally arises when it takes considerable effort to
provide supporting data and to develop argumentation, while it is very easy for the receiver to uncover the
underlying signal after being presented with the collected materials. Similarly, the cost structure where
only the receiver incurs the cost corresponds to a situation in which it is much easier to formulate the
message and provide the material, than it is to decode the underlying signal.
7 Sharing cost represents situations in which both the sender and the receiver are required to put in
considerable effort to transmit and understand the information (e.g., Dewatripont and Tirole (2005)).
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performed through soft links. Then introduce feasible hard links, i.e., lower the cost of
hard links such that they can emerge in the equilibrium truthful network. As a result,
there is a new equilibrium that generates more intensive information transmission. Using
the introduced notation, it means that a new equilibrium with hard links generates a
truthful network with weakly larger in-degrees for all managers. As a result, this result
shows that introducing verifiable communication choices (hard links) always improves
the quality of discussion between managers. But, does that also benefit welfare?
The second—and main—result concerns the welfare aspect of introducing the feasible
verifiable information transmission channel. The fact that there are almost always multiple equilibria presents some difficulties in comparing the welfare across different settings.
We resolve the multiplicity issue by introducing the notion of pairwise stability—a natural equilibrium refinement. This notion is an analogue to the pairwise stability condition
commonly used in network theory, but adapted to the defined equilibrium concept. More
precisely, an equilibrium is called pairwise stable, if no two managers can find an incentive compatible way to improve interaction between them by communicating truthfully
through a soft link instead of a costly hard link or by not communicating at all, holding
other communication and decision making strategies fixed.
The welfare outcome of introducing feasible hard links in the initial pure cheap talk
setting is composed of two effects: the positive effect of an information improvement
and the negative effect of crowding out cheap talk communication with costly verifiable
information transmission. The information improvement effect is the substance of the
informational result described above: availability of verifiable information transmission
leads to greater and more evenly distributed in-degrees. The crowding out effect is at
the heart of the paper. As hard links become available, some managers who could not
truthfully communicate via cheap talk can find it beneficial to pay the cost and transfer the private information through hard links. The appearance of hard links increases
managers’ in-degrees which can render truth-telling through some soft links no longer
incentive compatible.8 Those soft links should be replaced by hard links for the managers
to remain credible. Thus, even though managers get more truthful messages, the number
of soft links might decrease, implying that the cheap talk communication is crowded out
by the costly verifiable information transmission.
We find that, surprisingly, the final welfare outcome of the two opposing forces depends on the cost structure. In the case where only one party bears the cost of a hard link,
there always exists a pairwise stable equilibrium with feasible hard links that generates
greater total welfare than in the pure cheap talk case. Interestingly, the positive welfare
8 Clearly,

the vulnerability of a soft link increases with the divergence in preferences.
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result no longer holds when the cost of a hard link is shared between the managers. In
particular, we follow Galeotti, Ghiglino and Squintani (2013) in analyzing communication between two communities composed of agnets with the same preferences (e.g., similar geographical locations). In this setting, we find that introducing feasible hard links
does not alter soft intra-group communication—managers with the same preferences can
always be credible to each other through a cheap talk. At the same time, newly created
hard links can make cross-group cheap talk communication no longer credible, wipe out
all cross-group soft links, and replace them with costly hard links. As a result, the welfare can decrease relative to the pure cheap talk case. As another extreme, we consider
the case of a diverse group of managers who have equidistant preference biases, and show
that adding the possibility of forming hard links can decrease the welfare only when the
number of managers is 3.
1.1.1

Extension and Robustness

Finally, we study some natural extensions of the model. In the first extension, we allow
the managers to negotiate how to split the cost of a hard link between them. Surprisingly,
we find that endogenizing of the cost shares does not imply aggregate efficiency and introducing hard links can still lead to lower welfare—which reinforces the main result of
the paper.
In the second extension, we allow the costs of hard links differ across the pairs of
managers. This might happen for various reasons, e.g., managers working at the same
location might face a lower cost of verifiable information transmission that takes the form
of personal meetings, than managers from different locations. We illustrate that when
the difference in costs is substantial, introducing hard links likely results in localization
of communication—pairs of managers with a low cost communicate with each other via
hard links. At the same time, the amount of information accumulated by every manager
can remain the same. This implies a decrease in the welfare compared to the pure cheap
talk case, even when only one party bears the cost.
Plan.

The paper is organized as follows. Section 2 presents the model and discusses the

solution concept. Section 3 provides the incentive for truthful reporting via a soft link,
the benefit of forming a hard link, and their implications for the equilibrium communication networks. The informational result of introducing verifiable information transmission is presented in Section 4, and the welfare results are analyzed in Section 5. The
extensions of the model with endogenous cost shares and heterogeneous hard links costs
are considered in Section 6. Policy implications are in Section 7. Section 8 concludes the
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paper. Finally, Appendix A provides some additional details on characterization of the
pairwise stable equilibria, and Appendix B contain all the proofs omitted in the main
text.

1.2

Related literature

A major twist in our model, and a point of departure from the existing literature, is to
analyze welfare when agents have two ways to communicate their private information
over a communication network. Hence, this paper develops the strategic communication literature by endogenizing the choice between costless cheap talk (soft talk) and
costly verifiable communication (hard talk) in communication networks. The paper also
contributes to the theoretical literature in corporate governance in multi-division corporations.
A related work is the important paper by Galeotti, Ghiglino and Squintani (2013), this
paper departs from their framework mainly by incorporating additional means of verifiable communication. Importantly, our focus is to analyze cost structure and the welfare
consequences of introducing costly verifiable communications in a pure cheap-talk communication network. Similar to Galeotti, Ghiglino and Squintani (2013), we find that decreasing marginal effect of an additional truthful message leads to congestion effect in
cheap talk communication: the willingness of player i to report truthfully to player j decreases with the number of truthful messages player j gets, called the in-degree of player
j and denoted as kj , following Galeotti, Ghiglino and Squintani (2013) we also call this
congestion effect. Moreover, the incentive to misreport increases with the preference difference between the players. In contrast, however, we show the incentive to communicate
through hard link does not depend on preference difference. The benefit of forming hard
link ij from player i to player j depends only on the number of truthful messages that j
gets, kj , and is strictly decreasing in kj . This immediately implies that hard links are directed towards only those players who have sufficiently low number of incoming truthful
soft links. Another related paper is Hagenbach and Koessler (2010), who study strategic cheap talk communication in networks. Their model differs in two important ways.
First, in their model the underlying state is determined as a sum of signals sampled from
known distributions, which implies constant marginal value of every additional signal.
As a result there is no congestion effect, in their model. Second, they consider different
type of coordination, i.e. each player not only wants others’ actions to be closer to his
(as is the case in our model), but also also wants to match his action with the others’.
Moreover, we incorporate additional means of verifiable communication.
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Our results on how the structure of a hard link cost influences communication patterns contribute to the literature on organizational design with verifiable information
(e.g., Bolton and Dewatripont (1994), Hart and Moore (2005), Radner (1992), Radner
(1993), Sah and Stiglitz (1986), Van Zandt and Radner (2001), Harris and Raviv (2008),
Hagenbach, Koessler and Perez-Richet (2014), Malenko (2014), Malenko (2018)), cheap
talk (e.g., Alonso, Dessein and Matouschek (2008), Caillaud and Tirole (2007), Rantakari
(2008), Harris and Raviv (2008), Hagenbach and Koessler (2010), Galeotti, Ghiglino and
Squintani (2013), Dewan et al. (2015), Grenadier, Malenko and Malenko (2016), Kakhbod
et al. (2018), and noisy hard talk, where the information is transmitted perfectly with
some probability less than 1 (e.g., Dessein and Santos (2006)).9 In contrast to these works,
in our paper communication choice is two-dimensional, i.e., agents have two ways to communicate their private information: either through a costly verifiable information (hard)
link or through a low-cost cheap talk (soft) link. Importantly, we show that the interplay
between theses two dimensions has a crucial impact on welfare.10
Our analysis of the communication patterns arising in equilibria contributes to the
literature of strategic network formation, which includes Jackson and Wolinsky (1996),
Galeotti, Goyal and Kamphorst (2006), Bala and Goyal (2000), Goyal (2007), Jackson
(2008) and Squintani (2019), and the studies that consider questions of learning in networks (e.g., Acemoglu et al. (2011)).

2

Model

Let the finite set of managers (players) be N = {1, ..., n} with n ≥ 2. Each player i has
preference bias bi ; the preference profile {b1 , ..., bn } is common knowledge. The state of
the world θ is unknown and has a density of Beta distribution with commonly known
9 While

in this paper we focus on private communication, there are studies that compare private with
public information transmission, e.g. Farrell and Gibbons (1989) and Goltsman and Pavlov (2011).
10 Also related are studies that focus on questions of coordination and adaptation with verifiable information transmission in communication networks. In particular, Chwe (2000) studies a collective action
problem with preliminary communication regarding participation activity in a deterministic exogenous
network. Calvó-Armengol and de Martí (2007) analyze how the communication pattern affects individual
behavior and aggregate welfare in a setting in which the players not only want to coordinate their actions,
but also adapt to an unknown state of the world. Instead, Calvó-Armengol, de Martí and Prat (2011) consider local uncertainty regarding the state and study information transmission patterns that arise when the
agents are allowed to alter the communication precision.
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parameters (α, β ):11
f (θ ) =

1
θ α−1 (1 − θ )β−1 .
B(α, β )

Each player i receives a private signal si ∈ {0, 1} about θ, where si = 1 with probability
θ and si = 0 with complementary probability 1 − θ. Private signals are assumed to be
independent and identically distributed.
The communication network is set prior to the signals’ realization and is described
by a directed graph g ∈ {0, s, h}n×n , where gij = s if and only if a soft link ij is present,
meaning that i reports to j via a cheap talk channel; gij = h if and only if a hard link ij is
present, meaning that i communicates his signal to j via a verifiable information channel;
gij = 0 if and only if there is no link from player i to player j.12 It is assumed that hard
links are costly and the way the cost of a hard link C ≥ 0 is split between the players
depends on the specific cost structure. Once the specific cost structure is fixed, it is the
same for all players. For the main part of the paper, we assume cost C of a hard link
to be the same for all pairs of players; the case in which cost can vary with the players’
identities is considered in the Extensions section. At the same time, soft links are cheap
to sustain: each involved party bears just an infinitesimal cost ε > 0.
While the players are aware of each other’s existence and preference biases, the communication network g is not common knowledge. Rather, each player i knows only the
structure of his respective neighborhood. That is, player i observes the set of players to
whom he has soft links, denoted as Nis (g ) = {j ∈ N : gij = s}; and the set of players to
whom he has hard links, denoted as Nih (g ) = {j ∈ N : gij = h}. Similarly, player i observes

the set of players who have soft links directed to him, Ni−1,s (g ) = {j ∈ N : gji = s}; and the
set of players who have hard links directed to him, Ni−1,h (g ) = {j ∈ N : gji = h}.13
Cost structure.

If there is a hard link ij from player i (the sender) to player j (the re-

ceiver), then player i bears a share α ∈ [0, 1] and player j bears a share 1 − α of the total
link cost C. We distinguish between two cost structures:
11 Considering a general Beta distribution is a generalization of the Galeotti, Ghiglino and Squintani
(2013) model, where they use a uniform on [0, 1] prior, which is a particular case of Beta distribution with
parameters (1, 1).
12 The assumption that the communication network is defined before the realization of the signals, for
instance, can be justified by the necessity of forming the communication schedule beforehand. Another
case where this assumption is appropriate corresponds to repeated interactions, where each period there is
a new draw of the state θ, then signals arrive and decisions are made, while the communication stage is a
part of the routine schedule that stays constant across periods.
13 The assumption that the players observe only the structure of their respective neighborhoods, while
being more realistic, is not without loss of generality. If instead the network were commonly observed,
then the players could condition their strategies on the whole network structure and more communication
patterns—including very unlikely ones—could have be induced.
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(i) Only one party bears the cost of a hard link, C. α = 1 corresponds to a case in which the
sender has to exert some effort to create a message, which then allows the receiver
to easily extract the signal. On the other hand, α = 0 represents a case in which it is
costless for the sender to elaborate the message, but then the receiver has to make a
costly effort in order to understand it and reveal the underlying signal.
(ii) The sender and the receiver share the cost of a hard link, C, with the weights α ∈ (0, 1)
and (1 − α ), respectively. This happens when player i, as a sender, needs to exert
some effort to elaborate the message about the signal, while player j, as a receiver,
needs to make an effort in order to understand the message and learn what the
underlying signal is.
Communication.

Each player i sends private messages to the players that he has links

to according to the respective links’ nature in the communication network g: if a link ij
g

is hard, then the message sent to player j truthfully reveals the signal, mij = si ; if a link ij
g

is soft, then any message mij ∈ {0, 1} can be sent. It is assumed that the messages are sent
simultaneously and are observed only by the sending and the receiving parties. Note,
that communication via hard links is non-strategic—the message perfectly reveals the
signal.14 In contrast, communication through soft links is in the form of cheap talk, and
hence is strategic. A communication strategy of player i with the private signal si defines a
vector
o
n g
g
g
µi (si ) = {µij (si )}j∈Nis (g ) , {µij (si )}j∈N h (g ) ,
i

where

g
{µij (si )}j∈Nis (g )

g
and µij (si ) = si for
g
g
µg = {µ1 , . . . , µn }. The

|Nis (g )|

∈ {0, 1}

every j ∈ Nih (g ). A communication

strategy profile is denoted by
messages actually sent by player i
g
g
g
bi , while the profile of all sent messages is m
bg = {m
b1 , . . . , m
bn }. The
are denoted by vector m
superscript g signifies the dependence of the communication strategies on the network
structure. We use the same superscript g for strategies of different players to simplify the
notation, however, one needs to keep in mind that every player i conditions his communication strategy only on the available information about the communication network—the
structure of player i’s neighborhood.
14 Note

that, due to the unraveling argument, the perfect revelation of the underlying signal is also the
outcome in the usual verifiable information setting with the option to withhold information. Indeed, assume that the message space is {0, 1, {0, 1}}. If player i reports to player j with the bias bj > bi via a hard link,
then player i would always choose to reveal the signal 0. This, in turn, leads to the unique full revelation
outcome.
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Decision making.

g

After the communication stage, each player i chooses an action yi ∈

R. Denote the set of all players who have a link to i as Ni−1 (g ) = {j ∈ N : gji = s or gji = h}.
Because the information set of player i consists of his own signal, si , and the messages
g
g
b −1
: {0, 1} ×
he gets from Ni−1 (g ), m
,
the
action
strategy
of
player
i
is
a
function
y
i
N (g ),i
|Ni−1 (g )|

i

→ R. Let

g

g

= {y1 , ..., yn } denote the action strategy profile.15 Conditional on
g
g
the state of the world θ, if the chosen action profile is ŷ g = {ŷ1 , ..., ŷn }, then the realized
payoff (utility) of player i is
{0, 1}

yg

g

ui (ŷ |θ ) = −

n
X

g
(ŷj



2



− θ − bi ) − Costi,h {gij }j∈N h (g ) , {gji }j∈N −1,h (g ) .
i

j =1

i

Player i’s payoff depends on how close his own action and the actions of other players
are to player i’s ideal action, θ + bi .16 We note that the cost function Costi,h (·, ·) does not
g

explicitly depend on ŷi .
Time notation.

For further analysis, it is useful to introduce the following time notation

to distinguish among periods with different scopes of information available to the agents:
“ex-ante” to denote the stage prior to when the signals are realized (such that the only
information about the state of the world each player has is the common prior), “interim”
to refer to the time period after the signals’ realization but prior to communication (such
that each player knows the common prior and his private signal), and finally, “ex-post” for the period after communication has occurred but before the actions are taken (such
that each player knows the common prior, his private signal, and reported messages).
Solution concept. We solve the model using the concept of pure strategies Perfect Bayesian
Equilibrium (PBE). The restriction to pure strategies simplifies the analysis and implies
that cheap talk communication can take two forms: truthful, where the message reflects
the signal perfectly, or uninformative, where, for any signal si , player i sends the same
message, either 0 or 1. In the latter case, we assume that when a player gets a message
which is off the equilibrium path, he ignores it and does not update his belief. Because of
this simplification, equilibrium beliefs are defined in a straightforward way: any message
received through a hard link or in truthful communication through a soft link induces
perfect knowledge about the underlying signal, while any message received in uninfor15 Superscript

g emphasizes the dependence of the action strategies on the communication network: each
player i knows the structure and the type of links in his neighborhood.
16 The chosen functional form of the payoff simplifies the technical analysis; all the main results can be
extended to more general settings as well.
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mative communication through a soft link leaves the prior belief about the underlying
signal unchanged.
Holding the communication network g fixed, it is natural to determine the commug

g

nication and action strategy profile (µg , y g ) = ({µi }i∈N , {yi }i∈N ) by using the standard
PBE solution concept. However, conditional on a particular choice of g and equilibrium

(µg , y g ), some soft and costly hard links in g might be ex-ante undesired by at least one
party involved in the link (i.e., a sender or a receiver with respect to this link). In particular, all soft links with uninformative communication are ex-ante unprofitable to both
parties.17 On the other hand, it might as well be the case that the two players, i and j,
would prefer to have a costly hard link ij in order to be able to directly transmit the signal
si to j, rather than having no link or having a soft link with uninformative communication, while holding all other strategies fixed. One of the underlying ideas for the model is
that people can to some extent manage the links themselves and might object to existence
of soft links with uninformative communication and to some hard links. To account for
this, we define an equilibrium as a communication network g coupled with a strategy
profile (µg , y g ) such that (i) the pair (µg , y g ) forms a PBE given g, (ii) no player would
strictly prefer to break some incoming or outgoing link from an ex-ante perspective, and
(iii) no two players, i and j, would strictly prefer to form a costly hard link gij = h from
an ex-ante perspective, holding other communication and action strategies fixed.18
To formally state the equilibrium definition, it is useful to denote by Eul (g, µg , y g ) the
ex-ante expected utility of agent l, where (µg , y g ) are communication and strategy profiles
given some communication network g.19 Let g (gij = 0) be the communication network
with the same set of links as in g, except that there is no link from i to j; let µg (gij =0) be
the profile of communication strategies which coincides with µg everywhere, except that
now there is no communication from i to j; and let y g (gij =0) be the same action profile as
y g for all players but j, while player j’s action is now optimally defined conditional on the
lower number of truthful messages. Similarly, let g (gij = h) denote the communication
network with the same set of links as in g, except that there is a hard link from i to j.
17 Note, that no player will object to a cheap soft link with truthful communication.

Indeed, as it is shown
in Lemma 2, destroying the soft link with truthful communication will strictly harm the ex-ante expected
payoffs of both parties involved in the link (provided that the cost ε is infinitesimal).
18 So far we don’t consider a similar desire to form a soft link, because communication through a soft link
is strategic, and the mere existence of a soft link does not guarantee informativeness of the communication
pattern. Adding a soft link with truthful communication requires more coordination at the communication stage, otherwise the communication might be completely uninformative. The possibility of adding a
soft link and coordinating on the respective communication pattern is considered later in the context of
pairwise stability.
19 Note that the ex-ante expected utility Eu (g, µg , y g ) takes into account all link costs that accrue to agent
l
l.
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Then µg (gij =h) is the profile of communication strategies which coincides with µg for all
links but gij , through which the communication is truthful. Finally, y g (gij =h) is the same
action profile as y g for all players but j, while player j’s action is now optimally defined
given the new information structure. Using this notation, below is the formal equilibrium
definition:

Definition. Equilibrium g, (µg , y g ) consists of a communication network g and a stratg

g

egy profile (µg , y g ) = ({µi }i∈N , {yi }i∈N ), such that the following properties hold:
(i) The pair (µg , y g ) forms a PBE given the communication network g.
(ii) For any i and j such that gij = h or gij = s:


Eul (g, µg , y g ) ≥ Eul g (gij = 0), µg (gij =0) , y g (gij =0) , for l = i, j.
(iii) For any i and j such that gij = 0 or gij = s:


Eul (g, µg , y g ) ≥ Eul g (gij = h), µg (gij =h) , y g (gij =h) , for either l = i or l = j.

Remark. In any equilibrium g, (µg , y g ) , communication network g is truthful, i.e., all
links of g represent truthful revelation of private signals. Different equilibria correspond
to different communication networks.

3

Analysis

3.1

Optimal action

We start the analysis by deriving the optimal action choice holding fixed the communication network g. Given that agent i got the private signal si and received messages
g
g
g
b −1
b −1
m
, he chooses an action yi (si , m
) to maximize his expected payoff,
N (g ),i
N (g ),i
i

i



N


 X

g
g


b −1
E −
(yj − θ − bi )2 − Costi,h {gij }j∈N h (g ) , {gji }j∈N −1,h (g ) si , m
 ,
N
(
g
)
,i


i
i
i
j =1

which means that the agent chooses
 



g
g
g
g
2
b
b
bN −1 (g ),i ) = arg max
yi (si , m
E
−
(
y
−
θ
−
b
)
s
,
m
=
b
+
E
θ|s
,
m
. (1)
i
i
i
i
i
g
N −1 (g ),i
N −1 (g ),i
i

i

yi
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i

Given that the cheap talk communication is assumed
to be either
truthful or com

g
b −1
pletely unrevealing, the information set of player i, si , m
, can be equivalently
N (g ),i
i

represented as the set of revealed signals. In particular, assume that player i gets to know
k signals, l of which are 1. The conditional probability that l signals out of k are 1 given
θ is
f (l|θ, k ) =

k!
θ l (1 − θ )k−l .
l!(k − l )!

The posterior of θ, f (θ|l, k ), is proportional to the product of the prior and the conditional
probability, f (θ )f (l|θ, k ). Hence, the posterior has Beta distribution with parameters

(α + l, β + k − l ):
f (θ|l, k ) =

1
θ α +l−1 (1 − θ )β +k−l−1 ,
B(α + l, β + k − l )

and the expected value of θ then is E(θ|l, k ) =

3.2

α +l
α +β +k .

Equilibrium networks

Assume that the strategy profile (µg , y g ) is such that the communication network g is
truthful: communication through each link of g, either soft or hard, leads to a signal
revelation. Define kj (g ) to be the number of other players who report truthfully to j via
either channel, and refer to it as the in-degree of player j.
Benefits of signal revelation. For the analysis of equilibrium networks, it is useful to
study the ex-ante expected additional benefit that accrues to some player i ∈ N from
an extra signal revealed to player j. In order to do this, assume that kj players report
truthfully to player j. This means that, together with his own private signal, player j gets
to know a set of kj + 1 signals, summarized by a vector sR . Based on the information sR ,
j chooses action ysR = bj + E(θ|sR ). The ex-ante expected input from player j into player
i’s payoff in this case is
Z

1

−
0

X
sR ∈{0,1}

(ysR − θ − bi )2 f (θ, sR )dθ.

kj +1

The following lemma shows that this input consists of the two components: the expected
residual variance of the state θ and the square of the preference divergence.
Lemma 1. Fix a truthful network g and consider player j with the in-degree of kj = kj (g ). Let
sR be the set of signals that player j gets to know and ysR be the corresponding action chosen by
14

j. For any i ∈ N the ex-ante expected input from player j into i’s utility is given by
Z

1

−
0

X
sR ∈{0,1}

(ysR − θ − bi )2 f (θ, sR )dθ = −h(kj ) − (bj − bi )2 ,

kj +1

where h(kj ) = E [Var(θ|sR )] =

αβ
.
(α +β +1+kj )(α +β +1)(α +β )

Proof. See Appendix B.
Assume now that an extra signal is revealed to player j by some player l ∈ N . Then j
bases his decision on kj + 2 signals (sR , sl ). By Lemma 1, the ex-ante expected input from
j into i’s utility becomes E [Var(θ|sR , sl )] − (bj − bi )2 . As a result, the ex-ante expected
additional benefit that accrues to player i from an additional truthful link directed to j is
a change in the expected residual variance of the state:
h(kj ) − h(kj + 1) = E [Var(θ|sR )] − E [Var(θ|sR , sl )] .

(2)

Note first, that the extra benefit is positive for all values of kj , because every additional
signal improves the information available to player j, and hence reduces the expected
residual variance of θ. Second, the additional benefit of player i given by (2) doesn’t
depend on the preference divergence, bi − bj . Intuitively, player j chooses an action equal
to the expected state θ plus his preference bias bj , and the only way in which extra signal
impacts this action is through the precision of the expected value of θ. Thus, each player
i ∈ N , including player j himself, enjoys the same ex-ante expected extra benefit of (2)
from player j having an extra truthful link directed to him.20 Finally, because h(kj ) is a
decreasing and convex function of kj , the additional benefit (2) is a decreasing function of
the number of signals that player j already gets, kj . Intuitively, the better the information
of player j is, the lower is the marginal impact of an additional signal in improving the
residual variance, implying a lower ex-ante expected gain in the payoff.
These results are summarized in the following lemma:
Lemma 2. Fix a truthful network g, and consider player j with the in-degree of kj = kj (g ).
The ex-ante expected benefit of any player i ∈ N from j receiving an additional signal is h(kj ) −
h(kj + 1). It does not depend on the preference divergence, is strictly positive for any kj , and is
decreasing in kj .
20 Clearly, the result that player j obtains the same extra benefit as other players is due to the specific
form of the utility function, namely, that the terms corresponding to different agents’ actions enter the sum
with the same coefficients.
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While Lemma 2 ensures that the truthful com-

Communication through soft links.

munication via a soft link is always desirable from the ex-ante perspective, there is a
credibility issue at the interim stage. To study the incentive of truthful reporting via a
soft link, consider the case in which agent i has a soft link to agent j. Suppose that j
gets to know kj signals: 1 signal player j gets himself and (kj − 1) signals he infers from
other players’ messages, excluding i. Denote a vector of these kj signals as sR . Assume
that player j believes i’s message, i.e., j puts probability 1 on that si = mij . Let ysR ,si be
j’s action if he has information sR and i sends him the true signal mij = si ; and ysR ,1−si be
j’s action if he has information sR and i lies by reporting mij = 1 − si . Agent i will report
truthfully to agent j if and only if this generates a greater interim expected payoff for
him:
Z

1

−
0

X
sR ∈{0,1}

Z

2

(ysR ,si − θ − bi ) f (θ, sR |si )dθ ≥ −
kj

1
0

X
sR ∈{0,1}

(ysR ,1−si − θ − bi )2 f (θ, sR |si )dθ.
kj

As is shown in the proof of Theorem 1, this incentive compatibility constraint of truthtelling can be rewritten as
|bj − bi | ≤

1
,
2(α + β + kj + 1)

(3)

which means that player i can report truthfully to player j via a soft link as long as
player j doesn’t get to know too many signals, given their preference divergence. The
incentive compatibility constraint (3) is related the congestion effect of Galeotti, Ghiglino
and Squintani (2013) extended to the case of a more general prior of Beta distribution,
and the incentive compatibility constraint in Hagenbach and Koessler (2010).
To see the intuition behind this, assume that bj > bi meaning that the ideal action for
player j is greater than the ideal action for player i. The effect of an additional signal
on j’s action decreases with the number of signals that j gets to know, kj . Thus, for
sufficiently high kj , the effect of i’s message on j’s action is so small that i would prefer to
lie when si = 1 and report mij = 0 in order to shift j’s action closer towards i’s preferred
one. On the other hand, when j’s in-degree is quite low, the effect of an additional signal
on j’s action is quite large, in which case misreporting when si = 1 may shift j’s action
downward too much, making it undesirable.
Incentives to form/delete hard links.

Unlike soft-link communication, information

transmission via a costly hard link is not affected by credibility concerns. The decisions
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regarding the existence of particular hard links are made before the private signals are
realized. Thus, in order to study the incentives to form (maintain/not destroy) a hard link
ij, we consider the net expected value of ij from the ex-ante perspective using the prior
distribution of θ. Fix a truthful network g and assume that kj other players apart from
i report truthfully to player j, i.e., kj = |Nj−1 (g ))/{i}|. By Lemma 2, the ex-ante expected
additional benefit that accrues to player i and player j from having a hard link ij is solely
in reducing the residual uncertainty regarding the state of the world, h(kj ) − h(kj + 1).
Consider a general case of the cost structure, where C is distributed between the
sender and the receiver with the shares α ∈ [0, 1] and 1 − α, respectively. Both players,
i and j, would like a hard link ij to be a part of the communication network if and only
if the cost paid by each of them is lower than the expected benefit from having the hard
link:
max{α, 1 − α}C ≤ h(kj ) − h(kj + 1).

(4)

Given the properties of the additional benefit outlined in Lemma 2, a few things can
be noted. First, while the willingness to truthfully communicate the signal via a soft
link decreases with the preference divergence, the incentive to form (or maintain) a hard
link is independent of the preference biases. Second, similar to the condition of credible
soft-link communication, the incentive to form a hard link represents a congestion effect.
Indeed, because the benefit of the hard link decreases with kj , the players will be reluctant
to form a hard link when kj is sufficiently high. Finally, the incentive condition to form
(or maintain) a hard link to player j (4) is the same across every two settings characterized
by (C1 , α1 ) and (C2 , α2 ) such that max{α1 , 1 − α1 }C1 = max{α2 , 1 − α2 }C2 . This also means
that the two settings share the same set of equilibria. In particular, the equilibria are the
same across the following 3 cases: (i) only the sender bears the cost of the hard link C,
(ii) only the receiver bears the cost C, and (iii) the cost of the hard link 2C is split equally
between the sender and the receiver.
Equilibrium characterization. To fix ideas, we assume that whenever a player is indifferent, the choice is made in favor of forming (or maintaining) a hard link. This assumption along with the incentive conditions (3) and (4) lead to the following equilibrium
characterization:

Theorem 1. Consider a triple g, (µg , y g ) and assume that each element of y g satisfies the

optimality condition (1). Then g, (µg , y g ) constitutes an equilibrium if and only if the communication network g is truthful and satisfies the following conditions: for any player j with
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an in-degree kj = kj (g ) and any player i,
1
,
2(α + β + kj + 1)

gij = s

only if |bj − bi | ≤

gij = h

only if max{α, 1 − α}C ≤ h(kj − 1) − h(kj ),

gij = 0

only if max{α, 1 − α}C > h(kj ) − h(kj + 1).

Proof. See Appendix B.
Intuitively, for player j with an in-degree kj to get truthful messages through the soft
links from players Nj−1,s (g ) = {i ∈ N : gij = s} in equilibrium, the incentive compatibility
constraint (3) must be satisfied for every i ∈ Nj−1,s (g ). Further, players Nj−1,h (g ) = {i ∈
N : gij = h} reveal their signals to j in a verifiable way whenever no player objects to
any existing hard link, i.e., the incentive condition (4) is satisfied. Finally, for players
Nj−1,0 (g ) = {i ∈ N : gij = 0} not to report truthfully to j, it must be the case that there is
no player i ∈ Nj−1,0 (g ), such that i and j prefer to create a new hard link ij.
More can be noted about the equilibrium networks for extreme levels of the cost C. On
the one hand, a sufficiently high cost C precludes the existence of verifiable information
transmission in equilibrium. To find the threshold value of C, above which no hard links
can be sustained, recall that the benefit from a hard link is a decreasing function of the
player’s in-degree. Consequently, the expected additional benefit can not exceed h(0) −
h(1). This means, that no equilibrium network can have hard links whenever the cost
C > (h(0) − h(1))/ max{α, 1 − α}.21 On the other hand, if the cost C is sufficiently small,
then any equilibrium network is necessarily complete. Indeed, if C ≤ h(n − 2) − h(n − 1),
then for any two players, i and j, a hard link ij is preferred to no link independently
of kj ≤ n − 2. Hence, in any equilibrium communication network, the in-degree of each
player must be n − 1, i.e., every individual obtains all the information.

4

Informational result

In this section we start with the case in which only soft communication is available and
show how the introduction of a verifiable communication technology expands the information accumulated by each individual—the first (and the intuitive) result of the paper.
The setting with only cheap communication can be viewed as a previously considered
setup with a prohibitively high hard link cost. In particular, assume that C = C0 > (h(0) −
21 Clearly,

if C > 2(h(0) − h(1)) then no equilibrium network can have hard links, independently of α.
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n
o
h(1))/ max{α, 1 − α} and consider some equilibrium g (C0 ), (µg (C0 ) , y g (C0 ) ) . Let the indegrees of players in the equilibrium network be k1 = k1 (g (C0 )), ..., kn = kn (g (C0 )). We
will refer to such equilibria with only cheap communication as the pure cheap talk or the
pure soft-link equilibria.
Now suppose that the cost of a hard link is decreased, so that hard links can be a
part of some equilibrium network. If for every player j ∈ N , C1 ≥

h(kj )−h(kj +1)
,
max{α,1−α}

then

the considered pure cheap talk equilibrium still remains an equilibrium. If, however,
h(kj )−h(kj +1)
max{α,1−α}

for some j, then, by Theorem 1, g (C0 ) fails to be an equilibrium network.
n
o
The question of interest is whether instead there is an equilibrium g (C1 ), (µg (C1 ) , y g (C1 ) ) ,

C1 <

such that the information accumulated by each player is improved, i.e., the in-degrees
k10 = k1 (g (C1 )), ..., kn0 = kn (g (C1 )) exceed the in-degrees k1 , ..., kn , respectively. The following theorem provides a positive answer: indeed, when communication via hard links
becomes feasible, there exists an equilibrium with hard links that is weakly information
superior to the pure soft-link equilibrium.
Theorem 2. Take any cost C0 > (h(0) − h(1))/ max{α, 1 − α} and consider some pure cheap
n
o
talk equilibrium g (C0 ), (µg (C0 ) , y g (C0 ) ) . Let the in-degrees in the equilibrium network g (C0 )
be kj = kj (g (C0 )), j ∈ N . Then for any cost C1 ≤ (h(0) − h(1))/ max{α, 1 − α} there exists an
n
o
equilibrium g (C1 ), (µg (C1 ) , y g (C1 ) ) in which the players have weakly greater in-degrees:
kj0 = kj (g (C1 )) ≥ kj for any i ∈ N .
Proof. See Appendix B.
While the complete proof is presented in Appendix B, here we illustrate the intuition
for the result with a particular C1 . Consider a pure soft-link equilibrium that corresponds
to the cost C0 and renumber the players such that their in-degrees in the equilibrium
network g (C0 ) are increasing in their respective number: k1 ≤ k2 ≤ ... ≤ kn . Assume
now, that the cost is set to the level of C1 such that max{α, 1 − α}C1 ∈ (h(kj + 1) − h(kj +
2), h(kj ) − h(kj + 1)] for some j ∈ N , where kj < kj +1 . By Theorem 1, the in-degree of every
player must be at least kj + 1, because otherwise, there exists a pair of players who would
prefer to form a new hard link. In particular, set g (C1 ) such that each player i = 1, ..., j has
exactly kj + 1 incoming hard links and no incoming soft links. For other players j + 1, ..., n,
suppose that the only links directed towards them in g (C1 ) are the soft links from the
pure cheap talk equilibrium network g (C0 ). Clearly, truthful communication through
these soft links is still incentive compatible because the in-degrees of the players are the
same as in the pure cheap talk equilibrium. Further, no player would like to destroy a
19

hard link directed towards player i = 1, ..., j, because max{α, 1 − α}C1 ≤ h(kj ) − h(kj + 1).
Also, no two players would want to deviate and create hard links directed towards players
j + 1, ..., n, because max{α, 1 − α}C1 > h(kj + 1) − h(kj + 2) ≥ h(ki + 1) − h(ki + 2) for any
i = j + 1, ..., n. Thus, the construction results in an equilibrium network g (C1 ) with the
in-degrees
k10 = ... = kj0 = kj + 1, kj0 +1 = kj +1 , ... , kn0 = kn ,
|
{z
} |
{z
}
Hard-link communication

Soft-link communication

that are greater than or equal to the corresponding in-degrees in g (C0 ).

5

Welfare result

Throughout the section we consider a non-trivial case of a strictly positive hard link cost
: C > 0.22 Because there might be multiple equilibria, we focus on those that satisfy the
natural refinement of pairwise stability—no two players can profitably deviate by changing the communication pattern between them. As Section 4 shows, availability of hard
links leads to greater in-degrees which, by Lemma 1, positively affects the total welfare.
However, in what follows, we demonstrate that, apart from the positive informational
effect, there is a negative crowding out effect: the appearance of costly hard links crowds
out costless soft communication which, in turn, harms the total welfare. This section
presents the second (and the main) result of the paper, namely, introducing feasible hard
links can be both beneficial and detrimental to the total welfare, depending on the setting
and the cost structure.
To gain a better understanding of the welfare implications, we first illustrate the interaction of the two effects in an example with three players. Afterwards, we move to a
more general setting and demonstrate that if only one party bears the cost of a hard link,
then introducing hard links is welfare beneficial. Later on, we consider the case in which
the cost of a hard link is shared between the parties and derive conditions for the welfare
decrease in natural settings of the two communities and the diverse group of people.

5.1

Pairwise stable equilibria

There may exist multiple equilibria, and as a natural refinement, we adapt the common
notion of pairwise stability from the networks literature (e.g., Bala and Goyal (2000),
22 Case

C = 0 is trivial because each equilibrium network is necessarily complete, and players face zero
costs of sustaining it. This implies the highest possible levels of individual and total welfare.
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Goyal (2007), Jackson (2008), Jackson and Wolinsky (1996)). In particular, call an equi
librium g, (µg , y g ) pairwise stable, if no pair of players can change the communication
pattern between them to improve their ex-ante expected utilities, while satisfying the interim incentive compatibility constraints of truth-telling, holding other strategies fixed.
More formally:

Definition. An equilibrium g, (µg , y g ) is pairwise stable if
(i) For any i, j ∈ {1, .., n}, gij = 0 only if, holding other strategies fixed, i cannot credibly
report to j via a soft link, assuming that j believes i’s message, and communication
via a hard link is not desired by at least one party.
(ii) For any i, j ∈ {1, .., n}, gij = h only if, holding other strategies fixed, i cannot credibly
report to j via a soft link, assuming that j believes i’s message.
Characterization of pairwise stable equilibria. In order to prove the existence and
study the properties of pairwise stable equilibria, we first define the notion of a maximal
equilibrium as an equilibrium that generates the maximal vector of in-degrees among all
equilibria:

Definition. Equilibrium g, (µg , y g ) with the in-degrees k1 = k1 (g ), ..., kn = kn (g ) is maximal if for any other equilibrium with the in-degrees k10 , ..., kn0 :
ki ≥ ki0 , i = 1, ..., n.
In turn, the in-degrees k1 , ..., kn are called maximal in-degrees.
The following lemma states that the set of pairwise stable equilibria is non-empty and
is a subset of maximal equilibria.
Lemma 3. There exist a maximal and a pairwise stable equilibrium. Any pairwise stable
equilibrium is maximal.
Proof. See Appendix B.
Let the individual welfare denote the ex-ante expected individual payoff and the total welfare stand for the sum of all ex-ante expected individual payoffs. Because the
pairwise stability incorporates efficient communication in terms of its cost and informativeness, there exists a pairwise stable equilibrium whose total welfare is (weakly) higher
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than in any other equilibrium.23 For example, such a pairwise stable equilibrium can
be constructed in the following way (we refer to this construction further in the text as
well). For each i ∈ N perform the following procedure: order other players j ∈ N /{i} in
the increasing absolute values of their preference divergence from i, |bj − bi |; let this order
be i1 , ..., in−1 . Consider the maximal in-degree of player i, ki . If ki = 0, then nobody can
report truthfully to i in equilibrium. If ki > 0, then take the closest player i1 : if truthtelling through a soft link i1 i is incentive compatible for i1 , given that i gets ki − 1 other
truthful messages, then let i1 report truthfully to i via a soft link. Otherwise, set gi1 i = h.
Repeat this procedure for other ki − 1 closest to i players to set the links of particular type
with truthful communication through them. In the proof of Lemma 3, we show that this
construction leads to a pairwise stable equilibrium, in which each player gets truthful
messages through the soft links from the players sufficiently close in their preferences,
truthful messages through the hard links from the less close players, and no messages
from the more distinct players. This equilibrium generates the greatest total welfare, because, first, the equilibrium construction guarantees the minimal possible number of the
costly hard links across all equilibria. And second, the equilibrium network provides
the maximal level of individual informativeness which positively influences welfare, because, by Lemma 1, the ex-ante expected individual payoffs increase with the in-degree
of each player.
An additional comment regarding the welfare can be made in the pure cheap talk setting: all maximal equilibria generate the same ex-ante expected individual payoffs (and,
as a consequence, the same total welfare) that are the greatest across all equilibria.24 Indeed, provided that the cost of a soft link ε is infinitesimal, the ex-ante expected payoff
of each individual depends only on the vector of in-degrees; hence, the expected individual payoffs are the same across all maximal equilibria. These results are presented in the
lemma below.
Lemma 4. There exists a pairwise stable equilibrium that generates the greatest total welfare
across all equilibria. In the pure cheap talk setting, all maximal equilibria generate the same
ex-ante expected individual payoffs that are the greatest across all equilibria.
Interested readers are referred to Appendix A for an additional discussion of pairwise
stable equilibria.
23 This statement cannot be extended to a per-individual basis because costly hard links can be distributed
differently in various maximal and pairwise stable equilibria.
24 Given this welfare property, the communication network of any maximal equilibrium corresponds to
the utility-maximizing equilibrium network studied in Galeotti, Ghiglino and Squintani (2013).
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g21 = g23 = g32 = s
g13 = g31 = g12 = 0
1

2

3

1

2

3

g12 = g23 = g21 = s
g13 = g31 = g32 = 0
Figure 1: Communication networks of pairwise stable pure cheap talk equilibria.

5.2

Example with three players

Let the prior distribution of θ be uniform on the interval [0, 1] and consider three players with the preference biases b1 = 0, b2 = b, b3 = 2b, where

1
10

< b ≤ 18 . Such prefer-

ence structure implies that truth-telling through a soft link ij is incentive compatible for
player i if and only if |bi − bj | = b and nobody else reports to j truthfully. If hard links are
prohibitively costly, max{α, 1 − α}C > h(0) − h(1), then there are two pairwise stable pure
cheap talk equilibria that generate the following truthful networks (see Figure 1, where
dashed lines depict soft links):
(i) g21 = g23 = g12 = s, g13 = g31 = g32 = 0,
(ii) g21 = g23 = g32 = s, g13 = g31 = g12 = 0.
Note, that players have the same in-degrees of 1 and the same ex-ante expected payoffs
across the pairwise stable equilibria. Consider the equilibrium corresponding to the softlink truthful network (i), denoted by g s . Using Lemma 1 and ignoring the infinitesimal
costs of the soft links, the ex-ante expected payoff of player i, denoted as Eui (g s ), is:
s

Eui (g ) = −

3
X

[h(1) + (bj − bi )2 ] = −3h(1) − Bi , i = 1, 2, 3,

j =1

where Bi depends only on divergence in preferences, Bi =

P3

j = 1 ( bj

− bi )2 .

Suppose that the cost of a hard link satisfies max{α, 1 − α}C ∈ (h(1) − h(2), h(0) − h(1)],
i.e., players i and j prefer to form a hard link ij if the in-degree of player j is 0. Clearly,
in this case, the set of the pairwise stable equilibria is the same as in the pure cheap talk
setting above.
Now assume that the cost is decreased further: max{α, 1 − α}C ∈ (0, h(1) − h(2)], i.e., i
and j prefer to introduce a hard link ij if the in-degree of player j is kj ≤ 1. Consequently,
the in-degree of any player in any equilibrium network must be 2. Because player i cannot
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be credible in cheap talk communication to player j with kj = 2, no soft links can be a
part of an equilibrium network. As a result, the only equilibrium (which is also pairwise
stable) has a complete communication network consisting of hard links, which we denote
by g h (see Figure 2, where solid lines depict hard links).
This analysis shows how soft links are substituted with costly hard links, as the cost
decreases.25 Regarding the welfare effect, there are two forces. On the one hand, crowding out of cheap communication by costly verifiable communication is welfare decreasing. On the other hand, players accumulate more information, which is welfare increasing. Below we show how the resulting impact depends on the cost structure and the cost
level.
In the communication network g h , each person has the in-degree of 2 and supports 4
hard links—2 incoming and 2 outgoing—which implies that each player faces the cost of
2C (see Figure 2). The ex-ante expected payoff of agent i then is
Eui (g h , C ) = −3h(2) − 2C − Bi , i = 1, 2, 3.
Only one party bears the cost of a hard link.

If only one party faces the cost of a hard

link, then the difference in the ex-ante expected payoffs corresponding to g h and g s is

3
Eui (g , C ) − Eui (g ) = 2 (h(1) − h(2)) − C > 0, i = 1, 2, 3,
2
h

s



because C ≤ h(1) − h(2). This means, that the positive informational effect dominates
the negative crowding-out effect, and the pairwise stable equilibrium with the hard links
generates higher ex-ante expected individual payoffs (as well as higher total welfare) than
the pure cheap talk pairwise stable equilibrium. Clearly, the ex-ante expected individual
payoffs (and the total welfare) in a pairwise stable equilibrium weakly increase as C decreases: they are flat when C > h(1) − h(2) (the pure cheap talk equilibrium) and strictly
increase when C ≤ h(1) − h(2) (the hard-link equilibrium).
The sender and the receiver share the cost of a hard link.

When the cost of a hard link

is divided between the parties, introducing costly hard links might harm the ex-ante exh
s
pected individual payoffs. In particular,
if α ∈ ( 13 , 23 ), the

 difference Eui (g , C ) − Eui (g )

is strictly negative whenever C ∈

3(h(1)−h(2)) h(1)−h(2)
, max{α,1−α}
2

25 Consider,

. In this case, the crowding-out

for example, the effect of introducing a hard link 31 in the soft-link network g s . Once the
hard link 31 is formed, then player 2 is no longer credible in reporting to player 1 via a soft link. This forces
player 2 and player 1 to substitute a soft link 21 with a costly hard link.
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Figure 2: Equilibrium network when max{α, 1 − α}C ∈ (0, h(1) − h(2)].

effect dominates the information improvement effect, and the unique hard-link equilibrium generates strictly lower ex-ante expected individual payoffs compared to the pairwise stable soft-link equilibrium. Intuitively, compared to the previous case in which one
party internalizes the entire cost of a hard link, the parties now share the cost of a hard
link while enjoying the same benefit. This leads to the formation of too
 many hard links
relative to the cost C.26 If, however, the cost is sufficiently low, C ∈ 0,

3(h(1)−h(2))
2

, then

the hard-link equilibrium generates greater individual ex-ante expected payoffs than any
pairwise stable soft-link equilibrium. As a result, the ex-ante expected individual payoffs
(and the total welfare) are non-monotonic in the cost C: Figure 3 depicts Eui in a pairwise
stable equilibrium when the cost C is divided equally between the parties, α = 12 .

5.3

One party bears the cost of a hard link

Consider the setting in which the cost of a hard link C accrues to only one party, either the
one sending the message or receiving it. The following theorem states that allowing for
an additional means of communication via hard links can only improve the total welfare
in a pairwise stable equilibrium.
Theorem 3. Take any cost C0 > h(0) − h(1) and consider some pure cheap talk pairwise stable
equilibrium with the communication network g (C0 ) and the total welfare W (g (C0 )). Then for
any cost C1 ≤ h(0) − h(1), there exists a pairwise stable equilibrium with the communication
network g (C1 ) such that the total welfare W (g (C1 ), C1 ) ≥ W (g (C0 )).27
Proof. See Appendix B.
26 Note

C≥

that no hard links are present in a pairwise stable equilibrium when only one party bears the cost

3(h(1)−h(2))
.
2

27 Notational

comment: the cost enters only the welfare W (g (C1 ), C1 ) and is omitted from W (g (C0 )) to
signify that, under the cost of C0 , a pairwise stable equilibrium has no hard links.
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Figure 3: Ex-ante expected payoff of player i, Eui , in a pairwise stable equilibrium when α = 12 .

To understand what drives the result, renumber the players such that their in-degrees
in g (C0 ) are increasing, k1 ≤ k2 ≤ ... ≤ kn , and consider a particular case of the cost C1 ∈

(h(k + 1) − h(k + 2), h(k ) − h(k + 1)] for some k, k1 ≤ k < kn . Clearly, there exists player
j such that kj < k + 1 ≤ kj +1 . This means that under the cost of C1 , there are incentives
to form hard links towards the first j players, whose in-degrees are less than k + 1, until
their in-degrees become equal to k + 1. Thus, the set of new maximal in-degrees is:
k10 = ... = kj0 = k + 1, kj0 +1 = kj +1 , ... , kn0 = kn .
Note that because of the congestion effect, the new hard links towards players 1, ..., j might
crowd out some soft links. In the worst case, all soft links directed to players 1, ..., j are
substituted by the hard links. This corresponds to a maximal equilibrium with the communication network g (C1 ), in which all links directed towards players 1, ..., j are hard,
while all links directed to players j + 1, ..., n are soft and the same as in g (C0 ). To compare
the total welfare in g (C0 ) and g (C1 ), consider the total cost of the newly introduced hard
links and the additional ex-ante expected payoff arising from information improvement.
The total cost of the hard links amounts to
j (k + 1)C1 ≤ j (k + 1)(h(k ) − h(k + 1)).
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The gain in the total welfare compared to the pure cheap talk case is

n

j
X

(h(ki ) − h(k + 1)) ≥ n · j (h(k ) − h(k + 1)).

i =1

The lower bound for the welfare gain strictly exceeds the upper bound for the cost,
because n − 1 ≥ kn > k. Intuitively, while k + 1 hard links are used to increase the
in-degree of player l ∈ {1, ..., j} by at least 1, all n players enjoy the additional benefit arising from a greater accuracy of l’s action. Hence, for this maximal equilibrium,
W (g (C1 ), C1 ) > W (g (C0 )). Next, Lemma 4 insures that there exists a pairwise stable
equilibrium that achieves the total welfare of at least W (g (C1 ), C1 ), which implies the
result.
From this example, it becomes apparent that while the total welfare in a pairwise
stable equilibrium goes up, individual welfare might go down. In particular, assume that
the receiver bears the cost of a hard link and the maximal equilibrium considered above
with the communication network g (C1 ) is actually pairwise stable.28 Then it might be the
case that player j would prefer the pure cheap talk equilibrium with the communication
network g (C0 ) to the pairwise stable equilibrium with g (C1 ) because the expected gain
in his payoff is dominated by the high cost of maintaining k + 1 links. This point is
emphasized in the following remark.
Remark. The positive welfare result of Theorem 3 does not extend to a per-individual
basis. Specifically, a pairwise stable equilibrium with hard links might generate a lower
welfare for some player compared to the cheap talk case, if he ends up sustaining too
many costly hard links relative to the individual gains from the information improvement.

5.4

Two parties bear the cost of a hard link

Assume that the cost of a hard link C is distributed between the sender and the receiver
with the shares α and 1 − α, respectively. A previously considered example with 3 players
revealed that the welfare might go down when the cost C is decreased, so that hard links
appear in a pairwise stable equilibrium. In this section, we follow Galeotti, Ghiglino and
Squintani (2013) and Hagenbach and Koessler (2010) in considering the natural cases
of the two communities and a diverse group of people, and describe conditions under
28 The

examples of such pairwise stable equilibria are presented in the two communities setting (with
n1 = 1) of the next subsection.
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which the total welfare decreases (or increases) when verifiable information transmission
becomes feasible.
The welfare outcome depends on which effect—the positive information improvement
or the negative crowding out—dominates. Clearly, if no crowding out of cheap communication occurs, then the total welfare necessarily goes up, because the benefit of an extra
hard link enters the payoffs of more than 2 players, which strictly outweighs the total cost
of the link, C. A more general version of this intuitive result, which is useful for further
analysis, is presented in the following lemma:
Lemma 5. Consider two cost levels, C0 ≥ C1 . For each Ci , fix some equilibrium and consider
the corresponding communication network g (Ci ) = g s (Ci ) ∪ g h (Ci ), where g s (Ci ) is the set
of soft links of g (Ci ) and g h (Ci ) is the set of hard links of g (Ci ). If g s (C0 ) ⊆ g s (C1 ) and
g h (C0 ) ⊆ g h (C1 ), then W (g (C1 ), C1 ) ≥ W (g (C0 ), C0 ), where W (g (Ci ), Ci ) is the total welfare
corresponding to the equilibrium network g (Ci ) and the cost Ci . Moreover, the same welfare
implications hold on a per-individual basis.
Proof. See Appendix B.
Excessive formation of hard links.

The result that the total welfare can decrease when

verifiable information transmission becomes feasible hinges on the excessive formation of
hard links (and hence, extensive crowding out of soft links) if both parties bear the cost.
When α ∈ (0, 1), the individuals fail to account for the total cost of the hard link, which
results in stronger incentives to form hard links than in the case in which one party faces
the full cost.29 For instance, assume that the cost C is such that hard links don’t appear
when α ∈ {0, 1}, but necessarily emerge for some α ∈ (0, 1). Then as the examples in this
paper illustrate, having the cost of a hard link shared between the parties can be both
beneficial and detrimental to the total welfare compared to the case in which one party
bears the full cost.
Two communities. The set of players consists of two groups, N1 and N2 , with sizes n1
and n2 , respectively, where 1 ≤ n1 < n2 and the total number of players is n = n1 + n2 .
Each member of group N1 has a preference bias normalized to 0, while each member of
N2 has a bias b.
In any pairwise stable equilibrium, there is complete communication via cheap talk
inside each group, because the incentive compatibility constraint of truth-telling is always satisfied for the players who share the same preferences. In addition, all players
29 Indeed,

the incentives to form hard links are determined by the maximum individual cost of a hard
link max{α, 1 − α}C that is lower than the total cost C.
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Figure 4: Communication networks of pairwise stable pure cheap talk equilibria.

in the same group receive the same number of truthful messages, because exactly the
same people can report truthfully to them through links of the same type. We introduce
notation similar to Galeotti, Ghiglino and Squintani (2013): denote by ki the maximal
in-degree of an arbitrary player in group Ni . Further, ki = kii + kij , where kii = ni − 1
reflects the level of intra-group communication—the number of truthful messages that a
player from Ni receives from the members of the same group, and kij stands for the level
of cross-group communication—the number of truthful messages that a player from Ni
receives from the members of the opposite community Nj .
Consider the pure cheap talk case that corresponds to a prohibitively high cost C0 >
h(0)−h(1)
.
max{α,1−α}

As mentioned above, in the communication network of any pairwise stable

equilibrium the level of intra-group communication is kii = ni − 1. Regarding crossgroup communication, note that if members of a smaller group N1 report truthfully to
some members of N2 , then by the congestion effect, the pairwise stability implies that
members of a larger group N2 report truthfully to some members of N1 . Thus, depending
on the parameters, cross-group communication can take one of the following three forms
(see Figure 4):
1. No cross-group communication, i.e., k21 = k12 = 0.
2. Communication from group N2 to group N1 , i.e., k12 > 0, k21 = 0.
3. Cross-group communication, i.e., k12 > 0, k21 > 0.
Assume now, that the cost is reduced to C1 > 0, so that hard links become feasible.
29

While complete soft-link intra-group communication is still a part of the truthful network of any pairwise stable equilibrium, cross-group communication can change due to
the emergence of cross-group hard links. Because there are only two types of players,
pairwise stability requires that members of the same group receive identical numbers of
truthful cheap talk messages and verifiable information messages across different equilibrium networks. This, in turn, means that the total welfare is the same across all pairwise
stable equilibria. Whether feasibility of hard links results in a welfare gain or a welfare
loss depends on how the informational benefit from hard links compares with the loss
from crowding out soft links.
In particular, it can be easily seen that introducing feasible hard links in case 1 necessarily improves the welfare because no soft links are crowded out in a pairwise stable
equilibrium. As the proof of Theorem 4 demonstrates, the same positive welfare result
holds in case 3, even though introducing hard links crowds out some soft cross-group
communication. The reason is that the feasibility of hard links in case 3 increases the indegrees of all players, which outweighs the cost of hard links and the crowding out effect.
The negative welfare result arises in case 2 for some parameters, the reason being that
the feasibility of hard links increases the in-degrees of only group N1 members, which
is dominated by the negative crowding out effect. The following theorem describes the
necessary and sufficient conditions for the welfare decrease.
Theorem 4. Take any cost C0 >

h(0)−h(1)
max{α,1−α}

and consider some pure cheap talk pairwise stable

equilibrium with the communication network g (C0 ) and the total welfare W (g (C0 )). Introduce the possibility to form hard links with the cost C1 and consider some pairwise stable equilibrium with the communication network g (C1 ) and the total welfare W (g (C1 ), C1 ). There
exists a non-degenerate set (C 1 , C 1 ) of C1 such that W (g (C1 ), C1 ) < W (g (C0 )) if and only if
the preferential difference b satisfies
#
1
1
,
,
b∈
2 ( α + β + n1 + k + 1 ) 2 ( α + β + n1 + k )
for some k, where max{α, 1 − α}n − 1 < k ≤ n2 − n1 − 1. Otherwise, for all C1 : W (g (C1 ), C1 ) ≥
W (g (C0 )).
Proof. See Appendix B.
To gain intuition for why introducing feasible hard links can lead to a welfare decrease in case 2, note that for the negative welfare result to occur, it must be that the
two communities are sufficiently unbalanced in their size: n1 <

n2
3.

In addition, the in-

degree of each N1 member in a pure cheap talk equilibrium must be sufficiently high:
30

k1 > max{α, 1 − α}n − 1 ≥

n
2

− 1. Assume that hard links become feasible with the cost

C1 being such that the in-degrees of players in group N1 increase by just 1, while no
hard links from N1 to N2 appear. Since in the pure cheap talk equilibrium members of
N1 already receive relatively many signals, increasing their informativeness by 1 signal
leads to a moderate additional individual benefit. Given that the size of community N1
is relatively small, n1 < n4 , this sums up to a moderate increase in the total welfare. At
the same time, all cross-group soft links are crowded out and substituted by hard links,
which amounts to a considerable cost, given that the level of cross-group communication
was k12 > max{α, 1 − α}n − 1 ≥

n
2

− 1. As a result, the net welfare effect is negative.

The structure of pairwise stable equilibria allows to make several observations regarding communication patterns. In particular, individuals with similar preferences can easily communicate with each other via cheap talk, which leads to complete soft intra-group
communication that is robust to introducing feasible hard links. On the contrary, soft-link
cross-group communication is less intensive, with the information flow being greater towards the smaller group, and is vulnerable to the appearance of verifiable communication
(soft cross-group communication can be easily crowded out with costly verifiable information transmission). This allows one to expect the mode of communication between
individuals with different characteristics to be more substantial and proof-oriented than
between similar individuals.
Diverse group of people.

In this setting, players 1, 2, ..., n have equidistant biases that

satisfy b1 = 0 and bi +1 − bi = b > 0, i = 1, ..., n − 1. Assume that for some C > 0 the maximal in-degrees are k1 , ..., kn , and construct a pairwise stable equilibrium that generates
the greatest welfare in a way described in Lemma 4. In the communication network of
this equilibrium, player i gets truthful messages through soft links from players with sufficiently close preferences, truthful messages via hard links from more distinct players,
and no messages from those who are further away in their preferences. In case of prohibitively costly hard links, max{α, 1 − α}C0 > h(0) − h(1), truthful reporting to player
i boils down to the ki closest players revealing their information to i truthfully via soft
links.
As was demonstrated in the example of three players, for some parameters, introducing feasible hard links necessarily harms the total welfare in the pairwise stable equilibrium. The following theorem states that this is no longer the case for bigger groups:
if n ≥ 4, then for any difference in preferences b and any cost C1 <

h(0)−h(1)
,
max{α,1−α}

there is a

pairwise stable equilibrium that generates a greater total welfare than in the pure cheap
talk case.
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Theorem 5. Let C0 >

h(0)−h(1)
max{α,1−α}

and consider some pure cheap talk pairwise stable equilibrium

with the communication network g (C0 ) and the total welfare W (g (C0 )). Introduce feasible
hard links with the cost of C1 ≤

h(0)−h(1)
max{α,1−α}

and consider a pairwise stable equilibrium with the

communication network g (C1 ) that generates the greatest total welfare W (g (C1 ), C1 ). There
exists a non-degenerate set (C 1 , C 1 ) of C1 such that W (g (C1 ), C1 ) < W (g (C0 )) if and only if

i
1 1
n = 3, b ∈ 10
, 8 and α ∈ ( 31 , 32 ). Otherwise, for all C1 : W (g (C1 ), C1 ) ≥ W (g (C0 )).
Proof. See Appendix B.

6

Extensions

6.1

Endogenous costs of hard links

One of the possible extensions of the model is to allow the parties to negotiate the way
they split the cost of a hard link C each time they create a link (e.g., how to share the
traveling cost). Surprisingly, such endogeneity of share α, although implying pairwise
efficiency, does not imply aggregate efficiency, and introducing hard links can still lead
to lower total welfare.
To see this, consider players i and j such that player i is not credible in reporting to
player j (with the in-degree kj ) via cheap talk. The aggregate benefit of players i and j
from creating a hard link ij is 2(h(kj ) − h(kj + 1)), while the total cost of a hard link is C.
Thus, as long as the benefit exceeds the cost, 2(h(kj ) − h(kj + 1)) > C, the players can split
the cost of a hard link so that they both strictly benefit from its creation. In particular, the
players can always share C equally between each other and enjoy the additional benefit
of h(kj ) − h(kj + 1) − C/2 each.
In general, the players can find a way to profitably split the cost C and introduce the
hard link ij if and only if the hard link ij is desired by the players when the cost C is
split equally between the parties, α = 1/2. This observation implies that communication
patterns (and hence, the total welfare) of the pairwise stable equilibria are the same across
the two settings: (i ) the share α is endogenous, and (ii ) α = 1/2. Because in the latter
case of α = 1/2 introducing hard links can deteriorate the total welfare, it can do so in
the case of endogenous α as well.

6.2

Heterogeneous costs of hard links

While in some situations a natural assumption about the hard links is that the cost value
is similar across players, it might be not quite adequate in others. Thus, a straightfor32

ward extension of the model would be to allow the cost of a hard link to depend on the
players’ identities. As one example of cost heterogeneity, consider managers of an international corporation who might be located in different cities or countries, and who need
to communicate with each other before making individual decisions for their respective
divisions. A hard link might correspond to a personal meeting, while a soft link corresponds to a phone call or an email. In this case, it is relatively easy for two people
from the same location to meet, while a personal meeting of two people from different
countries entails additional time and spending.
In this section, we highlight some insights stemming from the cost heterogeneity assumption in an extreme setting, where, for some pairs of agents, it is easy to communicate
in verifiable way, while others face a considerable cost. More formally, the cost depends
on the pair of agents, i and j, and is the same independent of the link direction: the cost
of a hard link ij is equal to the cost of a hard link ji, Cij = Cji = C. The cost can be either prohibitively high, C0 >

h(0)−h(1)
,
max{α,1−α}

or feasibly low, C1 ≤

h(0)−h(1)
.
max{α,1−α}

For simplicity, we

maintain the assumption that the cost structure that is specified by the share α ∈ [0, 1] is
the same across all pairs of agents. In some sense, the setting with heterogeneous costs is
in between the two cases of homogeneous cost values C0 and C1 . In particular, switching
from the case of homogeneous cost C0 to heterogeneous costs can be viewed as lowering the cost to the level of C1 for some pairs; while switching to homogeneous cost C1
corresponds to lowering the cost values to C1 for all pairs.
Consider a particular case where C1 is sufficiently small: C1 ≤

h(n−2)−h(n−1)
.
max{α,1−α}

Clearly,

in any equilibrium, agents in pairs with the cost C1 must communicate truthfully with
each other. This localization of communication might change the truthful communication
network compared to the pure cheap talk case, while not necessarily leading to an information improvement. Indeed, consider the previously studied example of three players,
where the prior distribution of θ is uniform [0, 1] and the preference biases are b1 = 0,
b2 = b, b3 = 2b, such that

1
10

< b ≤ 81 . Consider the case of prohibitively costly hard

links—homogeneous cost C0 . A considerable difference in preferences prevents players
1 and 3 from truthful communication with each other via cheap talk. The two pairwise
stable pure cheap talk equilibria have the in-degrees k1 = k2 = k3 = 1 and the communication networks described in Figure 1.
Assume now that the cost of a hard link for players 1 and 3 is decreased to the level of
C1 , implying the following heterogenous costs setting: C12 = C23 = C0 , C13 = C1 . In this
case, players 1 and 3 must communicate with each other via hard links, thus, the only two
pairwise stable equilibria have the following communication networks (see Figure 5):
(i) g12 = s, g13 = g31 = h, g21 = g23 = g32 = 0.
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Figure 5: Communication networks of pairwise stable equilibria: heterogenous costs.

(ii) g32 = s, g13 = g31 = h, g21 = g23 = g12 = 0.
Note that the in-degrees of the players are the same as in the pure cheap talk case, ki0 = 1,
i = 1, 2, 3, while some links are hard.
The fact that introducing heterogeneous costs creates localization of communication
that might fail to generate an informational gain implies that the ex-ante expected total
welfare can decrease even when only one party bears the cost of a hard link. This contrasts
with the case of homogeneous cost, in which introducing feasible hard links necessarily
leads to a welfare improvement when only one party faces the cost. Thus, heterogeneous
costs can result in a welfare lower than in both cases of homogeneous cost, C0 and C1 .

7

Policy implications and Empirical predictions

In this section we present some empirical predictions, and study how to implement optimal corporate policies that not only improve the quality of discussion, but also benefit
welfare (i.e., shareholders) in corporations.
Prediction 1: All else equal, introducing verifiable communication choices improves
the quality of discussion between the managers (Positive information improvement
effect).

As shown in Section 4, our first—and intuitive—policy result is that intro-

ducing reliable communication choices improves the quality of discussion between the
managers. This policy follows from a positive informational effect arising from introducing a feasible verifiable communication channel, which is independent of the cost
structure (see Theorem 2). That is, if a pure cheap talk equilibrium fails to exist when
hard links become feasible, then there exists an equilibrium with hard links, in which
every manager accumulates a weakly greater number of signals.30
30 In

other words, for any pure cheap talk equilibrium there is an equilibrium with feasible hard links, in
which every manager accumulates weakly greater amount of information.
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To test this prediction one needs to make reliable communications choices feasible,
say by sufficiently reducing its cost.31 A potential proxy that an empiricist may use to
measure verifiable communication costs are managers’ costs of communicating outside
meetings (e.g. Hart (2003)). These costs are likely to be lower if managers (or divisions)
are geographically closer to each other or if their social and professional ties are stronger
(Stevenson and Radin (2009)). Moreover, busy managers—for example, those who hold
several managerships—are less likely to find time to communicate via costly and time
consuming reliable communications. Prediction 2 is thus consistent with the empirical
work in Fich and Shivdasani (2006) which shows that managers’ communications are less
informative when the cost of verifiable communication is high, e.g., managers are busy
and hold several managerships.
Prediction 2: Negotiation polices and Heterogenous costs. Our results are robust to
endogenous negotiation polices. In one extension, we allow the parties to negotiate how
to split the cost of a hard link between them. As shown in Section 6 such endogeneity of
the cost shares does not necessarily lead to aggregate efficiency; introducing hard links
can still decrease the total welfare and thus be detrimental to welfare. Therefore, policies
that endogenize the cost sharing of verifiable communications between managers (e.g.,
via negotiation) may not be optimal for shareholders.
In another extension we allow the costs of hard links to differ (for example due to social tie) across the pairs of managers. As shown in Section 6, when the cost difference is
substantial, the availability of hard links is likely to result in the localization of communication with respect to the low cost of hard links, with the information accumulated by
every manager being the same. As a result, expected (total welfare) welfare can decrease
even when only one party bears the cost. The policy implications of this result is important.
In fact, our theory predicts that to maximize welfare by introducing verifiable communications, not only one party should pay the cost of communications, but also cost should be
homogeneous among the parties. As otherwise, with heterogenous costs (and substantial differences) welfare may decrease even when only one party bears the cost. This policy provides
a rationale for certain rules and principles in corporations aimed on equalizing the costs
of verifiable communications (hard links) across different pairs of managers.32
Heterogenous costs can also be due to social ties between managers (Stevenson and
31 Such policies include: encouraging personal discussions by appropriate financing or making traveling
a pleasant experience when divisions are far from each other.
32 Thus, a corporate policy might be not only to cover, for example, the nominal traveling costs, but also
to make traveling process more pleasant by means of purchasing business class tickets, reserving accommodations in five-star hotels and providing nice travel compensation. The goal of this policy is to equalize
personal costs of private meetings across locations, and hence, mitigate localization of communication.
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Radin (2009)). Regarding homogenizing this type of heterogenous costs, the corresponding corporate policy that an empiricist can consider may be oriented at increasing conformity of social ties between managers. For example, on the one extreme, the corporate culture might imply regular corporate parties or retreats that help building and improving
friendly relationships (Adams, Hermalin and Weisbach (2010)). In terms of the model,
this means moving towards the homogenous cost of low value. On the other extreme is a
weak type of the corporate culture, where informal meetings are not encouraged, which,
in turn, precludes developing of social ties between managers and leads to the setting
with the homogeneous cost of high value.

8

Conclusion

We develop a model in which every manager (player) needs to take an action that matches
his preferences given the state of the world and that action affects the payoffs of all other
managers in multi-division corporations. Before deciding upon the action, managers can
choose how to reveal their private information about the state. The major twist in our
model, and a point of departure from existing literature, is that there are two ways in
which the information can be communicated: either through a costly verifiable information
(hard) channel or through a low-cost cheap talk (soft) channel.
The first—and intuitive—result states that a positive informational effect arises from
introducing a feasible verifiable communication channel, independently of the cost structure. That is, if a pure cheap talk equilibrium fails to exist when hard links become feasible, then there exists an equilibrium with hard links, in which every player accumulates
a weakly greater number of signals.
The second—and the main—result concerns the welfare implications of introducing
feasible verifiable communication. The appearance of hard links in the pure cheap talk
setting has two effects on the expected total welfare: a positive effect stems from the information improvement and a negative effect arises from crowding out soft communication
with costly verifiable communication. The crowding out effect—that is at the heart of the
paper—arises because newly formed hard links increase players’ in-degrees, which by
the congestion result, destroys the credibility of communication through some soft links.
As a result, for the players to transfer their signals truthfully, those soft links should be
replaced by costly hard links.
We show that the positive informational effect always dominates the negative crowding out effect when only one party bears the cost of a hard link. This positive welfare
result no longer holds when the cost of a hard link is shared between the players. We
36

illustrate this point by means of two examples. The first example is a two communities
setting, in which introducing feasible hard links can wipe out all cross-group soft communication, resulting in a welfare decrease compared with the pure cheap-talk case. The
second example is the case of a diverse group of people with equidistant biases, in which
adding the possibility to form hard links can decrease the expected total welfare when
the number of players is 3.
In one extension, we allow the parties to negotiate how to split the cost of a hard link
between them. We show that such endogeneity of the cost shares does not necessarily
lead to aggregate efficiency; introducing hard links can still decrease the total welfare. In
another extension, we allow the costs of hard links to differ across the pairs of players.
When the cost difference is substantial, we show that the availability of hard links is likely
to result in the localization of communication with respect to the low cost of hard links,
with the information accumulated by every player being the same. As a result, expected
total welfare can decrease even when only one party bears the cost.

References
Acemoglu, D., M. Dahleh, I. Lobel, and A. Ozdaglar. 2011. “Bayesian learning in social networks.” Review of Economic Studies, 78: 1201–1236.
Adams, Renee B., Benjamin E. Hermalin, and Michael S. Weisbach. 2010. “The Role of Boards of
Directors in Corporate Governance: A Conceptual Framework and Survey.” Journal of Economic
Literature, 48(1): 58–107.
Alonso, Ricardo, Wouter Dessein, and Niko Matouschek. 2008. “When does coordination require centralization?” American Economic Review, 98(1): 145–179.
Bala, Venkatesh, and Sanjeev Goyal. 2000. “A noncooperative model of network formation.”
Econometrica, 68(5): 1181–1229.
Bolton, P, and M Dewatripont. 1994. “The firm as a communication network.” Quarterly Journal
of Economics, 109(4): 809–839.
Caillaud, Bernard, and Jean Tirole. 2007. “Consensus building: How to persuade a group.” American Economic Review, 97(5): 1877–1900.
Calvó-Armengol, Antoni, and Joan de Martí. 2007. “Communication networks: Knowledge and
decisions.” American Economic Review, 97(2): 86–91.
Calvó-Armengol, Antoni, Joan de Martí, and Andrea Prat. 2011. “Communication and Influence.”

37

Chwe, MSY. 2000. “Communication and coordination in social networks.” Review of Economic
Studies, 67(1): 1–16.
Crawford, VP, and J Sobel. 1982. “Strategic Information Transmission.” Econometrica,
50(6): 1431–1451.
Dessein, Wouter, and Tano Santos. 2006. “Adaptive organizations.” Journal of Political Economy,
114(5): 956–995.
Dewan, Torun, Andrea Galeotti, Christian Ghiglino, and Francesco Squintani. 2015. “Information aggregation and optimal executive structure.” American Journal of Political Science,
59(2): 475– 494.
Dewatripont, M, and J Tirole. 2005. “Modes of Communication.” Journal of Political Economy,
113(6): 1217–1238.
Farrell, J, and R Gibbons. 1989. “Cheap Talk with Two Audiences.” American Economic Review,
79(5): 1214–1223.
Fich, E. M., and A. Shivdasani. 2006. “Are Busy Boards Effective Monitors?” Journal of Finance,
61: 689–724.
Galeotti, Andrea, Christian Ghiglino, and Francesco Squintani. 2013. “Strategic information
transmission networks.” Journal of Economic Theory, 148(5): 1751–1769.
Galeotti, Andrea, Sanjeev Goyal, and Jurjen Kamphorst. 2006. “Network formation with heterogeneous players.” Games and Economic Behavior, 54(2): 353–372.
Goltsman, Maria, and Gregory Pavlov. 2011. “How to Talk to Multiple Audiences.” Games and
Economic Behavior, 72(1): 100–122.
Goyal, Sanjeev. 2007. Connections: An introduction to the economics of networks. Princeton University Press.
Green, Jerry R., and Nancy L. Stokey. 2007. “A two-person game of information transmission.”
Journal of Economic Theory, 135(1): 90–104.
Grenadier, Steven R., Andrey Malenko, and Nadya Malenko. 2016. “Timing Decisions in Organizations: Communication and Authority in a Dynamic Environment.” American Economic
Review, 106(9): 2552–2581.
Grossman, SJ. 1981. “The Informational Role of Warranties and Private Disclosure about Product
Quality.” Journal of Law & Economics, 24(3): 461–483.

38

Hagenbach, Jeanne, and Frédéric Koessler. 2010. “Strategic Communication Networks.” Review
of Economic Studies, 77(3): 1072–1099.
Hagenbach, Jeanne, Frédéric Koessler, and Eduardo Perez-Richet. 2014. “Certifiable Pre?Play
Communication: Full Disclosure.” Econometrica, 82(3): 1093–1131.
Harris, Milton, and Artur Raviv. 2008. “A theory of board control and size.” Review of Financial
Studies, 21: 1797–1832.
Hart, O, and J Moore. 2005. “On the design of hierarchies: Coordination versus specialization.”
Journal of Political Economy, 113(4): 675–702.
Hart, Susan. 2003. “Directors’ etiquette in a changing boardroom.” Directors & Boards, 27: 61–62.
Jackson, Matthew. 2008. Social and Economic Networks. Princeton University Press.
Jackson, Matthew, and Asher Wolinsky. 1996. “A strategic model of social and economic networks.” Journal of Economic Theory, 71(1): 44–74.
Kakhbod, Ali, Uliana Loginova, Andrey Malenko, and Nadya Malenko. 2018. “Advising the
Management.” Working paper.
Kartik, Navin. 2009. “Strategic Communication with Lying Costs.” Review of Economic Studies,
76(4): 1359–1395.
Kartik, Navin, Marco Ottaviani, and Francesco Squintani. 2007. “Credulity, lies, and costly
talk.” Journal of Economic Theory, 134(1): 93–116.
Malenko, Andrey. 2018. “Optimal Dynamic Capital Budgeting.” Review of Economic Studies.
Malenko, Nadya. 2014. “Communication and Decision-Making in Corporate Boards.” Review of
Financial Studies, 27(5): 1486–1532.
Milgrom, PR. 1981. “Good News and Bad News - Representation Theorems and Applications.”
Bell Journal of Economics, 12(2): 380–391.
Radner, R. 1992. “Hierarchy - the Economics of Managing.” Journal of Economic Literature,
30(3): 1382–1415.
Radner, R. 1993. “The Organization of Decentralized Information-Processing.” Econometrica,
61(5): 1109–1146.
Rantakari, H. 2008. “Governing adaptation.” Review of Economic Studies, 5(4): 1257–1285.

39

Sah, RK, and JE Stiglitz. 1986. “The Architecture of Economic-Systems - Hierarchies and Polyarchies.” American Economic Review, 76(4): 716–727.
Squintani, Francesco. 2019. “Information Transmission in Political Networks.” Working paper.
Stevenson, William B., and Robert F. Radin. 2009. “Social Capital and Social Influence on the
Board of Directors.” Journal of Management Studies, 46(1): 16–44.
Van Zandt, T, and R Radner. 2001. “Real-time decentralized information processing and returns
to scale.” Economic Theory, 17(3): 545–575.

A

Appendix: Pairwise stable equilibria


An equilibrium g, (µg , y g ) is pairwise stable, if no pair of players can change the communication pattern between them to improve their ex-ante expected utilities, while satisfying the interim incentive compatibility constraints of truth-telling, holding other strategies fixed. To better understand how the communication pattern can be improved, consider three possible cases of information transmission from player i to some player j with
in-degree kj in g:
1. Player i reports truthfully to player j through a soft link: gij = s. There is no way to
improve communication: making communication uninformative will result in the
ex-ante expected loss of h(kj −1)−h(kj ), while switching to verifiable communication
will involve a cost.
2. Player i reports truthfully to player j through a hard link: gij = h. Because the hard
link ij is a part of the equilibrium, it is preferred to no link by both players, and
deleting this link will not improve the ex-ante expected payoffs. It may, however, be
possible to reach an improvement by substituting the costly hard link ij with a soft
link ij and inducing truthful communication through it. This option can be realized
if player i can credibly communicate given that j believes i’s message. Otherwise, it
is not possible to change the communication pattern in a profitable direction.
3. Player i does not report informatively to player j, gij = 0. Here it may be possible
to improve by creating a soft link ij with truthful communication, if it is interim
incentive compatible. If not, then the second-best option is creating a hard link ij. If
the latter option is undesired by at least one player, then there exists no possibility
to improve.
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Given these alternatives, pairwise stability can be formally defined as follows:

Definition. An equilibrium g, (µg , y g ) is pairwise stable if
(i) For any i, j ∈ {1, .., n}, gij = 0 only if, holding other strategies fixed, i cannot credibly
report to j via a soft link, assuming that j believes i’s message, and communication
via a hard link is not desired by at least one party.
(ii) For any i, j ∈ {1, .., n}, gij = h only if, holding other strategies fixed, i cannot credibly
report to j via a soft link, assuming that j believes i’s message.
Symmetry. An immediate property of a pairwise stable equilibrium is that any two
players i and j with the same preference biases, bi = bj , must be treated in symmetric
way, i.e., they communicate truthfully with each other via cheap talk and receive the
same number of truthful messages from other players. Moreover, if some other player l
truthfully reports to both, i and j, then it must be the case that l uses the same type of
information transmission channel.
Maximality and pairwise stability. There might be multiple maximal equilibria generating the same vector of maximal in-degrees, among which some maximal equilibria
might not be pairwise stable.
Example. Here we present an example of a maximal equilibrium which is not pairwise
stable. Let the prior distribution of θ be uniform on [0, 1]. Consider 3 players with the
1 1
, 8 ]. Assume that hard links are prohibitively costly.
preference biases b1 = b2 = 0, b3 ∈ ( 10

Then there are several maximal pure cheap talk equilibria that generate the in-degrees
k1 = k2 = k3 = 1. The examples of such communication networks are: (1) g12 = g21 =
g13 = s, g23 = g31 = g32 = 0, and (2) g12 = g23 = g31 = s, g13 = g32 = g21 = 0. It is easy to
see that the first communication network corresponds to a pairwise stable equilibrium.
In contrast, the second communication network can not correspond to a pairwise stable
equilibrium, because players 1 and 2, who agree in their preferences, would deviate and
induce truthful communication through the soft link 21.
Verifiable information and maximal in-degrees. The informational result, coupled
with the fact that the incentive to form a hard link decreases with the player’s in-degree,
ensure that allowing for verifiable information transmission results in weakly greater,
and more evenly distributed, maximal in-degrees.
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As with pairwise stability, one can adapt from the networks literature

Strong stability.

the notion of strong stability to this framework: coordinated change of communication
pattern in a group of agents cannot strictly improve the welfare of some members, while
weakly improving the welfare of others. Then a pairwise stable equilibrium generates the
greatest total welfare if and only if it is strongly stable.33
Proof. The “only if” part of the statement is straightforward. Concerning the “if” part,
note that if a strongly stable equilibrium—which is necessarily maximal—didn’t generate
the greatest total welfare, then there must be a hard link that can be severed and a soft
link (with the truthful reporting through it) that can be introduced. This contradicts the
property of strong stability.

B

Appendix: Proofs

Proof of Lemma 1. Because the chosen action ysR is given by ysR = bj + E(θ|sR ) and
f (θ, sR ) = f (θ|sR )P (sR ), the expected input from player j into i’s payoff becomes
1

Z
h ( bi , bj , k j ) = −

=−

X
sR ∈{0,1}

=−

kj + 1

X
sR ∈{0,1}

kj + 1

0

"Z

1
0

(bj + E(θ|sR ) − θ − bi )2 f (θ, sR )dθ

kj + 1

sR ∈{0,1}

Z 1
0

X


(E(θ|sR ) − θ )2 + 2(bj − bi )(E(θ|sR ) − θ ) + (bj − bi )2 f (θ|sR )P (sR )dθ
#
2

(E(θ|sR ) − θ ) f (θ|sR )dθ P (sR ) − (bj − bi )2

= −E [Var(θ|sR )] − (bj − bi )2 .
33 This

statement is non-trivial, because there exist pairwise stable equilibria that do not generate the
greatest total welfare. For example, consider 3 players with the preference biases b1 = 0, b2 = b, b3 = 2b,
1 1
where b ∈ ( 10
, 8 ], and assume that θ is uniform on [0, 1] (the same setup as in Subsection 5.2). If the cost of a
hard link C satisfies max{α, 1−α}C ∈ (h(1) −h(2), h(0) −h(1)], then the greatest total welfare is generated, for
example, in a pairwise stable equilibrium with the following communication network: g21 = g23 = g12 = s,
g13 = g31 = g32 = 0. However, there exists a pairwise stable equilibrium with the communication network
g21 = g12 = s, g13 = h, g23 = g31 = g32 = 0 that achieves a strictly lower total welfare.
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In what follows, we show that E [Var(θ|sR )] is exactly h(kj ). Let l denote the number of
signals 1 in sR , then
Var(θ|sR ) = E(θ 2 |sR ) − (E(θ|sR ))2
!2
Z1
α+l
2
=
θ f (θ|l, k )dθ −
α + β + kj + 1
0

=
=

B(α + l + 2, β + kj + 1 − l )
B(α + l, β + kj + 1 − l )

α+l
−
α + β + kj + 1

!2

(α + l )(β + kj + 1 − l )
.
( α + β + kj + 1 ) 2 ( α + β + kj + 2 )

Using this, E [Var(θ|sR )] becomes
E [Var(θ|sR )] =

sR ∈{0,1}

=

(α + l )(β + kj + 1 − l )
P ( sR )
(α + β + kj + 1)2 (α + β + kj + 2)
k +1

X

j

1
A,
(α + β + kj + 1)2 (α + β + kj + 2)

where
X

A = α (β + kj + 1) + (β + kj + 1 − α )

sR ∈{0,1}

Here

P
sR ∈{0,1}

kj +1

lP (sR ) −

kj + 1

X
sR ∈{0,1}

l 2 P ( sR ) .

kj +1

lP (sR ) = (kj +1)E(s1 ), because l is the sum of signals in sR and all signals

are identically distributed. The unconditional expectation of each signal is
E ( s1 ) = P ( s1 = 1 ) =

Z

1

θf (θ )dθ =
0

hence

P
sR ∈{0,1}

(kj +1)

B(α + 1, β )
α
=
,
α+β
B(α, β )

α
lP (sR ) = (kj + 1) α +
β

Note that signals sj are not unconditionally independent: indeed, higher θ will mean
higher signals on average. For example, if 9 signals out of 10 are equal to 1, then the
probability that the 10-th signal is also 1 is higher compared to the case where the first 9
signals were 0s. However, the signals are conditionally independent binary variables with
P
P (sj = 1|θ ) = θ, given θ. To use this fact, we rewrite s ∈{0,1}(kj +1) l 2 P (sR ) using the law
R
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of iterated expectations in the following way:

Z

1
X

2

l P ( sR ) =


0 
(k +1)

sR ∈{0,1}

j

X
sR ∈{0,1}

( kj + 1 )




2
l P (sR |θ ) f (θ )dθ.


Since l is equal to the sum of signals in sR , signals sj are identically distributed and independent conditionally on θ, the term inside the integral can be rewritten as
X
sR ∈{0,1}

l 2 P (sR |θ ) = E(l 2 |θ ) = Var(l|θ ) + (E(l|θ ))2

( kj + 1 )

= (kj + 1)Var(s1 |θ ) + (kj + 1)2 (E(s1 |θ ))2
= (kj + 1)θ (1 − θ ) + (kj + 1)2 θ 2 .
Taking the integral:
X
sR ∈{0,1}

2

l P ( sR ) =

( kj + 1 )

Z 1
0


(kj + 1)θ (1 − θ ) + (kj + 1)2 θ 2 f (θ )dθ

( kj + 1 )
( kj + 1 ) 2
B(α + 1, β + 1) +
B(α + 2, β )
B(α, β )
B(α, β )
( kj + 1 )
[αβ + (kj + 1)α (α + 1)].
=
(α + β + 1)(α + β )

=

Now E [Var(θ|sR )] can be written as
A
( α + β + kj + 1 ) 2 ( α + β + kj + 2 )
(k +1)

=

j
α
α (β + (kj + 1)) + (β + (kj + 1) − α )(kj + 1) α +
β − (α +β +1)(α +β ) [αβ + (kj + 1)α (α + 1)]

( α + β + kj + 1 ) 2 ( α + β + kj + 2 )

which after several algebraic transformations boils down to
αβ
= h ( kj )
(α + β + kj + 1)(α + β + 1)(α + β )
Finally, the total impact h(bi , bj , kj ) becomes
h(bi , bj , kj ) = −

αβ
− (bj − bi )2 = −h(kj ) − (bj − bi )2 ,
(α + β + kj + 1)(α + β + 1)(α + β )
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,

which proves the result. QED.
The necessary conditions for gij = h and gij = 0 follow directly

Proof of Theorem 1.

from the incentive condition to form/maintain a hard link (4). To derive the necessary
condition for gij = s—the incentive compatibility constraint of truthful reporting through
a soft link ij—consider player j and let sR be the set of kj signals that player j gets to know
apart from player i. Specifically, kj − 1 signals from his other communication neighbors
Nj−1 (g )/{i} and his own private signal sj . Assuming that player j believes that i reports
truthfully, let ysR ,si be j’s action if he has information sR and i sends him the true signal,
mij = si ; ysR ,1−si be j’s action if he has information sR and i misreports, mij = 1 − si . Player
i reports truthfully his signal si to j if and only if it generates a greater interim expected
payoff to i compared to misreporting:
Z

1

X

−
0

sR ∈{0,1}

h

i
(ysR ,si − θ − bi )2 − (ysR ,1−si − θ − bi )2 f (θ, sR |si )dθ ≥ 0,

kj

which can be rewritten as
Z

1

X

−
0

sR ∈{0,1}

h

i
(ysR ,si − ysR ,1−si )(ysR ,si + ysR ,1−si − 2θ − 2bi ) f (θ, sR |si )dθ ≥ 0.

kj

Recalling that ysR ,si = bj + E(θ|sR , si ), the condition becomes
Z

1

−
0

X
sR ∈{0,1}

[(E(θ|sR , si ) − E(θ|sR , 1 − si ))
kj

i
×(E(θ|sR , si ) + E(θ|sR , 1 − si ) + 2bj − 2θ − 2bi ) f (θ, sR |si )dθ ≥ 0.
Note that
f (θ, sR |si ) =

f (θ, sR , si ) f (θ, sR , si ) P (sR , si )
=
= f (θ|sR , si )P (sR |si ).
P (si )
P ( sR , si ) P ( si )

Let ∆ = E(θ|sR , si ) − E(θ|sR , 1 − si ) and change the sum and the integral signs
−

Z 1h

X
sR ∈{0,1}

kj

0

i
∆(E(θ|sR , si ) + E(θ|sR , 1 − si ) + 2bj − 2θ − 2bi ) f (θ|sR , si )P (sR |si )dθ ≥ 0.
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Because E(θ|sR , si ) and E(θ|sR , 1 − si ) are independent of θ,
−

"

X

∆(E(θ|sR , si ) + E(θ|sR , 1 − si ) + 2bj − 2
kj

sR ∈{0,1}

−

X
sR ∈{0,1}

h

Z

1
0

#
θf (θ|sR , si )dθ − 2bi ) P (sR |si ) ≥ 0;

i
∆(E(θ|sR , si ) + E(θ|sR , 1 − si ) + 2bj − 2E(θ|sR , si ) − 2bi ) P (sR |si ) ≥ 0;

kj

−

X

h

sR ∈{0,1}

i
∆(−∆ + 2bj − 2bi ) P (sR |si ) ≥ 0.

kj

If there are l signals 1 in sR , then
E(θ|sR , si ) = E(θ|l + si , kj + 1) =

α + l + si
,
α + β + kj + 1

E(θ|sR , 1 − si ) = E(θ|l + 1 − si , kj + 1) =

α + l + 1 − si
.
α + β + kj + 1

Thus,

α + l + 1 − si
2si − 1
α + l + si
−
=
,
α + β + kj + 1 α + β + kj + 1 α + β + kj + 1
P
which is independent on l, and hence on sR . Using that s ∈{0,1}kj P (sR |si ) = 1, the incen∆=

R

tive condition becomes
!
2si − 1
2si − 1
−
+ 2(bj − bi ) ≥ 0.
−
α + β + kj + 1 α + β + kj + 1
If si = 1, then player i is willing to communicate his signal if and only if
!
1
1
−
+ 2(bj − bi ) ≥ 0;
−
α + β + kj + 1 α + β + kj + 1
bj − bi ≤

1
.
2 ( α + β + kj + 1 )

If s = 0 then truth-telling is incentive compatible if and only if
!
−1
−1
−
−
+ 2(bj − bi ) ≥ 0;
α + β + kj + 1 α + β + kj + 1

( bj − bi ) ≥ −

1
.
2 ( α + β + kj + 1 )
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As a result,
|bj − bi | ≤

1
,
2 ( α + β + kj + 1 )

which completes the proof of Theorem 1. QED.
n
o
Proof of Theorem 2. Consider a pure soft-link equilibrium g (C0 ), (µg (C0 ) , y g (C0 ) ) . Renumber the players such that their in-degrees in the communication network g (C0 ) are increasing in their respective number: k1 ≤ k2 ≤ ... ≤ kn .
If k1 = n−1, then the communication network g (C0 ) is complete. When the cost drops
n
o n
o
to the level of C1 , there exists an equilibrium g (C1 ), (µg (C1 ) , y g (C1 ) ) = g (C0 ), (µg (C0 ) , y g (C0 ) )
that generates the same complete truthful network. Indeed, given a complete soft-link
network g (C1 ), the strategy profile (µg (C0 ) , y g (C0 ) ) forms a PBE. Moreover, no two players
would like to substitute a soft link with a costly hard link, because that will result in
ex-ante expected utility decrease. Consequently, in this case k10 = k1 , ..., kn0 = kn .
Assume now that k1 < n − 1, i.e., the equilibrium network g (C0 ) is not complete and
there are players who don’t have all the signals reported to them. Consider three cases:
Case 1. Sufficiently large cost: max{α, 1 − α}C1 > (h(k1 ) − h(k1 + 1)). In this case, there
exists an equilibrium with the same communication network g (C0 ). Indeed,
n

g (C0 ), (µg (C0 ) , y g (C0 ) )

o

remains an equilibrium when the cost is C1 , because the pair (µg (C0 ) , y g (C0 ) ) forms a
PBE given g (C0 ) and no two players would want to add a hard link or substitute a
soft link with a hard link, because the cost is too high. Thus, it is possible to define
n
o n
o
g (C1 ), (µg (C1 ) , y g (C1 ) ) = g (C0 ), (µg (C0 ) , y g (C0 ) ) , hence, in this case kj0 = kj for all j ∈ N .
Case 2. Intermediate cost: max{α, 1 − α}C1 ∈ (h(k + 1) − h(k + 2), h(k ) − h(k + 1)] for
some k, k1 ≤ k ≤ n − 2. Then by Theorem 1, it must be the case that in the equilibrium
network every player has at least (k + 1) links directed to him. In particular, this means
that player 1 with k1 and several other players with in-degrees < k + 1 will have a strict
improvement in their information sets.
Consider the two subcases: (i) If k + 1 ≥ kn , then each player gets at least k + 1 ≥ kn
signals, which proves the result. (ii) If k + 1 < kn , then there is player j such that kj <
k + 1 ≤ kj +1 . Theorem 1 implies that kl0 ≥ k + 1 > kl , l = 1, ..., j, in any equilibrium network
g (C1 ). Concerning other players, there exists an equilibrium network with kl0 = kl for
l = j + 1, ..., n. To see this, suppose that the only links in g (C1 ) directed towards players
l = j + 1, ..., n are the soft links from the pure cheap talk equilibrium network g (C0 ).
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Clearly, truthful communication along these links is still incentive compatible. Further,
because max{α, 1−α}C1 > h(k +1)−h(k +2), then no two players want to deviate and create
hard links directed towards players l = j + 1, ..., n. Thus, in the considered equilibrium
network the in-degrees of players l = 1, ..., j are strictly greater than in the pure cheap
talk equilibrium, while the in-degrees of the other players are the same, which confirms
the statement of the theorem.
Case 3. Sufficiently low cost: max{α, 1 − α}C1 ∈ [0, h(kn−1 ) − h(kn )]. By Theorem 1, in
any equilibrium network g (C1 ) every player has exactly n−1 links directed to him, which
immediately implies that n − 1 = kj0 ≥ kj for all j ∈ N . QED.
Proof of Lemma 3.

We split the proof into three steps:

Step 1: Existence of a maximal equilibrium. Because the number of players and
strategies is finite, the number of the pure strategy equilibria is also finite. Thus, there
exists a well-defined set of numbers, k1 , ..., kn , where ki is the highest in-degree of player
i that can appear in some equilibrium: for any equilibrium network g 0 , ki ≥ ki0 = ki (g 0 ).
Note that the in-degrees ki and kj , i , j, in principle, might be achieved in different equilibrium networks. To prove an existence of a maximal equilibrium, we need to show that
k1 , ..., kn might be achieved in the same equilibrium, i.e., that there exists an equilibrium
network g such that ki = ki (g ) for all i. In order to do this, we construct the equilibrium
in the following way: for each i ∈ N consider an equilibrium where ki is achieved and
let those (and only those) players who report to i truthfully in that equilibrium to report
truthfully to i through the same links (soft or hard) in the constructed equilibrium. Recall that the incentives to form the hard links depend only on the receiver’s in-degree,
while the incentives of truthful communication through the soft links depend also on the
players’ biases. Hence, it is still incentive compatible for those players to report truthfully to i through the respective soft links and to sustain the corresponding hard links.
Thus, this is, indeed, an equilibrium, and, by construction, it is maximal.
Step 2: Maximality of a pairwise stable equilibrium. Consider some pairwise stable
equilibrium and assume that it is not maximal. Then there exists player i whose in-degree
in the equilibrium network is lower than his maximal in-degree. Fix some maximal equilibrium; then it must be the case that there is some agent j who reports truthfully to i
(through either a soft or a hard link) in this maximal equilibrium, but not in the pairwise
stable equilibrium. But then it is profitable for i and j to deviate and induce truthful communication from j to i, which contradicts the pairwise stability. Hence, every pairwise
stable equilibrium must be maximal.
Step 3: Existence of a pairwise stable equilibrium. We illustrate this statement by
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constructing one of (possibly multiple) pairwise stable equilibria. For each i ∈ N perform
the following procedure: order other players j ∈ N /{i} in the increasing absolute values
of their preference divergence from i, |bj − bi |; let this order be i1 , ..., in−1 . Consider the
maximal in-degree of player i, ki . If ki = 0, then nobody can report truthfully to i in
equilibrium. If ki > 0, then take the closest player i1 . If truth-telling through a soft
link i1 i is incentive compatible for i1 , given that i gets ki − 1 other truthful messages,
then let i1 report truthfully to i via a soft link. Otherwise, set gi1 i = h. Repeat this
procedure for other ki −1 closest to i players to set the links of particular type with truthful
communication through them. Note, that for each of these closest ki players, truthful
communication through the corresponding link is desired, because truth-telling through
a soft link is easier to sustain for closer preferences and the expected benefit of a hard link
does not depend on a preference divergence. Since ki is the maximal possible in-degree
of player i, players iki +1 , ..., in−1 cannot communicate to i truthfully via either channel.
The described procedure leads to an equilibrium where each player gets truthful messages through the soft links from the players sufficiently close in their preferences, truthful messages through the hard links from the less close agents, and gets no messages
from the more distinct players. To see that this equilibrium satisfies pairwise stability,
first, note that by construction no two players i and j such that gji = h, could deviate to
truthful communication through a soft link. Second, no two players i and j such that
gji = 0, could implement truthful communication through either a soft or a hard link ji.
Indeed, gji = 0 means that there are ki other players closer to player i in their preferences
than player j. If it were possible for i and j to deviate and implement truthful communication of j’s signal through a soft link, given that ki other players report truthfully to
i, then truthful communication through soft links from each of the closest ki players is
also incentive compatible (closer biases relax the incentive condition of the truth-telling).
But then it means that the in-degree of ki + 1 can be sustained in the equilibrium network, which contradicts that ki is maximal. On the other hand, if it were desirable for
i and j to deviate and create a hard link ji, then truthful communication through the
hard links from each of the closest ki players must be desirable for them compared to
no communication as well. Again, this means that the in-degree of ki + 1 can be sustained in equilibrium, which contradicts that ki is maximal. As a result, the constructed
equilibrium satisfies pairwise stability. QED.
Proof of Theorem 3. Reorder the players in the pure cheap talk pairwise stable equilibrium correspondingly to their in-degrees in g (C0 ): k1 ≤ k2 ≤ ... ≤ kn . Because any pairwise
stable equilibrium is maximal, the in-degrees k1 , ..., kn are maximal when the cost is C0 .
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If k1 = n − 1, then the truthful network g (C0 ) is complete, hence g (C1 ) must be also
complete and consist of only soft links. Evidently, the total welfare is the same across the
two cases: W (g (C1 ), C1 ) = W (g (C0 )).
Assume now that k1 < n − 1 and consider two cases with regard to the cost C1 :
Case 1. Sufficiently large cost: C1 > h(k1 )−h(k1 +1). In this case the in-degrees k1 , ..., kn
are still maximal and the pure cheap-talk pairwise stable equilibrium still remains a pairwise stable equilibrium. Thus, g (C1 ) = g (C0 ) and W (g (C1 ), C1 ) = W (g (C0 )).
Case 2. Moderate cost: C1 ∈ (h(k + 1) − h(k + 2), h(k ) − h(k + 1)] for some k, k ≥ k1 .
Then by Theorem 1, it must be the case that in any equilibrium network every player has
at least min{k + 1, n − 1} links directed to him.
If k < kn , then there is player j such that kj < k + 1 ≤ kj +1 . Then the set of maximal
in-degrees becomes:
k10 = ... = kj0 = k + 1, kj0 +1 = kj +1 , ... , kn0 = kn .
There exists a maximal equilibrium with the following communication network: all links
directed towards players 1, ..., j are hard, all links directed towards players j + 1, ..., n are
soft and the same as in g (C0 ). The upper bound for the total cost of hard links is:
j (k + 1)C1 ≤ j (k + 1)(h(k ) − h(k + 1)).
The gain in the total welfare compared to the pure cheap talk case is

n

j
X

(h(ki ) − h(k + 1)) ≥ n · j (h(k ) − h(k + 1)).

i =1

The lower bound for the welfare gain strictly exceeds the upper bound for the cost, because n − 1 ≥ kn > k, meaning that the constructed maximal equilibrium generates the
welfare greater than W (g (C0)). Lemma 4 ensures that there is a pairwise stable equilibrium with the communication network g (C1 ) generating the total welfare greater than
in the constructed maximal equilibrium. Hence, for this pairwise stable equilibrium,
W (g (C1 ), C1 ) > W (g (C0 )).
If k ≥ kn , then the set of maximal in-degrees becomes k10 = ... = kn0 = min{k + 1, n − 1}.
Analyze two possibilities:
(a) In case where kn < n − 1, consider a maximal equilibrium in which all links are hard.
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The upper bound for the total cost of the hard links is
n min{k + 1, n − 1}C1 ≤ n min{k + 1, n − 1}(h(k ) − h(k + 1)).
The gain in the total welfare compared to the pure cheap talk case is
n

n
X

(h(ki ) − h(k + 1)) ≥ n · n(h(k ) − h(k + 1)).

i =1

The lower bound for the welfare gain strictly exceeds the upper bound for the cost,
because n > min{k + 1, n − 1}. The considered maximal equilibrium has the greatest
level of the total cost and any other pairwise stable equilibrium generates at least the
same total welfare. Hence, for any pairwise stable equilibrium with the communication network g (C1 ): W (g (C1 ) < C1 ) > W (g (C0 )).
(b) In case where kn = n − 1, there exists j such that
k1 ≤ k2 ≤ ... ≤ kj < n − 1 = kj +1 = ... = kn .
The set of maximal in-degrees becomes k10 = ... = kn0 = n − 1. Consider a maximal
equilibrium in which players 1, ..., j receive signals through only hard links, while
players j + 1, ..., n receive messages through only soft links which are part of g (C0 ).
The upper bound for the total cost of hard links is
j (n − 1)C1 ≤ j (n − 1)(h(k ) − h(k + 1)),
while the gain in the total welfare compared to the pure cheap talk case is

n

j
X

(h(ki ) − h(n − 1)) ≥ n · j (h(n − 2) − h(n − 1)).

i =1

Since k ≥ kn = n−1, h(k ) −h(k + 1) < h(n−2) −h(n−1) and the welfare gain outweighs
the cost. Thus, W (g (C1 ), C1 ) > W (g (C0 )).
QED.
Proof of Lemma 5.

Since g x (C0 ) ⊆ g x (C1 ) for x = s, h, the in-degrees in g (C1 ) are larger:

ki (g (C1 )) ≥ ki (g (C0 )) for all i ∈ N . To see that W (g (C1 ), C1 ) ≥ W (g (C0 ), C0 ), perform the
following procedure:
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First, fix the truthful communication network to be g (C0 ) and set the cost level at C1 .
Then the total welfare W (g (C0 ), C1 ) is weakly greater than W (g (C0 ), C0 ).
Second, add links from g (C1 )/g (C0 ) one by one and trace the welfare changes. In
what follows we show that at each step of adding a link, the ex-ante expected payoff of
every individual (and hence, the total welfare) increases. Consider some step at which
the in-degrees of the players are k1 , ..., kn , where ki (g (C0 )) ≤ ki ≤ ki (g (C1 )) for all i ∈ N
and kj < kj (g (C1 )) for at least one player j. If a soft link ij from the remaining soft links
g s (C1 )/g s (C0 ) is added, then the welfare of every player goes up by h(kj ) − h(kj + 1) > 0.
If a hard link ij from the remaining hard links g h (C1 )/g h (C0 ) is added, then the expected
payoff of every player l , i, j goes up by h(kj ) − h(kj + 1) > 0, while the payoffs of players
i and j increase by at least
h(kj ) − h(kj + 1) − max{α, 1 − α}C1 ≥ 0,
because by Theorem 1
max{α, 1 − α}C1 ≤ h(kj (g (C1 )) − 1) − h(kj (g (C1 ))) ≤ h(kj ) − h(kj + 1).
QED.
Proof of Theorem 4. Consider the setting in which only soft links are available. Condition n2 > n1 and the congestion effect ensure that cross-group truthful communication in
any pairwise stable equilibrium might be one of the following 3 kinds:
1. No cross-group communication, i.e. k21 = k12 = 0.
2. Communication from group N2 to group N1 , i.e. k12 > 0, k21 = 0.
3. Cross-group communication, i.e. k12 > 0, k21 > 0.
In what follows, we examine each case separately and show that introducing hard links
is welfare increasing in cases 1 and 3, and is welfare decreasing for some parameters in
case 2.
Case 1 corresponds to
!
1
1
1
,
=
.
b > max
2(α + β + n1 ) 2(α + β + n2 )
2(α + β + n1 )
If costly hard links become feasible, then intra-group soft-link communication remains
unchanged. Regarding cross-group communication, if the cost C1 is such that max{α, 1 −
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α}C1 > h(n1 −1)−h(n1 ), then cross-group communication remains empty and W (g (C1 ), C1 ) =
W (g (C0 )). If max{α, 1 − α}C1 ≤ h(n1 − 1) − h(n1 ), then some cross-group communication
via hard links appears. Because the set of links in this equilibrium includes the set of links
from the cheap talk case (no crowding out occurs), by Lemma 5, the equilibrium with
hard links generates a greater total (and individual) welfare, W (g (C1 ), C1 ) ≥ W (g (C0 )).
Case 2 applies when the preference bias b satisfies
#
1
1
,
,
b∈
2(α + β + n1 + k12 + 1) 2(α + β + n1 + k12 )

(B.1)

where n1 + k12 ≤ n2 . Consider separately two possibilities: n1 + k12 = n2 and n1 + k12 < n2 .
First, consider n1 + k12 = n2 , which means that k1 = k2 = n2 − 1. The total welfare in
the pure cheap talk equilibrium is
W (g (C0 )) = −n(n1 h(k1 ) + n2 h(k2 )) − B = −n2 h(n2 − 1) − B,

= 2n1 n2 b2 .
If the cost C1 is such that max{α, 1 − α}C1 > h(n1 − 1 + k12 ) − h(n1 + k12 ), then the
maximal in-degrees remain the same and each pairwise stable equilibrium involves only
b
soft-link communication, meaning that W (g (C1 ), C1 ) = W (g (C0 )). Now let the cost be C
b = h(n1 − 1 + k12 ) − h(n1 + k12 ) = h(n2 − 1) − h(n2 ), which means
such that max{α, 1 − α}C
0
0
that in a new pairwise stable equilibrium k21
= 1, k12
= k12 + 1, and hence, k10 = k20 = n2 .34
Given the preference divergence, members of the opposite communities can not report to
each other truthfully via soft links, thus, all cross-group soft links are substituted out by
costly hard links leading to the following welfare:
where the term B depends only on preference bias b, B = 2

b), C
b) = −n(n1 h(k 0 ) + n2 h(k 0 )) − B −
W (g (C
1
2

= −n2 h(n2 ) − B −

P

i∈N1

P

j∈N2 b

2

1
0
(h(n2 − 1) − h(n2 ))[n1 k12
+ n2 ]
max{α, 1 − α}

1
(h(n2 − 1) − h(n2 ))[n1 (k12 + 1) + n2 ].
max{α, 1 − α}

Thus, the difference between the levels of total welfare is
"

#
1
b), C
b) = (h(n2 −1) −h(n2 )) −n +
(n (k + 1) + n2 ) ≤ 0,
W (g (C0 )) −W (g (C
max{α, 1 − α} 1 12
2

34 Recall

the assumption that whenever the player is indifferent, the choice is made in favor of a hard link

creation.
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because
−n2 +

1
(n (k + 1) + n2 ) ≤ −n2 + 2(n1 (k12 + 1) + n2 )
max{α, 1 − α} 1 12
= −(n1 + n2 )2 + 2n1 (n2 − n1 + 1) + 2n2

= −3n21 − n22 + 2n1 + 2n2 ≤ 0,
h(n2 −1)−h(n2 )
max{α,1−α}

b cross-group com= C,
munication is also carried out through only hard links. Compared to the considered case
b no soft links are severed and w.l.o.g. it can be assumed that all hard links are
of C,
retained and some new hard links are added. Then Lemma 5 implies that the total welb), C
b) ≥ W (g (C0 )). As a result, any pairwise stable
fare increases: W (t (C1 ), C1 ) ≥ W (g (C
equilibrium with hard links generates a greater total welfare than the pure cheap talk
equilibrium.
Second, consider n1 + k12 + 1 ≤ n2 . In this case k1 = n1 − 1 + k12 , k2 = n2 − 1 and the
total welfare in the pure cheap talk case is
given that 1 ≤ n1 < n2 . For any lower cost level C1 <

W (g (C0 )) = −n(n1 h(n1 − 1 + k12 ) + n2 h(n2 − 1)) − B.
If the cost C1 >

1
(h(n1 −1 + k12 ) −h(n1 + k12 )), then the maximal in-degrees remax{α,1−α}

main the same and the pairwise stable equilibria are pure soft-link, hence, W (g (C1 ), C1 ) =
1
b=
W (g (C0 )). Let the cost be C
(h(n1 − 1 + k12 ) − h(n1 + k12 )). Then cross-group
max{α,1−α}

0
= k12 + 1, while k21
remains 0; all cross-group links are
0
hard. The new maximal in-degrees are k1 = n1 + k12 and k20 = k2 = n2 − 1, implying the
following total welfare

communication becomes

0
k12

b), C
b) = − n(n1 h(n1 + k12 ) + n2 h(n2 − 1)) − B
W (g (C
1
(h(n1 − 1 + k12 ) − h(n1 + k12 ))[n1 (k12 + 1)].
−
max{α, 1 − α}
The difference in the levels of the welfare is then
"

#
1
b), C
b) = n1 (h(n1 − 1 + k12 ) − h(n1 + k12 )) −n +
W (g (C0 )) − W (g (C
(k + 1) ,
max{α, 1 − α} 12
which is strictly greater than 0 if and only if k12 > max{α, 1 − α}n − 1. Since the inequality
b such that the welfare difference remains strictly positive for
is strict, there exists C < C
1

b Thus, given the preference divergence (B.1), condition
C1 ∈ (C 1 , C 1 ), where C 1 = C.
max{α, 1 − α}n − 1 < k12 ≤ n2 − n1 − 1 is sufficient for existence of the cost that leads to a
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b Lemma 5 implies
lower welfare. The necessity follows from the fact that for any C1 < C
b), C
b).
that W (g (C1 ), C1 ) ≥ W (g (C
Finally, Case 3 corresponds to a sufficiently small preference divergence:
b≤

1
.
2 ( α + β + n2 + 1 )

Non-zero cross-group communication in both directions implies that the maximal indegrees are the same for members of both communities, k1 = k2 . If the truthful cheap
talk network g (C0 ) is complete (k1 = k2 = n − 1), which corresponds to b ≤

1
,
2(α +β +n)

then introducing feasible hard links does not alter this pairwise stable equilibrium and
W (g (C1 ), C1 ) = W (g (C0 )).
Case where g (C0 ) is not complete (k1 = k2 < n − 1) corresponds to the preference
divergence
#
1
1
,
,
b∈
2(α + β + n2 + k21 + 1) 2(α + β + n2 + k21 )
where k21 < n1 . The total welfare of the pure cheap talk pairwise stable equilibrium is
W (g (C0 )) = −n2 h(k1 ).
If the cost C1 >

1
(h(k1 ) − h(k1 + 1)),
max{α,1−α}

then the maximal in-degrees are the same

as in the cheap talk case and any pairwise stable equilibrium involves only soft commu1
b=
(h(k1 ) −h(k1 +
nication, meaning that W (g (C1 ), C1 ) = W (g (C0 )). Consider C
max{α,1−α}

1)). The new maximal in-degrees become k10 = k20 = k1 + 1 and all cross-group communication in any pairwise stable equilibrium is performed via hard links, such that each
member of community N1 gets k12 + 1 hard links from members of N2 and, similarly, each
member of N2 gets k21 + 1 hard links from members of N1 . The total welfare is
b), C
b) = −n2 h(k1 + 1) −
W (g (C

1
(h(k1 ) − h(k1 + 1))(n1 (k12 + 1) + n2 (k21 + 1)).
max{α, 1 − α}

The difference between the levels of the welfare is
b), C
b)
W (g (C0 )) − W (g (C
"
= (h(k1 ) − h(k1 + 1)) −n2 +

#
1
(n (k + 1) + n2 (k21 + 1)) ≤ 0,
max{α, 1 − α} 1 12
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because
1
(n (k + 1) + n2 (k21 + 1)) ≤ −n2 + 2n1 (k12 + 1) + 2n2 (k21 + 1)
max{α, 1 − α} 1 12
= −n2 + 2n1 (k1 + 2 − n1 ) + 2n2 (k1 + 2 − n2 ) = −n2 + 2(k1 + 2)n − 2n21 − 2n22
−n2 +

≤ −n2 + 2(k1 + 2)n − n2 = −2n(n − (k1 + 2)) ≤ 0,
b cross-group communication
given that k1 < n − 1. For any lower level of the cost C1 < C
b no cheap
is performed through only hard links as well. Since, compared to the case of C,
talk links are severed and w.l.o.g. it can be assumed that all hard links are retained and
b), C
b) ≥
some new hard links are added, Lemma 5 implies that W (g (C1 ), C1 ) ≥ W (g (C
W (g (C0 )). QED.
Proof of Theorem 5. The case of n = 3 was already analyzed in the main body of the
paper; it remains to show the positive welfare result for n ≥ 4.
Consider prohibitively costly hard links, max{α, 1 − α}C0 > h(0) − h(1), and construct
a pairwise stable equilibrium that generates the greatest welfare in a way described in
Lemma 4. In the corresponding truthful network, player i gets truthful messages from
ki closest players. The communication network g (C0 ) can be formally described as follows: if b >

1
2(α +β +2)

1
},
2V (2V −1+1+α +β )

then g (C0 ) is empty, otherwise, let V (b ) = max{V ∈ {1, ..., n} : b ≤

then

1. For every j ∈ {V (b ) + 1, ..., n − V (b )}, gij = s if |i − j| < V (b ) and gij = 0 if |i − j| > V (b );
if b >

1
2V (b )(2V (b )+1+α +β )

, then gij = s for one and only one player i such that |i −j| =

1
2V (b )(2V (b )+1+α +β )

, then gij = s for both players i such that |i − j| = V (b ).

V (b );
if b ≤

2. For all players j ∈ {1, ..., V (b )}∪{n−V (b )+ 1, ..., n}, gij = s if and only if |i−j| ≤ M (j, b ),
where M (j, b ) = max{M ∈ {1, ..., n} : b ≤

1
}.
2M (min{j−1,n−j}+M +1+α +β )

In the pure cheap talk equilibrium, the set of maximal in-degrees K = {k1 , ..., kn } is the
following: kj = 0, j ∈ N , if b >

1
;
2(α +β +2)

otherwise, for every i ∈ {V (b ) + 1, ..., n − V (b )},





2V (b ) − 1, if b >
ki = 


2V (b ), if b ≤

1
2V (b )(2V (b )+1+α +β )
1
,
2V (b )(2V (b )+1+α +β )

and for each j ∈ {1, ..., V (b )} ∪ {n − V (b ) + 1, ..., n},
kj = min{j − 1, n − j} + M (j, b ).
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Given the set of maximal in-degrees K, define
k(n) = max{ki ∈ K},
k(j ) = max{ki ∈ K/{k(n) , ..., k(j−1) }},
i.e., k(1) ≤ ... ≤ k(n) is a reordering of K in the increasing order. It can be easily seen, that
players with moderate preferences, {V (b ) + 1, ..., n − V (b )}, have the highest in-degree
k(n) . The in-degrees of other players decrease as their preference biases get closer to
the extremes, such that player 1 (with bias 0) and player n (with bias (n − 1)b) have the
same in-degree of k(1) . Since M (j, b ) ∈ {M (j + 1, b ), M (j + 1, b ) + 1} for j ∈ {1, ..., V (b )}
(similarly, M (j + 1, b ) ∈ {M (j, b ), M (j, b ) + 1} for j ∈ {n − V (b ) + 1, ..., n}) and M (V (b ), b ) =
M (n − V (b ), b ) = V (b ), the structure of a pairwise stable equilibrium ensures that for
every i = 1, ..., n − 1 the difference k(i +1) − k(i ) is either 0 or 1.
Now introduce hard links with the cost C1 ≤

h(0)−h(1)
.
max{α,1−α}

If the communication network

of the pairwise stable pure cheap talk equilibrium is empty (b >

1
),
2(1+1+α +β )

then there is

no crowding out when hard links become available, and Lemma 5 implies that the welfare
increases. Consider now the case where the pure cheap talk communication network is
not empty, i.e., k(n) > 0, and study three possibilities for C1 separately
1. max{α, 1 − α}C1 ∈ (h(k(1) ) − h(k(1) + 1), h(0) − h(1)].
2. max{α, 1 − α}C1 ∈ (h(k + 1) − h(k + 2), h(k ) − h(k + 1)], for some k(1) ≤ k < k(n) .
3. max{α, 1 − α}C1 ∈ (0, h(k(n) ) − h(k(n) + 1)].
Case 1. For the cost higher than

h(k(1) )−h(k(1) +1)
,
max{α,1−α}

the maximal in-degrees remain the

same and the pure cheap talk equilibrium remains pairwise stable, meaning that w.l.o.g.
g (C1 ) = g (C0 ) and W (g (C1 ), C1 ) = W (g (C0 )).
Case 2. Because the difference k(i +1) − k(i ) is either 0 or 1, there must exist i such that
k(i ) = k and k(i +1) = k + 1. The structure of the pure cheap talk equilibrium implies that
i is an even number less or equal to 2V (b ). For any C1 that satisfies max{α, 1 − α}C1 ∈

(h(k + 1) − h(k + 2), h(k ) − h(k + 1)], the maximal in-degrees are




k + 1,
0
kj = 


k ,
j

if kj ≤ k,
if kj > k.

Consider a pairwise stable equilibrium that generates the greatest welfare. It must be the
case that in the corresponding communication network g (C1 ) players {j : kj > k} receive
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messages via only soft links, in particular, assume that they receive truthful messages
from the same players as in the pure cheap talk equilibrium. Other players {j : kj ≤ k =
k(i ) } = {1, ..., 2i }∪{n− 2i , ..., n} have the new in-degrees equal to k + 1 and can receive truthful
messages through both, soft and hard links. If j ∈ {1, ..., 2i }, then the number of soft links
directed to player j in g (C1 ) is at least j − 1 + V (b ). This implies that the upper bound
on the number of costly hard links directed to j is k + 1 − (j − 1 + V (b )). Similarly, if
j ∈ {n − 2i , ..., n}, then the number of hard links directed to player j is less or equal than
k + 1 − (n − j + V (b )). Thus, the upper bound for the total cost of hard links is
i

2
h(k ) − h(k + 1) X
[k + 1 − (j − 1 + V (β ))]
2·
max{α, 1 − α}
j =1


h(k ) − h(k + 1)
i +2
= i
k + 2 − V (β ) −
.
max{α, 1 − α}
4

The additional welfare is
i

2n

2 h
X

i
h(kj ) − h(k + 1) ≥ n · i (h(k ) − h(k + 1)).

j =1

The upper bound for the cost is less than the lower bound for the additional benefit,
because




i +2
1
i +2
n ≥ 2 k + 2 − V (β ) −
≥
k + 2 − V (β ) −
,
4
max{α, 1 − α}
4
where the first inequality is satisfied due to

n
2

+ V (β ) ≥ k(n) ≥ k + 1 and 1 − i +4 2 ≤ 0. As a

result, W (g (C1 ), C1 ) ≥ W (g (C0 )).
Case 3. If max{α, 1 − α}C1 ∈ (0, h(k(n) ) − h(k(n) + 1)], then there is k ≥ k(n) such that
max{α, 1 − α}C1 ∈ (h(k + 1) − h(k + 2), h(k ) − h(k + 1)]. There are several possibilities to
consider:
1. If k(n) = n − 1, then g (C0 ) is either complete, or not. In case it is complete, the pure
cheap talk equilibrium remains pairwise stable once hard links become feasible,
thus, W (g (C1 ), C1 ) = W (g (C0 )). If g (C0 ) is incomplete, then there exists i: 1 ≤ i <
N such that
k(1) ≤ ... ≤ k(i ) < n − 1 = k(i +1) = ... = k(n) .
Consider a pairwise stable equilibrium that generates the greatest welfare when
hard links are available. Condition max{α, 1 − α}C1 ≤ h(n − 1) − h(n) insures that
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in the corresponding communication network g (C1 ) each player j ∈ N has the indegree kj0 = n − 1. Note that for the greater cost C2 =

h(n−2)−h(n−1)
,
max{α,1−α}

a pairwise

stable equilibrium that generates the greatest welfare has the same communication network, g (C2 ) = g (C1 ). Since C2 satisfies the conditions of case 2, then
W (g (C1 ), C1 ) > W (g (C2 ), C2 ) ≥ W (g (C0 )).
2. Consider k(n) ≤ n−2. Note that if the positive welfare result W (g (C1 ), C1 ) ≥ W (g (C0 ))
holds for k = n−2, then by Lemma 5 it also holds for any k > n −2. Thus, for the rest
of the proof assume that k ≤ n − 2. The in-degrees in the communication network of
any equilibrium when hard links are available become kj0 = k + 1, j ∈ N . The total
cost of hard links in the corresponding g (C1 ) does not exceed
n(k + 1)

h(k ) − h(k + 1)
,
max{α, 1 − α}

while the gain in the welfare compared to the cheap talk case is at least
n · n(h(k ) − h(k + 1)).
The lower bound for the gain is greater than the upper bound for the cost if k ≤
n max{α, 1 − α} − 1, meaning that for such C1 the welfare in any equilibrium with
hard links exceeds W (g (C0 )), in particular, W (g (C1 ), C1 ) ≥ W (g (C0 )).
Consider now n − 2 ≥ k > n max{α, 1 − α} − 1 and analyze two possibilities:
(a) If k > k(n) , then the lower bound for the additional expected total benefit is
n2 (h(k−1) −h(k + 1)) = n2 (h(k−1) −h(k )+ h(k ) −h(k + 1)) ≥ 2n2 (h(k ) −h(k + 1)),
h(k )−h(k +1)

k +1
which exceeds the upper bound for the cost n(k +1) max{α,1−α} , because max{α,1−α}
≤

2(k + 1) < 2n. This means, that any equilibrium with hard links outperforms
the cheap talk equilibrium in terms of welfare, hence, W (g (C1 ), C1 ) ≥ W (g (C0 )).
(b) If k = k(n) , then in any equilibrium with hard links each player j has the indegree of kj0 = k + 1 > n max{α, 1 − α} ≥ n2 , j ∈ N . Take a pairwise stable equilibrium that generates the greatest welfare, and consider how many links in the
corresponding communication network g (C1 ) can be soft. Player i with the
bias bi such that |bi − bj | = lb, will report truthfully via cheap talk to player j if
b≤

1
.
2l (k + 2 + α + β )
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Note that this inequality is satisfied for l = V (b ) − 1, because by the definition
of V (b ) and the fact that k = k(n) ≤ 2V (b ),
1
1
>
≥ b.
2l (k + 2 + α + β ) 2V (b )(2V (b ) + α + β )
Thus, assuming l = V (b ) − 1, each player j ∈ {1, ..., l} gets truthful messages
through soft links from j − 1 + l players 1, ..., j − 1, j + 1, ..., j + l. Similarly, each
player j ∈ {n − l, ..., n} gets at least n − j + l truthful messages through soft links.
Finally, each player j ∈ {l + 1, ..., n − l − 1} gets at least 2l truthful messages via
cheap talk. Thus, the number of hard links in g (C1 ) is bounded from above by
n(k + 1) − 2

l
X

(j − 1 + l ) − 2l (n − 2l ) = n(k + 1) + l 2 + l − 2ln,

j =1

meaning that the total cost does not exceed
h(k ) − h(k + 1)
(n(k + 1) + l 2 + l − 2ln).
max{α, 1 − α}
Since k = k(n) ≤ 2V (b ) and l = V (b ) − 1, then k + 1 ≤ 2(l + 1) and the upper
bound for the cost becomes
h(k ) − h(k + 1)
h(k ) − h(k + 1)
(2n(l + 1) + l 2 + l − 2ln) =
(2n + l 2 + l ).
max{α, 1 − α}
max{α, 1 − α}
Note that

1
max{α,1−α}

≤ 2 and l ≤

n
2

− 1, because 2l < 2V (b ) − 1 ≤ k ≤ n − 2, which

allows to write the upper bound for the cost as:
n
2(h(k ) − h(k + 1)) 2n +
−1
2


2

!
!
n
n2
+ − 1 = (h(k ) − h(k + 1))
+ 3n
2
2

The additional welfare is at least
n2 (h(k ) − h(k + 1)).
The lower bound for the extra welfare is greater than the upper bound for the
cost if n ≥ 6. Thus, W (g (C1 ), C1 ) ≥ W (g (C0 )) for n ≥ 6.
It remains to show that W (g (C1 ), C1 ) ≥ W (g (C0 )) for n = 4 and n = 5 as well, assum-
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(i) k1 = k5 = 1, k2 = k3 = k4 = 2
1

1

2

3

4

(ii) k1 = k2 = k3 = k4 = k5 = 2

5

4

3

5

2

Figure 6: Communication networks of pairwise stable pure cheap talk equilibria when n = 5 and
k = 2.

ing that
n − 2 ≥ k = k(n) > n max{α, 1 − α} − 1 ≥

n
−1
2

and
max{α, 1 − α}C1 ∈ (h(k + 1) − h(k + 2), h(k ) − h(k + 1)].
Consider, first, n = 5 and k = 2, 3. Depending on b, case k = k(n) = 2 corresponds to
pairwise stable pure cheap talk equilibria with the following in-degrees (see Figure 6):
(i) If

1
4(3+α +β )

<b≤

1
,
2(3+α +β )

then k1 = k5 = 1, k2 = k3 = k4 = 2.

(ii) If

1
4(4+α +β )

<b≤

1
,
4(3+α +β )

then k1 = k2 = k3 = k4 = k5 = 2.

When hard links become available with max{α, 1 − α}C1 ∈ (h(3) − h(4), h(2) − h(3)], the
maximal in-degrees become k10 = ... = k50 = 3. In case (i), the upper bound for the total
cost of hard links is
5 · 3 · 2(h(2) − h(3)),
which is lower than the gain in the total welfare
5 · [3(h(2) − h(3)) + 2(h(1) − h(3))],
because h(2) − h(3) < 2(h(1) − h(2)). In case (ii), soft links between the players with adjacent biases can be a part of the communication network of a pairwise stable equilibrium.
Thus, the total cost of hard links in g (C1 ) does not exceed 7 · 2(h(2) − h(3)), which, in
turn, is lower than the additional total welfare, 5 · 5(h(2) − h(3)).
Case k = k(n) = 3 corresponds to

1
4(5+α +β )

<b≤

1
4(4+α +β )

and maximal in-degrees

k1 = k5 = 2, k2 = k3 = k4 = 3 in the pure cheap talk setting (see Figure 7 for an example of
g (C0 )). When hard links become available with max{α, 1−α}C1 ∈ (h(4) −h(5), h(3) −h(4)],
the maximal in-degrees become k10 = ... = k50 = 4. Note that soft links between the players
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with adjacent biases can be a part of the communication network of a pairwise stable
equilibrium, implying that the total cost of hard links in g (C1 ) has an upper bound of
12 · 2(h(3) − h(4)), which is lower than the gain in the total welfare, 5 · [3(h(3) − h(4)) +
2(h(2) − h(4))]. Hence, W (g (C1 ), C1 ) ≥ W (g (C0 )), when n = 5.

k1 = k5 = 2

4

2

k2 = k3 = k4 = 3

3

1

5

Figure 7: Communication network of pairwise stable pure cheap talk equilibrium when n = 5
and k = 3.

Consider now n = 4 and k = 2. Depending on b, g (C0 ) can have two different structures with the following in-degrees (see Figure 8):
(i) If

1
4(3+α +β )

<b≤

1
,
2(3+α +β )

then k1 = k4 = 1, k2 = k3 = 2.

(ii) If

1
4(4+α +β )

<b≤

1
,
4(3+α +β )

then k1 = k2 = k3 = k4 = 2.
2

(ii) k1 = k2 = k3 = k4 = 2

i k1 = k4 = 1, k2 = k3 = 2
1

2

3

4

1

4

3

Figure 8: Communication network of pure cheap talk equilibrium when n = 4 and k = 2.

When hard links become available with max{α, 1−α}C1 ∈ (h(3) −h(4), h(2) −h(3)], the
maximal in-degrees become k10 = ... = k40 = 3. In case (i), the total cost of hard links has
an upper bound of 3 · 4 · 2(h(2) − h(3)), which is lower than the gain in the total welfare
4 · [2(h(2) − h(3)) + 2(h(1) − h(3))], because h(2) − h(3) < h(1) − h(2). In case (ii), soft links
between the players with adjacent biases can be a part of the communication network
of a pairwise stable equilibrium. Thus, the total cost of hard links in g (C1 ) is below
6·2(h(2) −h(3)), which, in turn, is lower than the additional total welfare, 4·4(h(2) −h(3)).
As a result, W (g (C1 ), C1 ) ≥ W (g (C0 )), when n = 4. QED.
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