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Abstract

We study competition among segmented trading venues (fast vs. slow) where

traders dynamically choose their venue. Technological improvements in the slower

venue raise trading speed, reduce differentiation, and thereby increase trading volume

and welfare, while improvements in the faster venue can have an ambiguous effect.

Speed enhancements distinctly impact traders based on their sensitivity to execution

speed: those with a high willingness to pay or a low willingness to hold benefit most,

whereas less speed-sensitive traders face relatively higher transaction fees. Venue

choice depends on fees, speeds, and taxes. For example, when the slow venue’s fee

rises, traders shift to the fast venue or exit the market depending on their sensitivity to

speed. Finally, we show that improving the fast venue’s speed increases total welfare

whenever preference shocks occur frequently enough, characterizing when a regulator

could design redistributive schemes that leave no stakeholder worse off following a

speed improvement.
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1 Introduction

In the last decade, there’s been a notable shift in trading landscapes. With significant

fragmentation and heterogeneity spanning trading venues, we’ve observed varying

market behaviors. Differences in execution speed, trading fees, and even asset prices

emerge across these venues (Pagnotta and Philippon (2018); Biais, Hombert and Weill

(2021); Chen and Duffie (2021)). As traders decide between fast and slow trading venues

over time, it’s not just about the speed but also the associated costs. With evolving

technology, how do trading fees adjust? What implications do these technological shifts

have on trading volume? Does faster invariably equate to higher welfare? This paper

studies these questions. We probe into the competition between trading venues that

strategically set their trading fees while differentiating based on technology. Our aim is

to decipher how such technological variances and strategic decisions shape disparities

across marketplaces. Our contribution is a novel model of segmented trading venues in

which venues are differentiated by execution speed, strategically compete in fees, and

traders dynamically route orders across them.

In this context, we study the dynamic interaction between traders and trading venues

using a model in which venues with different technologies compete on fees. Venues

maximize their profit from trading, which is generated by the demand of traders to

maximize their utility of holding the asset. The technology of the venue is referred to

and measured as speed. Speed is understood broadly to include not only trade execution

latency, but also convenience and reliability features such as user interfaces and data

feeds. More generally, speed captures any factor that affects the time between a trader’s

decision to trade and the execution of that trade.

In our model, investors observe random shocks to their marginal utility of holding

the asset in an infinite horizon problem where trading takes place in two venues: one

slow and one fast. An investor with high marginal holding utility is a natural buyer,

whereas those with low marginal utility are natural sellers. These diverse incentives give

rise to different speed preferences, and traders choose whether to trade in the fast or slow

market accordingly. The choice of venue is dynamic, and the traders may update their

choice at any time.

We first characterize, based on a set of endogenous cut-offs that determine the venue

choice of traders, when: (i) no trading occurs, (ii) the market is segmented, meaning both

venues are active, and (iii) traders lack a strong enough preference for speed to engage in

the fast venue. This result serves as our primary building block to examine how speed
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differentiation influences fee competition, trading volumes, and welfare — the central

focus of our study.

We first study how venue cut-offs depend on trading fees, speeds, and the tax. Several

insights emerge. If the cost of the slow venue rises, traders either move to the fast venue

or withdraw from trading altogether. Conversely, when the fast venue becomes more

expensive, some participants return to the slower option. A similar pattern arises with

changes in trading speed: speeding up a venue draws in more traders, whereas slowing

it down shifts traders to the alternative. These findings fit well with our model, where

valuations can evolve dynamically without restriction.

How does speed differentiation affect fee competition? We allow venues to strategically

set their fees, and characterize the equilibrium trading fees. In equilibrium, the slow

venue undercuts the faster venue and both venues are always active, and the market is

always segmented. Moreover, when the differentiation between the two venues decreases

(i.e. the slower venue becomes faster or the faster venue becomes slower), the trading

fees in both venues decrease, whereas when the differentiation between the two venues

increases (i.e. the slower venue becomes slower or the faster venue becomes faster),

and the trading fees in both venues increase. The intuition is simple: with more speed

differentiation, venues generate their own market and move away from the zero-fee

homogeneous case. A similar result is also found in Pagnotta and Philippon (2018), which

considers competition between venues in a subscription model.

When venues compete by transaction fees, how does speed differentiation affect

trading volume? First, a change in the transaction speed of a venue directly affects the

instantaneous trading volume in the venue. Second, it affects the fees charged by the

venues in equilibrium and, thus, the market structure itself. Both effects are positive

for the slower venue, and total trading volume is increasing in the speed of the slower

venue. However, the effect of an increase in the speed of the fast venue is ambiguous.

This is because faster trading speeds in the fast venue have two effects: a direct effect

that increases trading volume and an indirect effect that increases differentiation, which

in turn increases fees charged in equilibrium and decreases the trading volume. We

show that the direct effect of speed improvement dominates the indirect effect of higher

fees if and only if the preference shock is frequent enough (that is, the rate is over some

threshold) relative to the initial speeds of the venues and the patience of traders. Moreover,

in the special case of full competition, where the speed difference between the venues is

arbitrarily small, we fully characterize this threshold to study how it depends on other
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primitives like the venue speeds and the patience of traders. If the traders are patient

relative to the rate of the preference shock, the value created by trade is higher for the

traders, so higher fees that come with differentiation cause less distortion, and trading

volume increases due to the improvement in transaction speed. Conversely, if the traders

are impatient, then the effect of the improvement depends on the initial speed: trading

volume increases after an improvement if and only if the initial trading speed is low

enough. Thus, if both venues are already fast enough, the negative effect of competition

dominates the positive effect of the speed improvement, while we obtain the converse

when both venues are initially slow.

We further study how speed differentiation affects welfare. First, focusing on the

full competition benchmark, we study how traders’ welfare (which does not include

the venue profits) depends on the speed improvement. As speed improvement of the

faster venue creates differentiation and increases fees paid by the traders, the effect of an

improvement is ambiguous and echoes our result on the trading volume: trader welfare

increases after an improvement if and only if the initial trading speed is low enough,

emphasizing how the effect of a speed improvement on different statistics may depend

on the relative initial speed of the venues.

As the traders may get worse off following improvements, we next study how venue

improvements affect traders with different valuations. We find that speed enhancements

have a distinct impact on traders depending on their sensitivity to execution speed,

particularly highlighting those with a high willingness to pay or a low willingness to

hold. We show that traders with the most speed-sensitive (i.e., largest) valuation shocks

benefit the most from faster execution, because higher execution speed shortens the time

between a change in their private valuation and the resulting trade, reducing the expected

cost of remaining in a suboptimal position.

Finally, we analyze the effect of speed improvement on total welfare, including venue

profits. Total welfare increases whenever preference shocks occur frequently enough.

The intuition is as follows: when traders’ preferences shift frequently, the asset is more

often held by lower-valuation traders, creating more high-value buyers and low-value

sellers, who tend to use the faster venue. Consequently, improving the fast venue’s

speed enhances reallocation efficiency, raising total welfare despite higher trading fees

and reduced participation by marginal traders. Moreover, the required preference shock

frequency converges to zero as the two venues become more similar. Therefore, unlike

trader welfare, total welfare always increases with speed improvement when the initial
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differentiation between the venues is small.

This also allows us to examine scenarios where a regulator could design a redistributive

scheme that compensates the traders following a speed improvement to ensure that no

stakeholder is worse off. Our characterization of overall welfare improvement serves

as a characterization of when such redistributive policies are feasible. Another way to

view this new result is that the feasibility of redistribution hinges on whether the speed

upgrade yields a net increase in total welfare. Since total welfare gains from faster trading

depend on how often traders need to rebalance (i.e., the frequency of preference shocks),

the potential for successful redistribution is greatest in markets where traders experience

a need to adjust their positions frequently.

Related literature. Most relevantly, our paper is part of the growing literature on compe-

tition between multiple venues. This literature has focused on different dimensions of

competition. For example, Santos and Scheinkman (2001) consider competition in margin

requirements, Parlour and Seppi (2003) model competition for order flow between ex-

changes based on liquidity provision, and Foucault and Parlour (2004) study competition

in IPO listings. In contrast to ours, these important papers are static and do not consider

technology differentiation.

Our paper is inspired by the seminal work of Pagnotta and Philippon (2018). Our

model builds on theirs along two main dimensions. First, we adopt a dynamic, transaction-

based fee structure in which traders choose venues at each trade (rather than via a one-

time subscription), so speed and cost continuously influence re-routing decisions. Second,

we employ a continuous shock in place of their binary shock, allowing us to analyze speed

sensitivity across trader types. These features introduce additional technical challenges;

however, consistent with their findings, we show that speed continues to act as a form

of product differentiation, enabling venues to soften competition and charge higher

fees. In addition, traders who value execution speed highly benefit the most from faster

transactions, as they can lock in profitable trades more quickly. Less speed-sensitive

traders benefit less and may face higher fees, reducing their overall welfare.

Another paper relevant to ours is the seminal work by Farboodi, Jarosch and Shimer

(2023), which focuses on an OTC setting where similar traders endogenously differentiate

themselves by investing in trading speed (interpreted as higher contact rates). As a result,

some become extremely fast intermediaries, extracting rents from slower traders. An

important insight from their paper is that private incentives to invest in speed exceed

socially optimal levels, leading to excessive speed and inefficient resource allocation. By
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contrast, we study multiple trading venues that clear separately—such as competing elec-

tronic exchanges/ATSs or, more generally, competing execution services (e.g., standard

versus premium low-latency access packages)—leading to market fragmentation rather

than a unified network.

Our framework is related to the competitive (directed) search literature, in which

agents choose among submarkets that offer different trading terms and matching prospects.

In particular, Lester, Rocheteau and Weill (2015) study competition across trading op-

portunities in an OTC setting through a competitive-search lens. Like these models,

our environment features directed choice across venues: upon a taste shock, traders select

where to trade as a function of the venue’s trading conditions. In this sense, our paper

is complementary to competitive-search models. We retain the key selection force—

directed choice across trading opportunities—but emphasize a different primitive friction

(execution speed/latency rather than congestion-based meeting rates) and a different

strategic margin (fee competition across venues differentiated by speed). This focus

enables characterizations of segmentation regimes, fee equilibria, and welfare effects of

speed improvements in fast versus slow venues, which are the central objects of interest

in the paper.

The dynamic trading framework of our paper is related to the literature of the

integrated (equity) markets (e.g., Kyle (1985a,b); Back (1992); Wang (1994); Back, Cao

and Willard (2000)). Similar to these works we also present a fully dynamic trading

model, however, in sharp contrast to these papers, we instead focus on impacts of having

multiple venues with different technologies on competition, trading volume, transaction

fees and welfare.

Finally, our paper is related to the literature on market fragmentation. This literature

is vast (see, e.g., Mendelson (1987); Pagano (1989); Malamud and Rostek (2017); Chen

and Duffie (2021); Biais, Hombert and Weill (2021)).1 For example, Mendelson (1987)

studied the tradeoff between market consolidation and fragmentation. Malamud and

Rostek (2017) and Chen and Duffie (2021) assume each exchange operates a double

auction and focus on welfare and allocative efficiency, respectively. Biais, Hombert and

Weill (2021) obtain endogenous segmentation of asset markets with heterogeneous agents

in a dynamic exchange economy. By contrast, we present a microstructure model of

competition in segmented markets in which investors may dynamically (over time) choose

between vendors with different technologies.2

1See Rostek and Yoon (2020) for an excellent review on market fragmentation.
2In addition, our work is also related to the search in OTC market and high-frequency trading literature.
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Institutional context and policy implications. Our model is intended as a reduced-

form representation of competition among electronic trading venues (or, more generally,

execution services) that differ in effective execution speed and in the all-in cost of trading.

In modern equity markets, for example, explicit per-share trading fees are small, yet

exchanges earn economically meaningful revenues from products that provide speed

advantages, such as co-location, proprietary data feeds, and connectivity services. Budish,

Lee and Shim (2024) provide an overview of these institutional details and emphasize

that exchange monetization of speed is central to competition in the electronic era.

This institutional setting maps naturally into our primitives. We interpret σν as an

effective execution rate that captures the expected time from a trader’s decision to transact

to execution/confirmation, thereby encompassing multiple underlying determinants

of latency and execution quality (matching-engine performance, message processing,

routing, reliability, and the speed of information/connectivity). We interpret cν as the

all-in marginal cost of executing via ν, which can include explicit transaction fees as

well as, for a given participant, the per-trade equivalent of required connectivity and

market-data products.

Outline. The rest of the paper is organized as follows. Section 2 presents the model.

Section 3 analyzes traders’ optimal venue choice and trading behavior taking venue

speeds and fees as given, and characterizes the resulting two-venue trading equilibrium

and trading volume. Section 4 studies fee competition between venues given exogenous

speeds and characterizes the equilibrium fee schedule and its comparative statics. Section

5 analyzes welfare and policy implications, including how speed differentiation affects

trader welfare, venue profits, and total welfare. Section 6 concludes. Appendices contain

proofs and additional derivations and extensions.

This body of work has different focuses; for example, search and matching in large markets among
a continuum of customers (Duffie, Gârleanu and Pedersen (2005), Weill (2007), Lagos and Rocheteau
(2009)); bilateral search in OTC markets versus continuous double auctions in electronic limit order books
(Hendershott and Madhavan (2015)); dealers’ ability to contract with customers (Grossman and Miller
(1988)); discrimination based on order size (Seppi (1990)); the network of trading relationships between
insurers and dealers (Hendershott et al. (2020)); price movements in OTC markets when block orders are
large (Grossman (1992)); less competition in equity trades that are sent to dark pools (Zhu (2014)); public
information disclosure in financial markets (Amador and Weill (2010)); searching for good prices in OTC
markets with multiple dealers (Zhu (2012)); and market microstructures of liquidity demand side (e.g.,
Glosten and Milgrom (1985), Easley and O’Hara (1987), Admati and Pfleiderer (1988)). By contrast, we
consider dynamic competition in segmented markets to study trading volume, welfare, and the effect of
speed improvements.
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2 Model

We consider a continuous time model of a unit measure of traders with time-discount

factor ρ ą 0 and a long-lived indivisible asset with supply Z P (0, 1). Traders have unit

demand, and a trader who owns the asset is called an owner, whereas a trader who does

not is called a non-owner. Traders have an individual desire η P [ηl, ηh] to hold the asset,

which changes over time.

The instantaneous utility of an owner with value η is u(η), where u(ηl) = 0 and

u is continuously differentiable and strictly increasing in η. A non-owner gains zero

instantaneous utility (regardless of their desire to hold). The value η changes, indepen-

dently across the traders, at exponential inter-arrival times with rate γ. Conditional on

the arrival of a shock, the new desire to hold takes a value in [ηl, ηh] according to the

cumulative distribution function F(¨), with probability distribution function f (¨).3

At any given time, each owner decides whether to sell or keep holding the asset, and

each non-owner decides whether to buy the asset. If a trader decides to transact, she

must also decide on which venue to trade.

The two venues are indexed by ν P ts, f u and are differentiated by their transaction

speeds σν and transaction fees cν ą 0.4 The speed is modeled by letting σν represent

the rate (of the exponential random times) at which trades are executed. As the index

suggests, we assume that venue f is faster, i.e., σf ě σs and c f ą cs.5 In addition to paying

the transaction costs, traders also pay an amount θ ě 0 per trade. This cost θ differs from

the transaction fees cs and c f in that venues may strategically choose cs and c f , whereas

θ is uncontrolled and common for the two venues (c.f. Section 4). We interpret θ as an

3Because u is strictly increasing, one could equivalently normalize types by defining η̃ = u(η) and
working with the induced distribution of utility values. We keep u and F separate only to distinguish the
utility mapping from the distribution of preference shocks and to make clear how later results rely on
additional functional-form assumptions.

4Here and throughout, speed should be understood broadly as capturing latency as well as other
dimensions of execution quality, such as reliability, connectivity, and data services. We therefore view σν as
an effective execution rate associated with a venue–access package, and we interpret cν as the all-in marginal
cost of executing via ν, encompassing explicit transaction fees and (when relevant) the per-trade equivalent
of required connectivity/data services. Appendix B discusses how multiple technology dimensions can be
aggregated into an effective speed parameter.

5Note that σf ě σs is without loss of generality. If c f ą cs does not hold, then in equilibrium, there is no
demand for the slower venue. When we endogenize the transaction fees, the slower venue always chooses
a lower transaction fee in order to make positive revenue. Our continuum setup is intended for assets
with a large underlying pool of potential traders, so counterparty scarcity is not the binding determinant
of execution times. In Proposition 3 we show that with endogenous fees, equilibrium keeps both venues
active with positive order flow; thus, when the overall market is deep, it is natural to interpret σν as an
effective execution rate rather than a matching rate determined by the market depth.
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exogenous transaction cost, such as a tax charged by a regulatory body; see Appendix E

for further discussion.

Throughout the paper, we use speed sensitivity to mean how strongly a trader values

faster execution. Formally, fix a venue ν P ts, f u and consider a trader who optimally

chooses to trade on ν. If Vν
B (η) (resp. Vν

S (η)) denotes the equilibrium continuation value

of a type-η trader who chooses to buy (resp. sell) on venue ν, we define that trader’s

speed sensitivity as the marginal value of execution speed:

BVν
B (η)

Bσν
and

BVν
S (η)

Bσν
.

A trader is more speed-sensitive if this marginal value is larger (for the relevant trading side).

This definition is natural in our environment because execution on venue ν occurs after

an exponential waiting time with rate σν, while a trader’s valuation changes at rate γ and

payoffs are discounted at rate ρ.6 As we show formally in Proposition 9, among active

traders this marginal value is monotone in the valuation η: it increases with η for buyers

(higher willingness to pay) and increases as η falls for sellers (lower willingness to hold).

Hence, in this model, traders with more extreme valuations are the most speed-sensitive.

3 Analysis

3.1 Traders’ Decisions

We first characterize the behavior of traders, given the speed and transaction fees of the

venues. Let m P tno, ou denote a trader’s position, where m = no represents a non-owner

and m = o an owner. At each time t, an owner either Sells (S) or Holds (H), and a

non-owner Buys (B) or does Nothing (N). The action set of a trader is thus (H, Ss, S f )

if m = o, and (N, Bs, B f ) if m = no, where the subscripts denote the venue choice for

trading.

We focus on the stationary equilibrium and let pν denote the equilibrium asset price in

venue ν. Let Vm(η) denote the expected payoff of a trader with current trading position

m P tno, ou and desire to hold η P [ηl, ηh].

To define the problem, consider three independent, exponential times τγ, τs, and τf ,

6For example, the expected discounted weight on the execution payoff is increasing in σν:
E[e´ρt1texecution before next valuation shocku] = σν/(σν + γ+ ρ). Thus, a marginal increase in execution
speed is more valuable when the net gain from executing is larger.
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respectively denoting the arrival of a preference shock (rate γ) or the execution of a trade

on the slow or fast market (rates σs and σf ). Define

τ =

#

τγ if A = H or A = N

τγ ^ τν if A = Sν or A = Bν, for ν P ts, f u.

The optimization problem for an asset owner is then

Vo(η) = max
APtH,Ss,S f u

E

[
ż τ

0
e´ρtu(η)dt + 1tτ=τγue´ρτ

ż ηh

ηl

Vo(η
1)dF(η1)

+
ÿ

νPts, f u

1tA=Sνu1tτ=τνue´ρτ
(

Vno(η) + pν ´ cν ´ θ
)]

,
(1)

and, similarly, for a non-owner the problem is

Vno(η) = max
APtN,Bs,B f u

E

[
1tτ=τγue´ρτ

ż ηh

ηl

Vno(η
1)dF(η1)

+
ÿ

νPts, f u

1tA=Bνu1tτ=τνue´ρτ
(

Vo(η) ´ pν ´ cν ´ θ
)]

.

As there are only three available actions, we define the following auxiliary functions

for each of them, in order to write down the Hamilton–Jacobi–Bellman (HJB) equations:

ρVH(η) = u(η)
loomoon

flow gain of holding the asset

+γ

(
Eη1 [Vo(η

1)] ´ VH(η)

)
loooooooooooooomoooooooooooooon

net gain of the pref. shock

,

ρVs
S(η) = u(η) + γ

(
Eη1 [Vo(η

1)] ´ Vs
S(η)

)
+ σs

(
Vno(η) + ps ´ cs ´ θ ´ Vs

S(η)
)

looooooooooooooooooomooooooooooooooooooon

net gain of selling in the slow venue

,

ρV f
S (η) = u(η) + γ

(
Eη1 [Vo(η

1)] ´ V f
S (η)

)
+ σf

(
Vno(η) + p f ´ c f ´ θ ´ V f

S (η)
)

loooooooooooooooooooomoooooooooooooooooooon

net gain of selling in the fast venue

.

(2)

For a trader who currently owns the asset, VH(η) denotes the value of continuing holding

for the next instant, and Vν
S (η), for ν P ts, f u, denotes the value of selling the asset in

venue ν. As each equation in (2) represents (1) for a fixed action, it is natural that

Vo(η) = maxtVH(η), Vs
S(η), V f

S (η)u.
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We similarly define

ρVN(η) = γ
(

Eη1 [Vno(η
1)] ´ VN(η)

)
loooooooooooooomoooooooooooooon

net gain of the pref. shock

,

ρVs
B(η) = γ

(
Eη1 [Vno(η

1)] ´ Vs
B(η)

)
+ σs

(
Vo(η) ´ ps ´ cs ´ θ ´ Vs

B(η)
)

loooooooooooooooooomoooooooooooooooooon

net gain of buying in the slow venue

,

ρV f
B (η) = γ

(
Eη1 [Vno(η

1)] ´ V f
B (η)

)
+ σf

(
Vo(η) ´ p f ´ c f ´ θ ´ V f

B (η)
)

looooooooooooooooooomooooooooooooooooooon

net gain of buying in the fast venue

. (3)

For a trader who currently does not own the asset, VN(η) is the value of doing nothing

and Vν
S (η), for ν P ts, f u is the value of buying the asset in venue ν. Like for Vo, we have

that

Vno(η) = maxtVN(η), Vs
B(η), V f

B (η)u.

Finally, with some abuse of notation, let N, Bs, B f , H, Ss, and S f denote the sets

of agents for whom these respective actions are optimal, i.e., η P N if and only if

Vno(η) = VN; η P Bs if and only if Vno(η) = Vs
B(η), etc.

We next define the stationary equilibrium, for which we need to characterize the

stationary distribution of η of both owners and non-owners, whose densities we denote

as fo(η) and fno(η).

Definition 1. A stationary equilibrium consists of the sets N, Bs, B f , H, Ss, and S f ; prices ps

and p f ; and fo and fno such that:

• fo(η) + fno(η) = f (η)

• Traders behave optimally

• Asset market clears:
ż ηh

ηl

fo(η)dη = Z (4)

• Fast venue clears:
ż

B f

fno(η)dη =

ż

S f

fo(η)dη (5)
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• Slow venue clears:
ż

Bs

fno(η)dη =

ż

Ss

fo(η)dη (6)

We can now characterize the equilibrium. There are three main cases: no trade,

where no trader buys or sells the asset; market segmentation (fragmentation), where

both venues are active; and no segmentation, where only the slow (i.e., cheaper) venue

is active. Intuitively, the first case is obtained when the transaction fees and tax are

prohibitively high so that trading is never profitable, and the third case occurs when the

speed advantage of the fast venue is small relative to the difference in transaction fees.

In Theorem 1, we derive conditions under which each of these three cases occur and

characterize the resulting equilibria.

Let us define the following function, which parameterizes the relative advantage the

fast venue enjoys over the slow venue, as it will be useful in the theorem statement:

g(σf , σs, cs, c f , θ) =
σf (σs + γ + ρ)(c f + θ) ´ σs(σf + γ + ρ)(cs + θ)

σf ´ σs
. (7)

The function g increases whenever the fast venue becomes better for the traders (when σf

increases or c f decreases) and decreases whenever the slow venue becomes better for the

traders (when σs increases or cs decreases).

Theorem 1. For any cs ă c f , σs ă σf , θ, Z, γ, ρ, and u, the following hold.

(i) No trade. If u(ηh) ď 2(cs + θ)(γ + ρ), then there is no equilibrium at which a positive

measure of traders trade.

(ii) Market segmentation (fragmentation). If u(ηh) ą 2g(σf , σs, cs, c f , θ), then a positive

measure of traders trade in both venues. In particular, the traders’ actions (depending on

their desire to hold η) are uniquely characterized by the following intervals:

N = [ηl, η1], Bs = [η1, η2], B f = [η2, ηh],

S f = [ηl, η3], Ss = [η3, η4], H = [η4, ηh],

where the equilibrium cutoffs η1, η2, η3, and η4 satisfy ηl ă η3 ă η4 ă η1 ă η2 ă ηh
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and are uniquely pinned down by the following equations:

(1 ´ Z)F(η1) + ZF(η4) = 1 ´ Z, (8)

(1 ´ Z)F(η2) + ZF(η3) = 1 ´ Z, (9)

u(η1) ´ u(η4) = 2(γ + ρ)(cs + θ), (10)

u(η2) ´ u(η3) = 2g(σf , σs, cs, c f , θ). (11)

(iii) No segmentation. If u(ηh) ą 2(cs + θ)(γ + ρ) and u(ηh) ď 2g(σf , σs, cs, c f , θ), then

there is no segmentation and traders only trade in the slow venue. The equilibrium is

characterized by cutoffs ηl = η3 ă η4 ă η1 ă η2 = ηh, where

N = [ηl, η1], Bs = [η1, ηh], Ss = [ηl, η4], H = [η4, ηh],

and the cutoffs η1 and η4 are uniquely pinned down by

(1 ´ Z)F(η1) + ZF(η4) = 1 ´ Z, (12)

u(η1) ´ u(η4)

γ + ρ
= 2(cs + θ). (13)

η` η3 η4 η2 ηhη1

Ss

Bs

Sf

BfN

H

Figure 1: Threshold values for η in Theorem 1. The symbols S f and Ss denote types that
will sell in the fast and slow venue, respectively; B f and Bs are those who will buy in the
fast and slow venue, respectively. Types in N will not buy, and types in H will hold.

Theorem 1 characterizes the cutoffs in terms of u(ηh) and is the building block for our

analysis. Before we proceed with the analysis, we discuss the conditions that give rise to

the three main cases, starting with the first case. From Equation 2,

VH(ηh) ´ VH(ηl) =
u(ηh) ´ u(ηl)

(γ + ρ)
=

u(ηh)

(γ + ρ)
. (14)
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This quantity corresponds to the value of a transaction between traders with holding

desires ηh and ηl. Thus, u(ηh) determines the maximum value of a transaction, obtained

when a trader with the highest possible valuation ηh buys from a trader with the lowest

possible valuation ηl. Therefore, if the costs associated with the trade (which equals

2(cs + θ)) is higher than this, there is no price net of the trading costs such that the highest

type is willing to pay and the lowest type is willing to accept. Intuitively, if the slow

venue is too costly for traders with types ηh and ηl to trade, then it is also the case for all

other traders, and there is no trade in any equilibria, yielding the condition for no trade.

In addition, whenever there is trade, the slow venue is always active. The reason

behind this observation is simple: whenever a trader is indifferent between trading fast

and holding (or doing nothing), she breaks even when the trade happens. However, as

the slow venue is cheaper than the fast venue, if that trader trades in the slow venue, she

pays a lower transaction fee and, thus, strictly prefers that outcome to trading in the fast

venue or holding/doing nothing. Recall that there is positive trading in the fast venue

whenever the following condition holds:

(γ + ρ)(VH(ηh) ´ VH(ηl)) ą 2g(σf , σs, cs, c f , θ). (15)

As c f ą cs, the numerator of g(¨) is always positive and bounded away from zero, while

the denominator of g(¨) goes to zero as the speed difference between the venues vanishes.

Thus, the existence of trading in the fast venue depends on the speed advantage of the

fast venue and the difference in transaction fees. A segmented market is illustrated in

Figure 1.

When both venues are active, Equation 10 shows the trade-off between trading in the

slow venue versus no trading. Rewriting that equation, we obtain (VH(η1) ´ VH(η4))(γ +

ρ) = 2(cs + θ), which relates the value of a transaction between the closest buyer and

seller values of η for traders in the slow venue. Intuitively, the value of a transaction

between these two types must be equal to the total transaction cost in equilibrium.

Theorem 1 characterizes tηiui=1,...,4 in terms of σf , σs, c f , and cs. We suppress the

dependence of ηi(σf , σs, c f , cs) on these parameters to simplify the notation in the rest of

the paper.
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3.2 Market Structure

In this section, we discuss how the equilibrium market structure changes as a function

of the model parameters; here, the term “market structure” refers to the state of market

segmentation (i.e., one of the three cases in Theorem 1) and the corresponding cutoff

thresholds as defined in Theorem 1.

3.2.1 Illustration of the market structure
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0.0
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Sell (Fast)

Buy (Slow)

Sell (Slow)

Thresholds
Fast Venue ( 3 and 2)
Slow Venue ( 4 and 1)
No Segmentation (Slow Venue Only)

No Trade
Segmentation

Figure 2: Type thresholds η1, . . . , η4 as in Theorem 1 as a function of the tax parameter θ.
Here η is uniformly distributed on [0, 1] and the utility function u(η) = η is linear. The
other parameters are Z = 1

2 ; ρ = γ = 0.1; cs = 0.1 and σs = 1; and c f = 0.3 and σf = 10.

For an example set of parameters, the typical thresholds behave as in Figure 2, where

we plot the four thresholds as a function of the tax, θ, where ηl = 0 and ηh = 1. The

types η P [0, η3] Y [η2, 1] trade in the fast venue. In other words, when η3 ą 0 and η2 ă 1,

the market is segmented. This is the case in Figure 2 when the tax θ is less than 1
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(approximately). Once the tax is sufficiently high, the market is no longer segmented:

all traders use only the slow venue. Therefore, we obtain a “corner solution” for the

thresholds: η3 = 0 and η2 = 1, and the fast venue disappears. When the tax is even

higher, the no-trade condition in Theorem 1 is satisfied and thus no trader engages in any

trading. In Figure 2, we see that even the slow venue thresholds hit their corner solutions

(i.e., when θ ě 2.3 in the figure). Thus, the figure showcases all three cases of Theorem 1.

3.2.2 Comparative statics of the market structure

In Figure 2, we illustrated how the market structure changes as θ (the external “tax”)

increases. In general, the relevant exogenous parameters in Theorem 1 are (in addition to

θ) the transaction fees cs and c f and the speeds σs and σf . Figure 3 illustrates the type

thresholds as a function of these parameters.

The behavior of the market structure with respect to each of the parameters is intuitive.

Take, for example, the slow-venue transaction fee cs; as it increases (and holding all other

parameters constant), the slow venue becomes less attractive and the fast venue more

attractive. When cs is low enough, there is no segmentation because the fast venue is

simply too expensive compared to slow venue.

The behavior of the thresholds as the fast-venue transaction fee c f changes is also

intuitive; as c f increases, fewer types trade in the fast venue (i.e., η3 decreases and η2

increases). When the fee is sufficiently high, all traders use the slow venue and the

market no longer exhibits segmentation. In contrast to changing cs, changing c f does

not affect the cutoffs for types of traders who engage in the slow venue. This is because

the traders who are on the cutoff are actually indifferent between trading in the slow

venue versus not trading at all: the alternative option of trading in the fast venue is not

being considered since transaction fee concerns dominate speed concerns. Therefore,

these traders remain marginal even as conditions in the fast venue change. By contrast,

a change in the slow-venue fee cs affects all cutoffs involving the slow venue. It shifts

both the margin between trading in the slow versus fast venue and the margin between

trading in the slow venue versus not trading, so all slow-venue cutoffs are affected.

Finally, increasing the slow-venue speed has a similar effect as increasing the fast-

venue transaction fee in that the fast venue becomes less attractive. Interestingly, the

thresholds for marginal traders using the slow venue do not change: they care only about

the cost of trading, and not the speed, as they are indifferent. Increasing the speed of the

fast venue has the opposite effect, though we see that it exhibits diminishing returns in that

15



0.1 0.2 0.3 0.4 0.5 0.6 0.7
Slow Venue Cost (cs)

0

0.25

0.5

0.75

1

Ty
pe

 T
hr

es
ho

ld

0.3 0.35 0.4 0.45 0.5 0.55 0.6
Fast Venue Cost (cf)

0.4 0.6 0.8 1 1.2 1.4
Slow Venue Speed ( s)

0

0.25

0.5

0.75

1

Ty
pe

 T
hr

es
ho

ld

1.5 2 2.5 3
Fast Venue Speed ( f)

Thresholds
Slow Venue ( 4 and 1)
No Segmentation (Slow Venue Only)

Fast Venue ( 3 and 2)

Figure 3: Comparative statics for Theorem 1. The type thresholds (y-axis) are plotted as a
function of changing a single parameter at a time (x-axis); the parameters of interest are
the transaction fees and speed offered by the slow and fast venues. Figure 2 presents an
analogous plot for θ. As usual, the thresholds are ordered: η3 ă η4 ă η1 ă η2. Thresholds
for the fast venue are in blue, and those for the slow venue are in red.
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even an infinite speed advantage will not allow the fast venue to capture certain types of

traders.

The following proposition formally shows the comparative statics of the cut-offs with

respect to tax and trading speeds and fees in each of the venues.

Proposition 1. When both venues are active:

• An increase in cs moves traders away from the slow venue to the fast venue and no trade:

Bη1

Bcs
ą 0,

Bη2

Bcs
ă 0,

Bη4

Bcs
ă 0,

Bη3

Bcs
ą 0.

• An increase in c f moves traders away from the fast venue to the slow venue:

Bη1

Bc f
= 0,

Bη2

Bc f
ą 0,

Bη4

Bc f
= 0,

Bη3

Bc f
ă 0.

• An increase in σs moves traders away from the fast venue to the slow venue:

Bη1

Bσs
= 0,

Bη2

Bσs
ą 0,

Bη4

Bσs
= 0,

Bη3

Bσs
ă 0.

• An increase in σf moves traders away from the slow venue to the fast venue:

Bη1

Bσf
= 0,

Bη2

Bσf
ă 0,

Bη4

Bσf
= 0,

Bη3

Bσf
ą 0.

• An increase in θ moves traders from the fast venue to slow venue and from slow venue to no

trade:

Bη1

Bθ
ą 0,

Bη2

Bθ
ą 0,

Bη4

Bθ
ă 0,

Bη3

Bθ
ă 0.

3.3 Trading Volume

In this section, we characterize the trading volume for a given market structure. The

measure of traders in each venue is given by the following equations:

m f (σs, σf , cs, c f , θ) =

ż η3

ηl

fo(η)dη +

ż ηh

η2

fno(η)dη

= F(η3)
γZ

γ + σf
+ (1 ´ F(η2))

γ(1 ´ Z)
γ + σf

,
(16)
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where the first term denotes the equilibrium distribution of asset owners in [ηl, η3], who

are selling in the fast venue and the second term denotes non-owners in η2, ηh, who are

buying in the fast venue. Similarly,

ms(σs, σf , cs, c f , θ) =

ż η4

η3

fo(η)dη +

ż η2

η1

fno(η)dη

= (F(η4) ´ F(η3))
γZ

γ + σs
+ (F(η2) ´ F(η1))

γ(1 ´ Z)
γ + σs

.
(17)

where the first term denotes the equilibrium distribution of asset owners in [η3, η4], who

are selling in the slow venue and the second term denotes non-owners in η1, η2, who are

buying in the slow venue.

The trading volume in the slow and fast venues is given by TVs = σsms and TV f =

σf m f , respectively. We define the total trading volume as TV = TVs +TV f . The following

proposition shows how trading volume in venues depends on fees and speeds.7

Proposition 2. The trading volume in the fast venue is increasing in cs, σf and is decreasing in

c f , σs, θ. The trading volume in the slow venue is increasing in c f , σs and is decreasing in cs, σf .

The total trading volume is decreasing in θ.

As expected, the trading volume in a venue is increasing in the trading speed of that

venue and the transaction fee of the other venue, while it is decreasing in the trading

speed of the other venue and the transaction fee of that venue. Increasing the transaction

fee reduces the trading volume while increasing the fee charged per transaction, which is

the main trade-off for the firms when they compete on fees. In the next section, we allow

firms to compete by setting cs and c f to maximize their revenues and analyze the effect

that competition has on trading volume.

We illustrate the results of Proposition 2 in Figures 4 and 5. Figure 4 plots the trading

volumes in the two venues as the transaction fees in the venues change. The results

confirm part of the statement in the proposition. The figure also reveals that (at least for

this set of functional parameters), total trading volume decreases in the slow venue fee cs;

in other words, the increase in trading volume in the fast venue does not compensate for

the loss in the slow trading venue.

The intuition is that an increase in cs raises the overall cost of trading. This creates

two opposing forces. On the one hand, there is a substitution effect between venues:
7A full set of comparative statics of cutoffs and measures of traders is provided in the proof of Proposition

2.
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Figure 4: Trading volume in the two venues as a function of transaction fees cs and c f
with η „ Unif[0, 1] and u(η) = η. The gray regions indicate cost regimes in which only
the slow venue is active. The primary driver of the trading volume in either venue is
whether the fees exceed the threshold values needed for segmentation.
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Figure 5: Trading volume as a function of venue speed with η „ Unif[0, 1] and u(η) = η.
The gray region indicates the thresholds beyond which only the slow venue is active.

some traders move from the slow venue to the fast venue and therefore trade at a higher

execution rate, which tends to increase total volume. On the other hand, the higher

cost of trading reduces aggregate trading demand: some marginal traders stop trading

altogether. Figure 4 shows that, in this example, the latter force dominates. Thus, despite

the migration of some traders to the faster venue, the aggregate demand for trading

volume is downward sloping in trading costs, and total trading volume decreases.

The behavior is similar when we change the fast venue fee. Note, however, that after

trading in the fast venue ceases, increasing c f has no more effect on the market structure,

such that B TV /Bc f = 0 for sufficiently large c f .

The final set of figures (see Figure 5) show the effect of increasing venue speed (σs and

σf ). It agrees with the proposition that, e.g., B TVs /Bσs ą 0, and likewise for the other

partial derivatives. Note, however, that total trading volume is always increasing in the

venue speed.8 Intuitively, better technology (i.e., faster speeds) induces more trading; the

results in the next section characterize this behavior in greater detail.

8If σf is sufficiently small, then increasing σf by a small enough amount will not affect the market
structure, in which case B TVs /Bσf = B TV f /Bσf = 0.
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4 Venue Competition: Improvement versus Differentiation

We now analyze the competition between the two venues, starting with transaction fees,

and characterize the equilibrium transaction fees when venues compete against each

other for traders. This characterization forms the basis the next section, which studies

trading volume, venue profits and trader welfare under competition. The revenues of the

fast and slow venues for a specific transaction fee are given by the following expressions:

R f (σf , c f , σs, cs) = σf m f (σs, σf , cs, c f )c f (18)

Rs(σf , c f , σs, cs) = σsms(σs, σf , cs, c f )cs. (19)

For the rest of the paper, we make the following assumptions to keep the analysis

tractable.

Assumption 1. u(η) = aη.

Assumption 2. F is uniform over [0, 1].

We also make the following assumption to guarantee that the tax imposed by govern-

ment (or external party) is not so high as to prohibit trading a priori.

Assumption 3. a ą 2θ(γ + ρ).

An equilibrium is a set of fees c˚
s , c˚

f such that c˚
s P arg maxcs Rs(σf , c˚

f , σs, cs) and

c˚
f P arg maxc f R f (σf , c f , σs, c˚

s ). The following proposition characterizes the equilibrium

fees of two competing venues.

Proposition 3. There exists a unique equilibrium. The fees in the fast and slow markets are given

by

c˚
f (σf , σs) = (a ´ 2θ(γ + ρ))

σf ´ σs

(4σf ´ σs)(γ + ρ) + 3σf σs
, (20)

c˚
s (σf , σs) =

c˚
f

2
. (21)

Proposition 3 characterizes how the venues compete to attract traders. The slower

venue always undercuts the fast venue, as otherwise no trader would choose it and the

venue would make zero revenue. The slow venue attracts speed-insensitive traders, while

the fast venue sets a higher transaction fee and attracts speed-sensitive traders. More
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precisely, for any fixed set of exogenous parameters Z, γ, ρ, and θ, the fees c˚
s and c˚

f

induced by any pair of speeds 0 ă σs ă σf will lead to a segmented market. In other

words, the segmentation condition in Theorem 1 is satisfied a posteriori when the costs

are optimally chosen given the other parameters. This captures the obvious fact that

when costs are endogenous, the venues would never set uncompetitive fees—hence, both

venues are active.

Corollary 1. Fix parameters Z P (0, 1), γ ą 0, ρ ą 0, and θ ě 0. For any pairs of venue speeds

satisfying 0 ă σs ă σf , the segmentation condition a ą 2g(σf , σs, c˚
s , c˚

f , θ) is satisfied, where c˚
s

and c˚
f are given by Proposition 3.

Moreover, as the differentiation between the venues becomes smaller, the competition

between them disappears.

Corollary 2. lim|σs´σf |Ñ0 c˚
s (σf , σs) = lim|σs´σf |Ñ0 c˚

f (σf , σs) = 0.

The following proposition shows how competition is affected by the speed of each

venue.

Proposition 4. Transaction fees c˚
s and c˚

f are increasing in σf and decreasing in σs.

These results show the importance of differentiation. When the fast venue becomes

faster, the level of differentiation between the venues increases and the effect of com-

petition decreases. This results in higher fees across venues. Conversely, when the

slow venue becomes faster, the differentiation between the venues decreases and the

effect of competition increases, which results in lower fees. As σs Ñ σf , i.e., the venues

become similar, the effect of Bertrand competition drives down the transaction fees; hence,

revenues go to zero.

The results above are illustrated in Figure 6, where c˚
s and c˚

f are plotted as functions

of σs and σf . The left panel fixes σs = 1 and lets σf become large to visualize the behavior

as σf Ñ 8, while the right panel highlights that fees are driven to zero as σs approaches

σf , as in Proposition 3. Moreover, the function c˚
f (and hence c˚

s ) is concave in σf , so

increasing σf has diminishing effects on the optimal fee The intuitive explanation is that

σf itself has diminishing effects on the market structure as σf Ñ 8, giving us

lim
σf Ñ8

c˚
f (σf , σs = 1) =

a ´ 2θ(γ + ρ)

4(γ + ρ) + 3
. (22)

For the same reason, fees are convex (decreasing) in the slow venue speed σs.
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Figure 6: Optimal transaction fees (cost) as a function of venue speeds.

Another interesting implication is that traders with different valuations are affected

differently by the changes in speeds. For example, an increase in σs reduces the transaction

fees, making everyone better off. On the other hand, an increase in σf increases the

transaction fees and makes everyone except the traders with the most extreme valuations

worse off. We return to this heterogeneous effect formally in Proposition 9.

5 Trading Volume and Welfare under Competition

This section analyzes the equilibrium trading volume and different measures of welfare

when the venues compete in setting prices. We assume θ = 0 to abstract away from the

effect of the tax and normalize a = 1 for notational simplicity. Appendix E discusses the

interpretation of θ ą 0 and the corresponding welfare accounting, and studies how a

nonzero transaction wedge affects fee incidence and redistribution in the full-competition

benchmark.

5.1 Trading Volume

We now analyze the effect of speed on trading volume. The next proposition shows the

effect of the speed of the slow venue.

Proposition 5. The trading volume in both venues is increasing in σs.

To see why a higher slow venue speed σs raises trading volume in both venues, recall

that TVs = σsms and TV f = σf m f . A marginal increase in σs has a direct positive effect on

TVs by raising the slow venue transaction rate holding fixed the set of slow venue traders
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(the improvement channel). At the same time, a higher σs reduces differentiation and

intensifies fee competition, so both equilibrium fees c˚
s and c˚

f fall. Lower c˚
s raises slow

venue volume by attracting additional traders into the slow venue, while the induced

fall in c˚
f works in the opposite direction for the slow venue by drawing some marginal

traders toward the fast venue. Proposition 5 shows that, in equilibrium, the two positive

forces for the slow venue (higher σs and lower c˚
s ) dominate the negative cross effect from

the lower c˚
f . For the fast venue, there is no direct speed effect because σf is fixed, so

the entire response comes from changes in participation: the higher σs and the lower c˚
s

both tend to reduce fast venue volume by making the slow venue more attractive, but the

reduction in the fast fee c˚
f expands fast venue participation enough to outweigh these

forces, so TV f increases as well.

Figure 7 plots the trading volumes in each venue as a function of σs. Note that

(in addition to being increasing) trading volume is a concave function of σs, such that

increasing σs has a diminishing effect.
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Figure 7: Trading volumes in both venues increase as σs increases.

In fact, the two components of the competition channel driving up the trading volume

exhibit diminishing returns. We have already seen in the right panel of Figure 6 that

increasing σ˚
s has diminishing effects on lowering costs. Moreover, Figure 8 shows that

the impact of competition—namely, inducing former nontraders to trade in the slow

venue and formerly slow venue traders to trade in the fast venue—is also diminishing.

The diminishing effect is captured by the thresholds η1, . . . , η4 being concave; η3 and η4

24



are decreasing, while η1 and η2 are increasing. Recall that exogeneously, σs has no effect

on slow-venue thresholds η1 and η4 (see Figure 3); it is the effect of σs on cs and c f that

induces the change in market structure.
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Figure 8: Increasing σs has a diminishing impact on type thresholds.

The effect of speed in the fast venue is more complicated. On the one hand, a

speed improvement in the fast venue increases the transaction rate in the fast venue,

which increases trading volume. However, such a speed improvement also increases

differentiation, thus increasing the transaction fees charged in equilibrium. Increased

transaction fees reduce the incentives of traders to pay the fee and execute a trade, which

reduces trading volume. Thus, the improvement and differentiation channels are working

in opposite directions.

In general, the effect of σf on trading volume is ambiguous. However, it turns out that

the effect of speed improvement channel dominates the transaction fee channel whenever

the preference shocks are frequent, that is, γ is higher than a cut-off.

Proposition 6. There exists γ̃(σf , σs, ρ) ą 0 such that BTV
Bσf

ą 0 if and only if γ ą γ̃(σf , σs, ρ).

To gain more intuition about the interaction between the preference shock, traders’

patience and trading speeds, we consider an instructive special case which we call the full

competition benchmark. We compare the trading volume when there is no differentiaton

(σs = σf = σ) and when the fast venue exhibits a local speed improvement (σs = σ and

σf = σ + ϵ, for small ϵ ą 0).
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Proposition 7. Let σs = σ and σf = σ + ϵ, with ϵ ą 0. Then limϵÑ0
BTV
Bϵ has the sign of

γ2 + γσ + ρ(γ ´ σ). In particular,

• If γ ě ρ, then limϵÑ0
BTV
Bϵ ą 0,

• If γ ă ρ, then limϵÑ0
BTV
Bϵ ą 0 if and only if σ ă

γ(ρ+γ)
ρ´γ .

This proposition clarifies the trade-off between the improvement and differentiation

channels. A local increase in the fast venue’s speed raises the rate at which traders

can execute (the improvement channel), but it also increases speed differentiation and

therefore raises equilibrium fees in both venues (the differentiation channel). In the

full-competition benchmark, the improvement channel dominates whenever γ ě ρ, so

that a marginal speed improvement increases total trading volume. When γ ă ρ, the sign

additionally depends on the initial common speed σ: trading volume increases if and

only if σ ă σ̄(ρ, γ) ”
γ(ρ+γ)

ρ´γ , and it decreases for σ ą σ̄(ρ, γ).

Intuitively, when traders are patient (low ρ) and/or preference shocks are frequent

(high γ), the gains from executing a trade are large, so the higher fees induced by

differentiation are relatively less distortionary and traders continue to trade; accordingly,

total volume rises (and venues can extract more fee revenue). By contrast, when traders

are impatient and preference shocks are infrequent (γ ă ρ), marginal speed improvements

matter only when venues are initially slow. As the initial speed σ increases (that is, when

venues are already fast), the incremental benefit from a further local speed improvement

becomes small, and the higher fees associated with greater differentiation can dominate,

reducing trading volume.

Moreover, the condition σ ă σ̄(ρ, γ) is easier to satisfy when preference shocks are

more frequent and traders are more patient, echoing the intuition for the first condition.9

Therefore, for a given initial speed σ, introducing speed differentiation (a local increase

in σf relative to σs) increases trading volume when γ is high and ρ is low.10

5.2 Welfare Analysis

Because the financial transactions in this model preserve the financial value in the system,

they are purely distributional and do not affect total welfare. More precisely, from

9To see this, observe that Bσ̄/Bγ = ρ2´γ2+2ργ

(γ´ρ)2 ą 0 for ρ ą γ, and Bσ̄/Bρ = ´
2γ2

(γ´ρ)2 ă 0.
10We endogenize the speed in Appendix C.
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Theorem 1 we can characterize the venue welfare, which is equal to the total trading fees

Wvenue =

ż η3

ηl

σf c f fo(η)dη +

ż ηh

η2

σf c f fno(η)dη +

ż η4

η3

σscs fo(η)dη +

ż η2

η1

σscs fno(η)dη

= c f TV f +cs TVs = R f + Rs,

and the trader welfare, which is the value of holding the asset minus fees

Wtrader =

ż 1

0
aη fo(η)dη ´

ż η3

ηl

σf c f fo(η)dη ´

ż ηh

η2

σf c f fno(η)dη

´

ż η4

η3

σscs fo(η)dη ´

ż η2

η1

σscs fno(η)dη

=

ż 1

0
aη fo(η)dη ´ Wvenue.

Therefore, the total (equally weighted) welfare becomes

W = Wtrader + Wvenue

=

ż 1

0
aη fo(η)dη.

We will now examine how differentiation affects welfare.

Trader Welfare. Differentiation affects trader welfare through two main channels. First,

higher trading speed in the fast venue allows traders in the fast venue to buy/sell the

asset quicker, which increases their payoffs. Second, higher differentiation causes higher

fees in both venues, which decreases the trader welfare. Therefore, the general effect

of this improvement is ambiguous and hard to characterize. However, for the case of

full competition, we characterize when this effect is positive, and how it depends on the

patience of traders and the rate of the preference shocks.

Proposition 8. Let σs = σ and σf = σ + ϵ, with ϵ ą 0. Then limϵÑ0
BWtrader

Bϵ ą 0 if and only if

σ ă 4ρ ´ γ.

The intuition behind Proposition 8 is similar to the one behind Proposition 7. The

importance of a local speed improvement is decreasing in the initial speed of the venues

and such an improvement increases trader welfare if and only if the venues are initially

slow enough.
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However, the effect the preference shock and the discount factor has on the threshold

is the opposite. In Proposition 7, we showed that trading volume increases with speed

differentiation when traders are patient and the preference shock is frequent. In such

cases, the venues can extract more fees from the traders both due to increasing trading

volume and the higher fees that come with differentiation. This lowers trader welfare.

Conversely, in the opposite cases with impatient traders and infrequent preference shocks,

the venues cannot extract those rents, and a speed increase cause an increase in trader

welfare.

0.0 0.5 1.0 1.5 2.0 2.5
0.0

0.5

1.0

1.5

2.0

2.5

TV, TW increasesTV decreases, 
 TW increases

TV,TW
decreases

TV increases, TW decreases

Figure 9: Behavior of trading volume (TV) and trader welfare (TW) as a function of γ
(x-axis) and ρ (y-axis) under full competition and a local increase in trading speeds. We
set σ = 1.

Propositions 7 and 8 show how the effect of a local speed increase on trading volume

and trader welfare depends on the initial speed, discount factor and rate of preference

shock. In Figure 9, we plot the regions where this effect is (i) positive for both trading

volume and trader welfare, (ii) negative for both, (iii) positive for trading volume and

negative for trader welfare and (iv) positive for trader welfare and negative for trading

volume. The red region with high values of γ and low values of ρ correspond to patient

traders and frequent preference shocks and trading volume increases while trader welfare

decreases. Conversely, in the blue region with low values of γ and high values of ρ
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correspond to impatient traders and infrequent preference shocks and we obtain the

opposite effect. In the purple region with impatient traders and frequent preference

shocks, both trading volume and trader welfare increase after an improvement in speed.

Conversely, in the white region, both values decline following such an improvement.

Moreover, the qualitative features of the figure do not depend on what value σ takes.

For each σ, the point where all four regions intersect corresponds to the γ˚(σ) and ρ˚(σ)

values that jointly solve the conditions given in Propositions 7 and 8 and (γ˚(σ), ρ˚(σ))

are increasing in σ.

Heterogeneous effects and speed sensitivity. We now examine how speed improve-

ments affect traders differently depending on their sensitivity to execution speed. Fix a

venue ν P ts, f u and consider two traders who are both active on ν on the same side of the

market. We say that trader η is more speed-sensitive than trader η̃ if a marginal increase in

execution speed on that venue raises η’s continuation value by more:

BVν
B (η)

Bσν
ą

BVν
B (η̃)

Bσν
for buyers,

BVν
S (η)

Bσν
ą

BVν
S (η̃)

Bσν
for sellers.

This notion links directly to our model primitives: because execution takes an exponential

time with rate σν, a higher σν both shortens expected delay and increases the chance of

executing before the next valuation shock (rate γ). Therefore, traders with larger gains

from completing the trade place a higher marginal value on speed. In our environment,

those gains are increasing in η for buyers and increasing as η falls for sellers. Proposition

9 below formalizes this monotonicity and implies that, among active traders in a given

venue, buyers with higher η and sellers with lower η (i.e., more extreme valuations) are

the most speed-sensitive.

Proposition 9. A speed improvement in a venue affects traders in the following ways:

• Effects on holders and non-buyers are homogeneous. For ν1 P ts, f u:

B2VH(η)

BηBσν1

= 0,
B2VN(η)

BηBσν1

= 0. (23)

• Effects on active traders depend on whether the venue they trade in is affected. Suppose that
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type η trades at venue ν:

B2Vν
S (η)

BηBσν1

=

$

’

&

’

%

0, if ν1 ‰ ν,

´ 1
(σν+γ+ρ)2 , if ν1 = ν.

B2Vν
B (η)

BηBσν1

=

$

’

&

’

%

0, if ν1 ‰ ν,
1

(σν+γ+ρ)2 , if ν1 = ν.
(24)

This result highlights an important asymmetry in the distribution of the direct benefits

of faster execution across trader types. Among buyers in a venue, the marginal benefit

of speed is increasing in η (higher willingness-to-pay buyers benefit more), whereas

among sellers, the marginal benefit of speed is decreasing in η (lower willingness-to-hold

sellers benefit more). In this sense, traders with more extreme valuations are more

speed-sensitive and gain more from an increase in execution speed.

Remark 1. Proposition 9 characterizes heterogeneity in the direct execution-speed benefit. It does

not imply that less speed-sensitive active traders fail to benefit from speed improvements in a

mechanical sense; rather, it shows they benefit less at the margin.

The potential downside arises through endogenous pricing and participation. A speed improve-

ment increases product differentiation between venues, which relaxes fee competition and raises

equilibrium fees (Proposition 3). Because transaction fees are uniform (not type-contingent), a

higher fee acts as a wedge that is disproportionately burdensome for marginal traders near the

participation cutoffs, who have the smallest gross gains from trade. Consequently, some marginal

traders may reduce participation or exit, affecting overall market participation.

Total Welfare. Finally, we analyze total welfare and its response to improvements in

transaction speed. The impact of a speed improvement on total welfare is fundamentally

tied to the rate of preference shocks, which determine how frequently traders experience

changes in their willingness to hold the asset.11

Proposition 10. The following results hold. There exists γ̂(σf , σs, ρ) ą 0 such that:

• BW
Bσf

ą 0 if and only if γ ą γ̂(σf , σs, ρ).

• limσf Ñσs γ̂(σf , σs, ρ) = 0.

The sign of BW/Bσf reflects the same two forces as in the trading-volume analysis

in Section 5.1, with the important difference that total welfare W is affected by fees only

11Appendix F extends Proposition 10 to costly speed improvements by introducing a resource cost of
speed and deriving the corresponding cost-adjusted welfare condition. As the marginal cost vanishes, this
condition reduces to the baseline threshold in Proposition 10.
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through their impact on trading decisions and hence on the allocation of the asset (fees

themselves are transfers). Increasing σf has:

(i) Improvement (speed) channel. Holding traders’ participation fixed, a higher σf

increases the execution intensity of trades routed to the fast venue. This accelerates

reallocation from low-valuation owners to high-valuation buyers, shifting the stationary

ownership distribution toward higher η and therefore increasing W.

(ii) Differentiation/fee (participation-distortion) channel. A higher σf also increases techno-

logical differentiation. Under fee competition, greater differentiation softens competitive

pressure and raises equilibrium fees in both venues. Although these fees do not enter W

directly, they reduce participation of marginal traders (or delay their trades), which slows

reallocation and can leave the asset longer in relatively low-valuation hands, thereby

reducing W.

The preference-shock rate γ governs the relative strength of these channels. When γ

is high, traders must rebalance frequently and thus place a high value on immediacy:

delaying a desired trade is particularly costly because preferences may change again soon.

As a result, trading decisions become less elastic with respect to the higher fees induced

by additional differentiation, so the participation distortion in (ii) is muted, while the

allocative-efficiency gains from faster reallocation in (i) remain. Hence, for sufficiently

large γ, the improvement channel dominates and BW/Bσf ą 0.

Finally, limσf Ñσs γ̂(σf , σs, ρ) = 0 follows because when the venues are already close

substitutes, a marginal increase in σf creates negligible additional differentiation and

thus only a negligible fee response; the participation-distortion channel vanishes in

the limit, while the improvement channel remains positive. Consequently, local speed

improvements in an almost symmetric market increase total welfare for any γ.

To contrast with our earlier full competition results for trading volume and trader

welfare, we state the following result as a corollary.

Corollary 3. Let σs = σ and σf = σ + ϵ, with ϵ ą 0. Then limϵÑ0
BW
Bϵ ą 0.

Thus, in the full-competition benchmark, a local increase in the fast venue’s speed

raises total welfare. In this sense, once venue profits are included in the welfare calculation,

the improvement channel dominates the differentiation channel. This is intuitive, since

any fees that venues extract from traders due to greater differentiation are included in

total welfare.

31



Total Welfare and Redistribution. As our previous analysis highlights, traders’ welfare

may decline following a speed improvement in the fast venue. Our characterization

of total welfare provides an additional insight in this case. Specifically, whenever total

welfare increases, there is additional surplus that can in principle be redistributed from

venues to traders. As we show formally in Appendix G, this can be done through a lump-

sum transfer that makes traders and venues both better off in the aggregate. Because

the transfer is lump sum, it does not require information on trader types and does not

distort marginal trading incentives. Appendix E complements this result by studying a

nonzero transaction wedge θ when the proceeds collected from trades are redistributed

back to traders in lump sum. In that environment, θ changes equilibrium fee incidence

and, in the full-competition benchmark, can mitigate trader losses following a speed

improvement. Unlike the lump-sum transfer in Appendix G, however, this instrument

affects equilibrium behavior. Thus, the broader implication of our results is that the

feasibility and form of redistribution are tied to whether the speed improvement generates

a net increase in total welfare. Since the total welfare gains from speed improvements

depend on the frequency of preference shocks, the scope for such redistribution is greatest

in markets where traders need to adjust their positions more frequently.

6 Conclusion

We developed a dynamic model to study strategic interactions between heterogeneous

trading venues and dynamic choices of traders when venues differ in technology (fast

vs. slow). We characterize equilibrium as a function of trading speeds and fees of the

venues and show when it exhibits segmentation. We then study the equilibrium of fee

competition among trading venues. In equilibrium, both venues are active and there is

market segmentation.

We show that the equilibrium trading fees rise when the venues are technologically

differentiated. We then study the trading volume and trader welfare. Improvements

in the slow venue’s technology are associated with greater trading volumes and trader

welfare, whereas improvements in the fast venue’s speed have an ambiguous impact

that depends on the trading speed, the rate of the preference shock, and patience of the

traders. In particular, an improvement in the fast venue’s speed has a positive effect on

trading volume and trader welfare if and only if the initial trading speeds are low relative

to the rate of the preference shock and the discount factor of the traders.
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In conclusion, our model highlights how technological differences impact trading

strategies and market welfare. From a policy perspective, this underscores the need for

regulatory considerations around technology disparities in trading venues. Policymakers

should be cognizant of the potential market segmentation and varied trader welfare

outcomes arising from technological advancement in this sector.
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Appendix

A Omitted proofs

Throughout the appendix, we use the more compact notation Vm,η for the quantity Vm(η).

Proof of Theorem 1

The proof of this result is lengthy and proceeds through the following 13 lemmas. We
organize the argument as follows. First, we show in Lemma 1 that in any equilibrium with
positive trade, selling in the slow venue leaves the seller with higher revenue than selling
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in the fast venue and that buying in the slow venue is cheaper for the buyer compared
to buying in the fast venue. Using these facts, Lemmas 2 and 3 characterize actions of
traders after a trade and show that buyers hold the asset after buying and sellers do
nothing after selling. Given these actions, Lemma 4 characterizes the value functions
after any decision (selling, holding, buying or doing nothing) by a trader. Lemmas 5, 6,
and 7 characterize the structure of traders’ venue choices using a simple cutoff structure.
Lemma 8 gives the sufficient (which we later show to be necessary) condition for no
trade in both venues, proving part (i) of Theorem 1. This condition requires the present
value of the gains from the most profitable trade (between a trader with type ηh and a
trader with type ηl) to be smaller than total fees and taxes paid by the traders for the
trade. Lemma 9 gives an analogous condition for existence of trade in the fast venue,
which simply requires the value of most profitable (thus most speed sensitive) trade to be
larger than some measure of differentiation among the venues. Lemma 10 characterizes
the equilibrium type distributions of asset owners and non-owners using inflow and
outflow equations. Using the distributions characterized in Lemma 10 and the venue
clearing conditions, in Lemma 11 we arrive at two of the four main conditions in part
(ii) of Theorem 1. Assuming both venues are active (i.e. the condition given in Lemma 9
holds), Lemma 12 finishes the the characterization of cutoffs structure when the market is
segmented. Lemma 13 then finishes the proof of part (ii) of Theorem 1 by showing the
existence and uniqueness of prices. Lastly, we prove part (iii) by using Lemmas 10 and
11 and showing the existence of prices where there is only demand for the slow venue
whenever the condition in Lemma 9 does not hold.

Lemma 1. In any equilibrium with positive trading, the following are satisfied:

1. ps ´ cs ě p f ´ c f ,

2. ps + cs ď p f + c f .

Proof. Throughout the proof, N, Bs, B f , H, Ss, S f denote the action sets used in the equilib-
rium under consideration. We also use the assumptions c f ě cs ą 0, σf ą σs, and θ ě 0.
For brevity, write

Eη1 [V1,η1 ] :=
ż ηh

ηl

Vo,η1 dF(η1) and Eη1 [V0,η1 ] :=
ż ηh

ηl

Vno,η1 dF(η1).

We first record two preliminary facts.

Claim 1. No type can be both a fast buyer and a fast seller, i.e. B f X S f = H.
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Proof. Suppose, for a contradiction, that there exists η P B f X S f . Then Vo,η = V f
S (η) and

Vno,η = V f
B (η). Adding the HJB equations for V f

S (η) and V f
B (η) gives

(ρ + γ)
(

Vo,η + Vno,η

)
= u(η) + γEη1 [V1,η1 ] + γEη1 [V0,η1 ] ´ 2σf (c f + θ).

On the other hand, adding the HJB equations for VH(η) and VN(η) yields

(ρ + γ)
(

VH(η) + VN(η)
)
= u(η) + γEη1 [V1,η1 ] + γEη1 [V0,η1 ].

Hence

Vo,η + Vno,η = VH(η) + VN(η) ´
2σf (c f + θ)

ρ + γ
ă VH(η) + VN(η),

where the strict inequality uses c f + θ ą 0. But by optimality, Vo,η ě VH(η) and Vno,η ě

VN(η), so Vo,η + Vno,η ě VH(η) + VN(η), a contradiction. Therefore B f X S f = H.

Claim 2. Let I Ď [ηl, ηh] be a nonempty open interval with F(I) ą 0. Then in any stationary
equilibrium with positive trading,

ż

I
fo(η) dη ą 0 and

ż

I
fno(η) dη ą 0.

Proof. Since 0 ă Z ă 1, both owners and nonowners are present in the economy. Prefer-
ence shocks redraw owners into I at rate γZF(I) ą 0. An owner currently in I can leave
I only through a preference shock (rate γ) or through execution of a sell order, whose
rate is at most σf . Hence the total outflow of owners from I is at most (γ + σf )

ş

I fo(η) dη.
There may also be additional inflows of owners into I due to executed buy orders, so
stationarity implies (γ + σf )

ş

I fo(η) dη ě γZF(I) ą 0, and therefore
ş

I fo(η) dη ą 0. The
proof for nonowners is identical: nonowners are redrawn into I at rate γ(1 ´ Z)F(I) ą 0,
and their total outflow from I is at most (γ + σf )

ş

I fno(η) dη.

Part 1. We show that ps ´ cs ě p f ´ c f . Assume for a contradiction that ps ´ cs ă p f ´ c f .

Suppose there exists a type η such that Vs
S(η) ě VH(η) and Vs

S(η) ě V f
S (η). Subtracting

the HJB equation for VH(η) from that for Vs
S(η) gives

(ρ + γ)
(

Vs
S(η) ´ VH(η)

)
= σs

(
Vno,η + ps ´ cs ´ θ ´ Vs

S(η)
)

.

Since Vs
S(η) ě VH(η), it follows that Vno,η + ps ´ cs ´ θ ´ Vs

S(η) ě 0. Now compare the
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HJB equations

ρVs
S(η) = u(η) + γ

(
Eη1 [V1,η1 ] ´ Vs

S(η)
)
+ σs

(
Vno,η + ps ´ cs ´ θ ´ Vs

S(η)
)

, (25)

ρV f
S (η) = u(η) + γ

(
Eη1 [V1,η1 ] ´ V f

S (η)
)
+ σf

(
Vno,η + p f ´ c f ´ θ ´ V f

S (η)
)

. (26)

Because Vs
S(η) ě V f

S (η), we have γ
(

Eη1 [V1,η1 ] ´ V f
S (η)

)
ě γ

(
Eη1 [V1,η1 ] ´ Vs

S(η)
)

. Also,

using Vs
S(η) ě V f

S (η) and ps ´ cs ă p f ´ c f , Vno,η + p f ´ c f ´ θ ´ V f
S (η) ą Vno,η + ps ´

cs ´ θ ´ Vs
S(η) ě 0. Since σf ą σs, we obtain

σf

(
Vno,η + p f ´ c f ´ θ ´ V f

S (η)
)

ą σs

(
Vno,η + ps ´ cs ´ θ ´ Vs

S(η)
)

.

Using above inequality to compare (25) and (26), it follows that V f
S (η) ą Vs

S(η), a
contradiction. Therefore no type chooses slow selling, so Ss = H.

Next, if there were a type η such that Vs
B(η) ą maxtV f

B (η), VN(η)u, then by continuity12

there would exist an open interval I containing η such that Vs
B(η

1) ą maxtV f
B (η

1), VN(η
1)u

for all η1 P I. Hence all nonowners in I choose Bs, so I Ď Bs. By Claim 2,
ş

I fno(η) dη ą 0,
and therefore

ş

Bs
fno(η) dη ą 0. But Ss = H, so

ş

Ss
fo(η) dη = 0, contradicting slow-venue

clearing. Hence no type strictly prefers buying slowly. Slow-venue clearing then implies
ş

Bs
fno(η) dη = 0. Since no type strictly prefers buying slowly, replacing Bs by N on this

null set does not affect payoffs, stationary masses, or market clearing. Thus, without loss,
we henceforth take Bs = H.

Because trading is positive and both slow-side action sets are empty, all positive trade
occurs in the fast venue. By fast-venue clearing, both B f and S f are nonempty. By Claim
1, B f X S f = H.

Take η̃ P S f . Since Bs = H and η̃ R B f , the only remaining action on the no-asset side

is N, so VN(η̃) ě V f
B (η̃). Take η̂ P B f . Then V f

B (η̂) ě VN(η̂). Since V f
B ´ VN is continuous

and the type space is an interval, there exists η˚ such that V f
B (η

˚) = VN(η
˚). Subtracting

the HJB equation for VN(η
˚) from that for V f

B (η
˚) yields Vo,η˚ ´ p f ´ c f ´ θ ´ V f

B (η
˚) = 0.

Because ps ´ cs ă p f ´ c f and cs ď c f , we have ps + cs ă p f + c f , hence Vo,η˚ ´ ps ´

12The continuity of VH in η follows directly from continuity of u(η), and VN is constant in η. The
continuity of Vs

S , V f
S , Vs

B, and V f
B then follows from continuity of u(η), Vo,η , and Vno,η . To verify continuity

of Vo,η and Vno,η in any equilibrium, let η1 = η + ϵ with ϵ ą 0. The equilibrium strategy of type η is feasible
for type η1. Since u(η1) ě u(η), type η1 can guarantee at least Vo,η when she owns the asset and at least
Vno,η when she does not. Hence Vo,η1 ě Vo,η and Vno,η1 ě Vno,η . Conversely, if type η mimics the equilibrium
strategy of type η1, then the payoff difference is bounded above by the expected difference in flow utility
from owning the asset before the next preference shock. Because u is continuous, this bound converges to
zero as ϵ Ñ 0. This gives right continuity; the same argument with ϵ ă 0 gives left continuity.
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cs ´ θ ´ V f
B (η

˚) ą 0. Now subtract the HJB equation for VN(η
˚) from that for Vs

B(η
˚):

(ρ + γ + σs)
(

Vs
B(η

˚) ´ VN(η
˚)
)
= σs

(
Vo,η˚ ´ ps ´ cs ´ θ ´ VN(η

˚)
)

ą 0.

Using V f
B (η

˚) = VN(η
˚), we get Vs

B(η
˚) ą V f

B (η
˚). By continuity, there exists an open

interval I containing η˚ such that

Vs
B(η) ą maxtV f

B (η), VN(η)u for all η P I.

Then all nonowners in I choose Bs, so I Ď Bs, and Claim 2 implies

ż

Bs

fno(η) dη ě

ż

I
fno(η) dη ą 0,

contradicting the fact that
ş

Bs
fno(η) = 0. This contradiction proves ps ´ cs ě p f ´ c f .

Part 2. We show that ps + cs ď p f + c f . Assume for a contradiction that ps + cs ą p f + c f .

Suppose there exists a type η such that Vs
B(η) ě VN(η) and Vs

B(η) ě V f
B (η). Subtracting

the HJB equation for VN(η) from that for Vs
B(η) gives

(ρ + γ)
(

Vs
B(η) ´ VN(η)

)
= σs

(
Vo,η ´ ps ´ cs ´ θ ´ Vs

B(η)
)

.

Since Vs
B(η) ě VN(η), it follows that Vo,η ´ ps ´ cs ´ θ ´ Vs

B(η) ě 0. Now compare the HJB
equations

ρVs
B(η) = γ

(
Eη1 [V0,η1 ] ´ Vs

B(η)
)
+ σs

(
Vo,η ´ ps ´ cs ´ θ ´ Vs

B(η)
)

, (27)

ρV f
B (η) = γ

(
Eη1 [V0,η1 ] ´ V f

B (η)
)
+ σf

(
Vo,η ´ p f ´ c f ´ θ ´ V f

B (η)
)

. (28)

Because Vs
B(η) ě V f

B (η), we have

γ
(

Eη1 [V0,η1 ] ´ V f
B (η)

)
ě γ

(
Eη1 [V0,η1 ] ´ Vs

B(η)
)

.

Also, using Vs
B(η) ě V f

B (η) and ps + cs ą p f + c f ,

Vo,η ´ p f ´ c f ´ θ ´ V f
B (η) ą Vo,η ´ ps ´ cs ´ θ ´ Vs

B(η) ě 0.
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Since σf ą σs, we obtain

σf

(
Vo,η ´ p f ´ c f ´ θ ´ V f

B (η)
)

ą σs

(
Vo,η ´ ps ´ cs ´ θ ´ Vs

B(η)
)

.

Using above inequality to compare (27) and (28), it follows that V f
B (η) ą Vs

B(η), a
contradiction. Therefore Bs = H.

Next, if there were a type η such that Vs
S(η) ą maxtV f

S (η), VH(η)u, then by continuity
there would exist an open interval I containing η such that Vs

S(η
1) ą maxtV f

S (η
1), VH(η

1)u

for all η1 P I. Hence all owners in I choose Ss, so I Ď Ss. By Claim 2,
ş

I fo(η) dη ą 0,
and therefore

ş

Ss
fo(η) dη ą 0. But Bs = H, so

ş

Bs
fno(η) dη = 0, contradicting slow-venue

clearing. Hence no type strictly prefers selling slowly. Slow-venue clearing then implies
ş

Ss
fo(η) dη = 0. Since no type strictly prefers selling slowly, replacing Ss by H on this

null set does not affect payoffs, stationary masses, or market clearing. Thus, without loss,
we henceforth take Ss = H.

Because trading is positive and both slow-side action sets are empty, all positive trade
occurs in the fast venue. By fast-venue clearing, both B f and S f are nonempty. By Claim
1, B f X S f = H.

Take η̃ P B f . Since Ss = H and η̃ R S f , the only remaining action on the owner side is

H, so VH(η̃) ě V f
S (η̃). Take η̂ P S f . Then V f

S (η̂) ě VH(η̂). Since V f
S ´ VH is continuous

and the type space is an interval, there exists η˚ such that V f
S (η

˚) = VH(η
˚). Subtracting

the HJB equation for VH(η
˚) from that for V f

S (η
˚) yields Vno,η˚ + p f ´ c f ´ θ ´ V f

S (η
˚) = 0.

Because ps + cs ą p f + c f and cs ď c f , we have ps ´ cs ą p f ´ c f , hence Vno,η˚ + ps ´ cs ´

θ ´ V f
S (η

˚) ą 0. Now subtract the HJB equation for VH(η
˚) from that for Vs

S(η
˚):

(ρ + γ + σs)
(

Vs
S(η

˚) ´ VH(η
˚)
)
= σs

(
Vno,η˚ + ps ´ cs ´ θ ´ VH(η

˚)
)

ą 0.

Using V f
S (η

˚) = VH(η
˚), we get Vs

S(η
˚) ą V f

S (η
˚). By continuity, there exists an open

interval I containing η˚ such that Vs
S(η) ą maxtV f

S (η), VH(η)u for all η P I. Then all
owners in I choose Ss, so I Ď Ss, and Claim 2 implies

ş

Ss
fo(η) dη ě

ş

I fo(η) dη ą 0,
contradicting the fact that

ş

Ss
fo(η) = 0. This contradiction proves ps + cs ď p f + c f .

We start by proving some lemmas:

Lemma 2. (i)Ss Ď N Y B f , (ii) S f Ď N Y Bs, (iii) Bs Ď H Y S f , (iv) B f Ď H Y Ss

Proof. To prove (i) and (iii), assume for a contradiction that there exists η P Ss X Bs. Then
Vo,η = Vs

S(η) and Vno,η = Vs
B(η). Substituting these equalities into the Bellman equations
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for Vs
S(η) and Vs

B(η) and summing gives

(γ + ρ)(Vo,η + Vno,η) = u(η) + γ
(

Eη1 [V1,η1 ] + Eη1 [V0,η1 ]
)

´ 2σs(cs + θ). (29)

From the optimality of selling slow, we have Vs
S(η) ´ VH(η) ě 0. Using the Bellman

equations for Vs
S(η) and VH(η), this implies

(σs +γ+ ρ)
(

Vs
S(η)´ VH(η)

)
= ´σs

(
u(η)+γEη1 [V1,η1 ]

)
+σs(γ+ ρ)

(
Vno,η + ps ´ cs ´ θ

)
ě 0.

Rearranging,

(γ + ρ)Vno,η ě u(η) + γEη1 [V1,η1 ] ´ (γ + ρ)(ps ´ cs ´ θ). (30)

From the optimality of buying slow, we have Vs
B(η) ´ VN(η) ě 0. Using the Bellman

equations for Vs
B(η) and VN(η), we obtain

(γ + ρ)Vo,η ě γEη1 [V0,η1 ] + (γ + ρ)(ps + cs + θ). (31)

Summing (30) and (31), we obtain

(γ + ρ)(Vo,η + Vno,η) ě u(η) + γEη1 [V1,η1 ] + γEη1 [V0,η1 ] + 2(γ + ρ)(cs + θ).

Since cs + θ ą 0, the right-hand side here is strictly larger than the right-hand side of (29),
which is a contradiction.

This proves (i) and (iii). The proof of (ii) and (iv) is identical after replacing s with f ,
provided c f + θ ą 0.

Next Lemma shows that fast sellers does nothing after selling and slow buyers hold
after buying.

Lemma 3. (i)S f X Bs = H, (ii) Ss X B f = H

Proof. To prove (i), assume for a contradiction η P S f X Bs. Then as η P Bs, we have:

Vs
B(η) ´ VN(η) ą 0

(γ + ρ)σs(V1,η ´ ps ´ cs ´ θ) + (γ + ρ)γEη1 [V0,η1 ] ´ γ(σs + γ + ρ)Eη1 [V0,η1 ] ą 0

(γ + ρ)σs(V1,η ´ ps ´ cs ´ θ) ´ σsγEη1 [V0,η1 ] ą 0
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Which implies:

(σs + γ + ρ)(V1,η ´ ps ´ cs ´ θ) ą σs(V1,η ´ ps ´ cs ´ θ) + γEη1 [V0,η1 ]

V1,η ´ ps ´ cs ´ θ ą Vs
B(η) = V0,η

V1,η ą V0,η + ps + cs + θ (32)

Which is very intuitive as the individual prefers the continuation value while holding
the asset and paying ps to the value of not holding the asset. From η P S f , we have

V f
S (η) ´ VH(η) ą 0. Similar calculations as above yield:

V1,η ă V0,η + p f ´ c f ´ θ (33)

Equations 32 and 33 imply p f ´ c f ą ps + cs + 2θ. Subtracting 2cs ´ 2θ from LHS, we
obtain p f ´ c f ą ps ´ cs which is a contradiction. Switching s with f in the above proof
proves (ii).

Following lemma is immediate given the previous ones:

Lemma 4.

V f
S (η) =

u(η) + σf (VN + p f ´ c f ´ θ) + γEη1 [V1,η1 ]

(σf + γ + ρ)

Vs
S(η) =

u(η) + σs(VN + ps ´ cs ´ θ) + γEη1 [V1,η1 ]

(σs + γ + ρ)

V f
B (η) =

σf (VH(η) ´ p f ´ c f ´ θ) + γEη1 [V0,η1 ]

(σf + γ + ρ)

Vs
B(η) =

σs(VH(η) ´ ps ´ cs ´ θ) + γEη1 [V0,η1 ]

(σs + γ + ρ)

VH(η) =
u(η) + γEη1 [Vo,η1 ]

γ + ρ

VN =
γEη1 [Vno,η1 ]

γ + ρ
.

(34)

The following lemma helps us prove the structure of the speed choices:

Lemma 5. BVo,η
Bη ą 0 and BVno,η

Bη ě 0

Proof. As VN does not depend on η, we have BVN
Bη = 0. Moreover, by the Bellman equation
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for VH(η),

(ρ + γ)VH(η) = u(η) + γ

ż ηh

ηl

Vo,η1 dF(η1),

and the second term does not depend on the current type η. Since u(η) is strictly
increasing and differentiable, it follows that VH(η) is strictly increasing, and hence
BVH(η)

Bη ą 0.

Moreover, by Lemma 4, both Vs
B(η) and V f

B (η) are strictly increasing in η, since in
those expressions the only term that depends on η is VH(η), and it enters with a positive
coefficient.

Next, assume η P Bs. Take any η1 ą η. We have:

Vno,η1 ě Vs
B(η

1) ą Vs
B(η) = Vno,η,

where the first inequality follows from the optimality of Vno,η1 , the second follows from
the strict monotonicity of Vs

B(η), and the third equality follows from η P Bs. Similarly,
assume η P B f . Take any η1 ą η. Then

Vno,η1 ě V f
B (η

1) ą V f
B (η) = Vno,η,

where the first inequality follows from the optimality of Vno,η1 , the second follows from

the strict monotonicity of V f
B (η), and the third equality follows from η P B f .

Finally, if η P N, then Vno,η = VN, and for any η1 ą η,

Vno,η1 ě VN = Vno,η.

Hence BVno,η
Bη ě 0, which proves the second claim.

Given this, it is immediate from Lemma 4 that Vs
S(η) and V f

S (η) are strictly increasing
in η as u(η) is strictly increasing. Together with the strict monotonicity of VH(η), this
implies that Vo,η , which is their maximum, is strictly increasing: BVo,η

Bη ą 0. This proves the
first claim.

Lemma 6. There exist cutoffs η1, η2 P [ηl, ηh], with η1 ď η2, such that, up to the assignment of
the cutoff types η1 and η2,

N = [ηl, η1], Bs = [η1, η2], B f = [η2, ηh].
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In particular, these sets may be empty or degenerate.

Proof. Notice that given Lemma 5, the differences: V f
B (η) ´ Vs

B(η), Vs
B(η) ´ VN(η) and

V f
B (η) ´ VN(η) are all strictly increasing in η.

If B f ‰ H, let η2 = inf B f . For any η P B f , we have V f
B (η) ě Vs

B(η) and V f
B (η) ě VN(η).

Since the above differences are strictly increasing in η, it follows that if η1 ą η, then
V f

B (η
1) ą Vs

B(η
1) and V f

B (η
1) ą VN(η

1). Hence η1 P B f . Now let η̃ ą η2. By definition
of η2 = inf B f , there exists η P B f such that η ă η̃. Therefore η̃ P B f . Thus, up to the
assignment of cutoff type η2, B f = [η2, ηh].

If N ‰ H, let η1 = sup N. For any η P N, we have VN(η) ě Vs
B(η) and VN(η) ě V f

B (η).
Since the above differences are strictly increasing in η, it follows that if η1 ă η, then
VN(η

1) ą Vs
B(η

1) and VN(η
1) ą V f

B (η
1). Hence η1 P N. Now let η̃ ă η1. By definition

of η1 = sup N, there exists η P N such that η̃ ă η. Therefore η̃ P N. Thus, up to the
assignment of cutoff type η1, N = [ηl, η1].

If N = H, set η1 = ηl. If B f = H, set η2 = ηh.
We next claim that η1 ď η2. Suppose not. Then there exists η̂ P (η2, η1). Since η̂ ă η1,

the characterization of N above implies η̂ P N. Since η̂ ą η2, the characterization of B f

above implies η̂ P B f . This is impossible. Hence η1 ď η2.
Now let η̂ P (η1, η2). Then η̂ R N and η̂ R B f . Since every type belongs to one of

the sets N, Bs, and B f , it follows that η̂ P Bs. Conversely, if η̂ ă η1, then η̂ P N, and if
η̂ ą η2, then η̂ P B f . Therefore, up to the assignment of the cutoff types η1 and η2, we
have Bs = [η1, η2].

Lemma 7. There exist cutoffs η3, η4 P [ηl, ηh], with η3 ď η4, such that, up to the assignment of
the cutoff types η3 and η4,

S f = [ηl, η3], Ss = [η3, η4], H = [η4, ηh].

In particular, these sets may be empty or degenerate.

Proof. Notice that given Lemma 5, the differences VH(η) ´ Vs
S(η), VH(η) ´ V f

S (η), and
Vs

S(η) ´ V f
S (η) are all strictly increasing in η.

If H ‰ H, let η4 = inf H. For any η P H, we have VH(η) ě Vs
S(η) and VH(η) ě V f

S (η).
Since the above differences are strictly increasing in η, it follows that if η1 ą η, then
VH(η

1) ą Vs
S(η

1) and VH(η
1) ą V f

S (η
1). Hence η1 P H. Now let η̃ ą η4. By definition

of η4 = inf H, there exists η P H such that η ă η̃. Therefore η̃ P H. Thus, up to the
assignment of cutoff type η4, H = [η4, ηh].
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If S f ‰ H, let η3 = sup S f . For any η P S f , we have V f
S (η) ě VH(η) and V f

S (η) ě Vs
S(η).

Since the above differences are strictly increasing in η, it follows that if η1 ă η, then
V f

S (η
1) ą VH(η

1) and V f
S (η

1) ą Vs
S(η

1). Hence η1 P S f . Now let η̃ ă η3. By definition
of η3 = sup S f , there exists η P S f such that η̃ ă η. Therefore η̃ P S f . Thus, up to the
assignment of cutoff type η3, S f = [ηl, η3].

If S f = H, set η3 = ηl. If H = H, set η4 = ηh.
We next claim that η3 ď η4. Suppose not. Then there exists η̂ P (η4, η3). Since η̂ ă η3,

the characterization of S f above implies η̂ P S f . Since η̂ ą η4, the characterization of H
above implies η̂ P H. This is impossible. Hence η3 ď η4.

Now let η̂ P (η3, η4). Then η̂ R S f and η̂ R H. Since every type belongs to one of
the sets S f , Ss, and H, it follows that η̂ P Ss. Conversely, if η̂ ă η3, then η̂ P S f , and if
η̂ ą η4, then η̂ P H. Therefore, up to the assignment of the cutoff types η3 and η4, we
have Ss = [η3, η4].

The structure follows from Lemmas 6 and 7. The fact that η1 ă η4 follows from
S f X Bs = H and Ss X Bs = H.

Following lemma proves part (i) of the proposition:

Lemma 8. If u(ηh) ď 2(cs + θ)(γ + ρ), then there is no equilibrium at which a positive measure
of traders trade.

Proof. Suppose, for contradiction, that there is an equilibrium with a positive measure of
traders who trade. By Lemma 1, in any equilibrium with positive trade we have

ps ´ cs ě p f ´ c f and ps + cs ď p f + c f .

Hence the slow venue gives sellers weakly higher net proceeds and buyers weakly lower
all-in cost than the fast venue.

Because a positive measure of traders trade, there must exist a buyer type and a seller
type who strictly prefer trading to not trading. Otherwise, all traders who trade would be
indifferent, but by continuity and the strict monotonicity from Lemma 5, this can happen
only at cutoff types and hence on a null set.

Thus, there exist types ηb and ηs such that either Vs
B(ηb) ą VN or V f

B (ηb) ą VN, and
either Vs

S(ηs) ą VH(ηs) or V f
S (ηs) ą VH(ηs). We claim that this implies: Vs

B(ηb) ą VN and
Vs

S(ηs) ą VH(ηs).
For buyers, there is nothing to prove if already Vs

B(ηb) ą VN . Otherwise, V f
B (ηb) ą VN .

45



Subtracting the HJB equation for VN from that for V f
B (ηb) gives

(ρ + γ + σf )
(

V f
B (ηb) ´ VN

)
= σf

(
Vo,ηb ´ p f ´ c f ´ θ ´ VN

)
ą 0.

Hence Vo,ηb ´ p f ´ c f ´ θ ´ VN ą 0. By Lemma 1, ps + cs ď p f + c f , so Vo,ηb ´ ps ´ cs ´

θ ´ VN ě Vo,ηb ´ p f ´ c f ´ θ ´ VN ą 0. Subtracting the HJB equation for VN from that for
Vs

B(ηb) then yields

(ρ + γ + σs)
(

Vs
B(ηb) ´ VN

)
= σs

(
Vo,ηb ´ ps ´ cs ´ θ ´ VN

)
ą 0,

so Vs
B(ηb) ą VN.

The argument for sellers is analogous. If already Vs
S(ηs) ą VH(ηs), there is nothing to

prove. Otherwise, V f
S (ηs) ą VH(ηs). Subtracting the HJB equation for VH(ηs) from that

for V f
S (ηs) gives

(ρ + γ + σf )
(

V f
S (ηs) ´ VH(ηs)

)
= σf

(
Vno,ηs + p f ´ c f ´ θ ´ VH(ηs)

)
ą 0.

Hence Vno,ηs + p f ´ c f ´ θ ´ VH(ηs) ą 0. By Lemma 1, ps ´ cs ě p f ´ c f , so Vno,ηs + ps ´

cs ´ θ ´ VH(ηs) ě Vno,ηs + p f ´ c f ´ θ ´ VH(ηs) ą 0.
Subtracting the HJB equation for VH(ηs) from that for Vs

S(ηs) yields

(ρ + γ + σs)
(

Vs
S(ηs) ´ VH(ηs)

)
= σs

(
Vno,ηs + ps ´ cs ´ θ ´ VH(ηs)

)
ą 0,

so Vs
S(ηs) ą VH(ηs).

By Lemma 5, Vs
B(η) ´ VN is strictly increasing in η, and Vs

S(η) ´ VH(η) is strictly
decreasing in η. Therefore, Vs

B(ηh) ą VN and Vs
S(ηl) ą VH(ηl). Therefore, the following

two conditions are necessary for trade in any such equilibrium: Vs
B(ηh) ą VN and

Vs
S(ηl) ą VH(ηl). By the earlier cutoff lemmas, the highest type holds the asset and the

lowest type does nothing, so Vo,ηh = VH(ηh) and Vno,ηl = VN. From Vs
B(ηh) ą VN:

σs(Vo,ηh ´ ps ´ cs ´ θ) + γEη1 [V0,η1 ]

(σs + γ + ρ)
ą

γEη1 [V0,η1 ]

(γ + ρ)

which reduces to (γ + ρ)σs(Vo,ηh ´ ps ´ cs ´ θ) ą σsγEη1 [V0,η1 ]. Hence,

(γ + ρ)(VH(ηh) ´ ps ´ cs ´ θ) ą (γ + ρ)VN. (35)
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From Vs
S(ηl) ą VH(ηl), using u(ηl) = 0:

σs(Vno,ηl + ps ´ cs ´ θ) + γEη1 [V1,η1 ]

(σs + γ + ρ)
ą

γEη1 [V1,η1 ]

(γ + ρ)

Hence

(γ + ρ)(VN + ps ´ cs ´ θ) ą (γ + ρ)VH(ηl). (36)

Summing 35 and 36, we obtain

VH(ηh) + VN ´ 2(cs + θ) ą VN + VH(ηl),

VH(ηh) ´ VH(ηl) ą 2(cs + θ),

u(ηh) ´ u(ηl)

(γ + ρ)
ą 2(cs + θ).

Using u(ηl) = 0, this becomes u(ηh) ą 2(cs + θ)(γ + ρ). Taking the contrapositive proves
the lemma.

Following lemma characterizes the condition under which fast venue is active in any
equilibrium:

Lemma 9. There is positive trade in fast venue only if

u(ηh) ą 2
σf (σs + γ + ρ)(c f + θ) ´ σs(σf + γ + ρ)(cs + θ)

σf ´ σs
.

Proof. By Lemmas 6 and 7, if there is positive trade in the fast venue, then the fast-venue
selling and buying sets are both nonempty. Hence necessarily

Vs
S(ηl) ă V f

S (ηl) and Vs
B(ηh) ă V f

B (ηh).

As u(ηl) = 0, the first inequality is equivalent to:

σs(VN + ps ´ cs ´ θ) + γEη1 [V1,η1 ]

(σs + γ + ρ)
ă

σf (VN + p f ´ c f ´ θ) + γEη1 [V1,η1 ]

(σf + γ + ρ)

After some algebra, we obtain:

VN ´ VH(ηl) ą ´
σf (σs + γ + ρ)(p f ´ c f ´ θ) ´ σs(σf + γ + ρ)(ps ´ cs ´ θ)

(σf ´ σs)(γ + ρ)
(37)
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The second necessary inequality, Vs
B(ηh) ă V f

B (ηh), yields:

VH(ηh) ´ VN ą
σf (σs + γ + ρ)(p f + c f + θ) ´ σs(σf + γ + ρ)(ps + cs + θ)

(σf ´ σs)(γ + ρ)
(38)

Summing equations 37 and 38, we obtain:

u(ηh) ą 2
σf (σs + γ + ρ)(c f + θ) ´ σs(σf + γ + ρ)(cs + θ)

σf ´ σs

This proves the stated necessary condition.

First, we find the distributions for fo and fno (we leave the values undefined at the
cutoffs tηiui=1,...,4 as values in individual points do not matter):

Lemma 10.

fno(η) =

$

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

%

f (η)
σf +(1´Z)γ

σf +γ if η P (ηl, η3)

f (η)σs+(1´Z)γ
σs+γ if η P (η3, η4)

f (η)(1 ´ Z) if η P (η4, η1)

f (η) (1´Z)γ
σs+γ if η P (η1, η2)

f (η) (1´Z)γ
σf +γ if η P (η2, ηh)

, fo(η) =

$

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

%

f (η) Zγ
σf +γ if η P (ηl, η3)

f (η) Zγ
σs+γ if η P (η3, η4)

f (η)Z if η P (η4, η1)

f (η)γZ+σs
σs+γ if η P (η1, η2)

f (η)
γZ+σf
σf +γ if η P (η2, ηh)

Proof. Let η P (ηl, η3). The outflow of asset owners with valuation η is γ fo(η) + σf fo(η),
while the inflow is γZ f (η), hence we have:

γ fo(η) + σf fo(η) = γZ f (η) ùñ fo(η) =
γZ

σf + γ
f (η)

As fo(η) + fno(η) = f (η), we have:

fno(η) =
σf + (1 ´ Z)γ

σf + γ
f (η)

Let η P (η3, η4). Inflow-outflow balance requires:

γ fo(η) + σs fo(η) = γZ f (η) ùñ fo(η) =
γZ

σs + γ
f (η)
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As fo(η) + fno(η) = f (η), we have: fno(η) =
σs+(1´Z)γ

σs+γ f (η).
Let η P (η4, η1). Inflow outflow balance for owners with valuation η requires: γ fo(η) =

γZ f (η) ùñ fo(η) = Z f (η). Hence fno(η) = (1 ´ Z) f (η).
Let η P (η1, η2). Inflow-outflow balance requires:

γ fno(η) + σs fno(η) = (1 ´ Z)γ f (η) ùñ fno(η) = f (η)
(1 ´ Z)γ

γ + σs

As fo(η) + fno(η) = f (η), we have: fo(η) = f (η)γZ+σs
γ+σs

.
Let η P (η2, ηh). Inflow-outflow balance requires:

γ fno(η) + σf fno(η) = (1 ´ Z)γ f (η) ùñ fno(η) = f (η)
(1 ´ Z)γ

γ + σf

As fo(η) + fno(η) = f (η), we have: fo(η) = f (η)
γZ+σf
γ+σf

.

We first need find the market clearing conditions.

Lemma 11. In any equilibrium, asset market clearing conditions imply:

(1 ´ Z)F(η1) + ZF(η4) = 1 ´ Z (39)

(1 ´ Z)F(η2) + ZF(η3) = 1 ´ Z (40)

Proof. We have two market clearing conditions: one for the slow venue and one for the
fast venue. Fast venue clearing condition:

ż ηh

η2

fno(η)dη =

ż η3

ηl

fo(η)dη (41)

(1 ´ F(η2))
γ(1 ´ Z)

σf + γ
= F(η3)

γZ
σf + γ

(42)

1 ´ Z
Z

=
F(η3)

1 ´ F(η2)
(43)

ZF(η3) + (1 ´ Z)F(η2) = (1 ´ Z). (44)
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From slow market clearing condition:

ż η2

η1

fno(η)dη =

ż η4

η3

fo(η)dη (45)(
F(η2) ´ F(η1)

)
γ(1 ´ Z)

σs + γ
=

(
F(η4) ´ F(η3)

)
γZ

σs + γ
(46)

1 ´ Z
Z

=
F(η4) ´ F(η3)

F(η2) ´ F(η1)
(47)

(1 ´ Z)F(η1) + ZF(η4) = (1 ´ Z), (48)

where the last line is obtained by plugging in fast market clearing equality.

Lemma 12. Suppose there is an equilibrium with positive trade in both venues. Then the
equilibrium cutoffs satisfy

u(η1) ´ u(η4)

γ + ρ
= 2(cs + θ) (49)

and

u(η2) ´ u(η3)

γ + ρ
= 2

σf (σs + γ + ρ)(c f + θ) ´ σs(σf + γ + ρ)(cs + θ)

(σf ´ σs)(γ + ρ)
. (50)

Proof. Observe that

Vs
B(η1) =

σs(VH(η1) ´ ps ´ cs ´ θ) + γEη1 [V0,η1 ]

(σs + γ + ρ)

=
σs(VH(η1) ´ ps ´ cs ´ θ) + (γ + ρ)VN

(σs + γ + ρ)

=
σs(VH(η1) ´ VN ´ ps ´ cs ´ θ)

(σs + γ + ρ)
+ VN

In addition as η1 is the cutoff type for buying slowly and doing nothing, we have
Vs

B(η1) = VN
13. Combining these:

VH(η1) = VN + ps + cs + θ (51)

Similarly, as η4 is the cutoff type for selling slowly and holding the asset, we have

13Notice that VN(η) = VN for any η
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VH(η4) = Vs
S(η4). Hence

VH(η4) =
u(η4) + σs(VN + ps ´ cs ´ θ) + γEη1 [V1,η1 ]

(σs + γ + ρ)

=
u(η4) + γEη1 [V1,η1 ]

(σs + γ + ρ)
+

σs(VN + ps ´ cs ´ θ)

(σs + γ + ρ)

=
(γ + ρ)VH(η4)

(σs + γ + ρ)
+

σs(VN + ps ´ cs ´ θ)

(σs + γ + ρ)
.

Last equality implies

VH(η4) = VN + ps ´ cs ´ θ (52)

Using equations 51 and 52, we get VH(η1) ´ VH(η4) = 2(cs + θ). Hence:

VH(η1) ´ VH(η4) =
u(η1) ´ u(η4)

γ + ρ
= 2(cs + θ)

Now we use Vs
S(η3) = V f

S (η3).

u(η3) + σs(VN + ps ´ cs ´ θ) + γEη1 [V1,η1 ]

(σs + γ + ρ)
=

u(η3) + σf (VN + p f ´ c f ´ θ) + γEη1 [V1,η1 ]

(σf + γ + ρ)

(53)

Rearranging:

(σf ´ σs)(u(η3) + γEη1 [V1,η1 ]) = (σf ´ σs)(γ + ρ)VN

+ σf (σs + γ + ρ)(p f ´ c f ´ θ) ´ σs(σf + γ + ρ)(ps ´ cs ´ θ)

(54)

Dividing by (σf ´ σs)(γ + ρ):

VN =
u(η3)

γ + ρ
+

γEη1 [V1,η1 ]

γ + ρ
´

σf (σs + γ + ρ)(p f ´ c f ´ θ) ´ σs(σf + γ + ρ)(ps ´ cs ´ θ)

(σf ´ σs)(γ + ρ)

= VH(η3) ´
σf (σs + γ + ρ)(p f ´ c f ´ θ) ´ σs(σf + γ + ρ)(ps ´ cs ´ θ)

(σf ´ σs)(γ + ρ)
(55)

Similarly, using V f
B (η2) = Vs

B(η2), we obtain:
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σf (VH(η2) ´ p f ´ c f ´ θ) + γEη1 [V0,η1 ]

(σf + γ + ρ)
=

σs(VH(η2) ´ ps ´ cs ´ θ) + γEη1 [V0,η1 ]

(σs + γ + ρ)

Rearranging and dividing by (σf ´ σs)(γ + ρ):

VH(η2) ´
σf (σs + γ + ρ)(p f + c f + θ) ´ σs(σf + γ + ρ)(ps + cs + θ)

(σf ´ σs)(γ + ρ)
= VN (56)

Solving 55 and 56 gives:

u(η2) ´ u(η3)

γ + ρ
= 2

σf (c f + θ)(σs + γ + ρ) ´ σs(cs + θ)(σf + γ + ρ)

(σf ´ σs)(γ + ρ)

Next, note that u(ηh) ą 2
σf (σs+γ+ρ)(c f +θ)´σs(σf +γ+ρ)(cs+θ)

σf ´σs
implies u(ηh) ą 2(cs + θ)(γ+

ρ) whenever c f ą cs, which is assumed. Thus, whenever the former inequality holds,
equations (39)–(50) uniquely pin down the candidate interior cutoffs for a segmented
equilibrium. To see this, let η̄ := F´1(1 ´ Z), and define

h(x) := F´1
(

1 ´
Z

1 ´ Z
F(x)

)
, x P [ηl, η̄].

Since f has full support on [ηl, ηh], the cdf F is continuous and strictly increasing, so h
is well defined, continuous, and strictly decreasing. Moreover, h(ηl) = ηh and h(η̄) = η̄.
Equations (39) and (40) are therefore equivalent to η1 = h(η4) and η2 = h(η3). Now
define

Φ(x) := u(h(x)) ´ u(x), x P [ηl, η̄].

Because u is strictly increasing and h is strictly decreasing, Φ is continuous and strictly
decreasing. In addition, Φ(ηl) = u(ηh) ´ u(ηl) = u(ηh) and Φ(η̄) = 0. Hence, since
u(ηh) ą 2(cs + θ)(γ + ρ), there exists a unique η4 P (ηl, η̄) such that Φ(η4) = 2(cs +

θ)(γ + ρ), and then η1 = h(η4) is uniquely determined.
Similarly, since

u(ηh) ą 2
σf (σs + γ + ρ)(c f + θ) ´ σs(σf + γ + ρ)(cs + θ)

σf ´ σs
,
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there exists a unique η3 P (ηl, η̄) such that

Φ(η3) = 2
σf (σs + γ + ρ)(c f + θ) ´ σs(σf + γ + ρ)(cs + θ)

σf ´ σs
,

and then η2 = h(η3) is uniquely determined.
Finally, since c f ą cs,

σf (σs + γ + ρ)(c f + θ) ´ σs(σf + γ + ρ)(cs + θ)

σf ´ σs
´ (γ+ ρ)(cs + θ) =

σf (σs + γ + ρ)(c f ´ cs)

σf ´ σs
ą 0.

Thus the constant in (50) is strictly larger than the constant in (49). Since Φ is strictly
decreasing, this implies η3 ă η4. Since h is strictly decreasing, it follows that η2 = h(η3) ą

h(η4) = η1. Therefore, ηl ă η3 ă η4 ă η1 ă η2 ă ηh.
Thus, whenever the former inequality holds, equations (39)–(50) uniquely pin down

the candidate interior cutoffs for a segmented equilibrium.
It remains to show that these cutoffs are supported by a unique price vector. To finish

the proof of part (ii) of theorem 1 we characterize the equilibrium prices in case (ii). From
equation 52, we obtain the characterization of ps:

ps = VH(η4) ´ VN + cs + θ

=
u(η4) + γEη1 [V1,η1 ]

γ + ρ
+ cs + θ ´

γEη1 [V0,η1 ]

γ + ρ

=
u(η4)

γ + ρ
+ cs + θ +

γ

γ + ρ

(
Eη1 [V1,η1 ] ´ Eη1 [V0,η1 ]

)
(57)

From equation 55:

σf (σs + γ + ρ)(p f ´ c f ´ θ) ´ σs(σf + γ + ρ)(ps ´ cs ´ θ)

(σf ´ σs)(γ + ρ)
=

u(η3)

γ + ρ
+

γ

γ + ρ

(
Eη1 [V1,η1 ]´ Eη1 [V0,η1 ]

)
(58)

Following lemma shows that 57 and 58 yields a unique price vector and completes the
characterization of equilibrium.

Lemma 13. Fix cutoffs η1, η2, η3, η4 satisfying (39), (40), (49), and (50), with

ηl ă η3 ă η4 ă η1 ă η2 ă ηh.
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Then equations (57) and (58) determine a unique price vector (ps, p f ).

Proof. We only need to show that (57) and (58) lead to unique solutions for ps and p f . In
particular, we will show that the quantity Eη1 [Vo,η1 ]´ Eη1 [Vno,η1 ] does not depend on either
ps nor p f ; once this is done, ps is directly pinned down by (57), and after substituting
into (58), p f is also uniquely determined.

To begin, in the following two steps we establish that Eη1 [Vo,η1 ] ´ Eη1 [Vno,η1 ] only
depends on the endogenous thresholds η1, η2, η3 and η4. Using the expression derived in
Lemma 4, we derive Eη1 [Vno,η1 ] and Eη1 [Vo,η1 ] in closed forms.

• Computing Eη1 [Vno,η1 ]. Using (34) we have

dVno,η

dη
= 1tηP[ηl ,η1]u

ˆ 0 + 1tηP[η1,η2]u
σsu1(η)

(σs + ρ + γ)(ρ + γ)
+ 1tηP[η2,ηh]u

σf u1(η)

(σf + ρ + γ)(ρ + γ)
.

(59)

Integrating (59) and using Vno,η1 = VN implies

Vno,η = 1tηP[ηl ,η1]u
VN + 1tηP[η1,η2]u

[
VN +

ż η

η1

σsu1(ξ)

(σs + ρ + γ)(ρ + γ)
dξ

]

+ 1tηP[η2,ηh]u

[
VN +

ż η2

η1

σsu1(ξ)

(σs + ρ + γ)(ρ + γ)
dξ +

ż η

η2

σf u1(ξ)

(σf + ρ + γ)(ρ + γ)
dξ

]
.

(60)

Finally, taking an expectation from (60) gives

Eη1 [Vno,η1 ] = VN +

ż η2

η1

(
ż η̃

η1

σsu1(ξ)

(σs + ρ + γ)(ρ + γ)
dξ

)
dF(η̃)

+

(
ż η2

η1

σsu1(ξ)

(σs + ρ + γ)(ρ + γ)
dξ

)(
1 ´ F(η2)

)

+

ż ηh

η2

(
ż η̃

η2

σf u1(ξ)

(σf + ρ + γ)(ρ + γ)
dξ

)
dF(η̃). (61)

Write the sum of the three integral terms on the right-hand side of (61) as Kno(η1, η2).
Then (61) becomes Eη1 [Vno,η1 ] = VN + Kno(η1, η2). Using (34), we have VN =
γEη1 [Vno,η1 ]

γ+ρ , and therefore Eη1 [Vno,η1 ] =
γEη1 [Vno,η1 ]

γ+ρ + Kno(η1, η2). Rearranging gives

ρ

γ + ρ
Eη1 [Vno,η1 ] = Kno(η1, η2).
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Thus, Eη1 [Vno,η1 ] only depends on the endogenous thresholds η1 and η2.

• Computing Eη1 [Vo,η1 ]. Using (34) we have

dVo,η

dη
= 1tηP[ηl ,η3]u

u1(η)

σf + ρ + γ
+ 1tηP[η3,η4]u

u1(η)

σs + ρ + γ
+ 1tηP[η4,ηh]u

u1(η)

ρ + γ
. (62)

Since η4 is the cutoff between selling slowly and holding the asset, we have Vo,η4 =

VH(η4). Using this as the anchor, integrating (62) gives

Vo,η = 1tηP[ηl ,η3]u

[
VH(η4) ´

ż η3

η

u1(ξ)

σf + ρ + γ
dξ ´

ż η4

η3

u1(ξ)

σs + ρ + γ
dξ

]

+ 1tηP[η3,η4]u

[
VH(η4) ´

ż η4

η

u1(ξ)

σs + ρ + γ
dξ

]

+ 1tηP[η4,ηh]u

[
VH(η4) +

ż η

η4

u1(ξ)

γ + ρ
dξ

]
. (63)

Therefore, taking an expectation from (63) gives

Eη1 [Vo,η1 ] = VH(η4) ´

ż η3

ηl

(
ż η3

η̃

u1(ξ)

σf + ρ + γ
dξ

)
dF(η̃) ´

(
ż η4

η3

u1(ξ)

σs + ρ + γ
dξ

)
F(η3)

´

ż η4

η3

(
ż η4

η̃

u1(ξ)

σs + ρ + γ
dξ

)
dF(η̃) +

ż ηh

η4

(
ż η̃

η4

u1(ξ)

γ + ρ
dξ

)
dF(η̃). (64)

Write the sum of the four integral terms on the right-hand side of (64) as Ko(η3, η4).
Then (64) becomes Eη1 [Vo,η1 ] = VH(η4) + Ko(η3, η4). Using (34), we have VH(η4) =
u(η4)+γEη1 [Vo,η1 ]

γ+ρ , and therefore Eη1 [Vo,η1 ] =
u(η4)+γEη1 [Vo,η1 ]

γ+ρ + Ko(η3, η4). Rearranging
gives

ρ

γ + ρ
Eη1 [Vo,η1 ] =

u(η4)

γ + ρ
+ Ko(η3, η4).

Thus, Eη1 [Vo,η1 ] only depends on the endogenous thresholds η3 and η4.

Together, the previous two steps show that the difference Eη1 [Vo,η1 ]´ Eη1 [Vno,η1 ] does
not depend on ps nor p f .

It now follows from (57) that ps is uniquely determined. Substituting this value of ps

into (58) then yields a unique value of p f . Hence (57) and (58) determine a unique price
vector (ps, p f ).
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To prove part (iii), assume

u(ηh) ą 2(cs + θ)(γ + ρ)

and

u(ηh) ď 2
σf (σs + γ + ρ)(c f + θ) ´ σs(σf + γ + ρ)(cs + θ)

σf ´ σs
.

From Lemma 9, we know that there cannot be positive trade in the fast venue. Hence, in
the equilibrium constructed here, we must have η3 = ηl and η2 = ηh. Lemmas 10 and 11
still hold, and given u(ηh) ą 2(cs + θ)(γ + ρ), following the same steps as in Lemma 12,
we see that the cutoffs η1 and η4 are uniquely pinned down by

(1 ´ Z)F(η1) + ZF(η4) = 1 ´ Z, (65)

u(η1) ´ u(η4)

γ + ρ
= 2(cs + θ). (66)

Moreover, exactly as in Lemma 13, but now with η3 = ηl and η2 = ηh, the quantity

Eη1 [Vo,η1 ] ´ Eη1 [Vno,η1 ]

depends only on the cutoffs η1 and η4. Therefore, the cutoff indifference condition at η4

uniquely pins down the slow-venue price:

ps =
u(η4)

γ + ρ
+ cs + θ +

γ

γ + ρ

(
Eη1 [Vo,η1 ] ´ Eη1 [Vno,η1 ]

)
.

It remains to choose a price p f such that no type wishes to trade in the fast venue. By
Lemmas 6 and 7, it is enough to rule out fast selling at ηl and fast buying at ηh.

There is no demand for selling in the fast venue if Vs
S(ηl) ´ V f

S (ηl) ě 0. This corre-
sponds to

(VH(ηl)´ VN)(σf ´ σs)(γ+ ρ)+σs(σf +γ+ ρ)(ps ´ cs ´ θ)´ (p f ´ c f ´ θ)σf (σs +γ+ ρ) ě 0,

which is equivalent to

L = (VH(ηl) ´ VN)(σf ´ σs)(γ + ρ) + σs(σf + γ + ρ)(ps ´ cs ´ θ)

+ (c f + θ)σf (σs + γ + ρ) ě p f σf (σs + γ + ρ). (67)
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Similarly, there is no demand for buying in the fast venue if Vs
B(ηh)´ V f

B (ηh) ě 0. This
is equivalent to

U = (VH(ηh) ´ VN)(σf ´ σs)(γ + ρ) + σs(σf + γ + ρ)(ps + cs + θ)

´ (c f + θ)σf (σs + γ + ρ) ď p f σf (σs + γ + ρ). (68)

Therefore, there exists a p f such that there is no demand for selling or buying in the
fast venue whenever L ě U. Now,

L ´ U = (VH(ηl) ´ VH(ηh))(σf ´ σs)(γ + ρ)

´ 2σs(σf + γ + ρ)(cs + θ) + 2σf (σs + γ + ρ)(c f + θ).

Since VH(ηh) ´ VH(ηl) =
u(ηh)
γ+ρ , we obtain

L ´ U = 2σf (σs + γ + ρ)(c f + θ) ´ 2σs(σf + γ + ρ)(cs + θ) ´ (σf ´ σs)u(ηh),

or equivalently,

L ´ U = (σf ´ σs)

(
2

σf (σs + γ + ρ)(c f + θ) ´ σs(σf + γ + ρ)(cs + θ)

σf ´ σs
´ u(ηh)

)
.

Hence the assumption of part (iii) implies L ´ U ě 0.
Therefore, there exists a price p f such that there is no demand for the fast venue. If

the inequality is strict, any

p f P

(
U

σf (σs + γ + ρ)
,

L
σf (σs + γ + ρ)

)

works. If equality holds, we may take

p f =
U

σf (σs + γ + ρ)
=

L
σf (σs + γ + ρ)

.

Under such a choice of p f , the fast venue clearing condition is satisfied, and the equilib-
rium is exactly the no-segmentation equilibrium characterized above. This finishes the
proof of part (iii), and thus of Theorem 1.
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Proof of Proposition 1

First, we prove a short lemma:

Lemma 14. Let x be any variable. Then if

B(u(η2) ´ u(η3))

Bx
ą (ă)0

Then Bη2
Bx ą (ă)0 and Bη3

Bx ă (ą)0. Similarly, if

B(u(η1) ´ u(η4))

Bx
ą (ă)0

Then Bη1
Bx ą (ă)0 and Bη4

Bx ă (ą)0

Proof. We prove this for the first case, rest is similar. From equation 9, we see that if
B(u(η2)´u(η3))

Bx ą 0, this is only possible under Bu(η2)
Bx ą 0 and Bu(η3)

Bx ă 0.14 Then Bη2
Bx ą 0

and Bη3
Bx ă 0 follows from the fact that u is strictly increasing.

Following lemma shows all the comparative statics of the model:

Lemma 15. We have following comparative statics:

1. Bη1
Bσs

= Bη4
Bσs

= 0, Bη2
Bσs

ą 0, Bη3
Bσs

ă 0

2. Bη4
Bσf

= 0, Bη1
Bσf

= 0, Bη2
Bσf

ă 0, Bη3
Bσf

ą 0

3. Bη1
Bγ ą 0, Bη4

Bγ ă 0, Bη2
Bγ ą 0, Bη3

Bγ ă 0

4. Bη1
Bρ ą 0, Bη4

Bρ ă 0, Bη2
Bρ ą 0, Bη3

Bρ ă 0

5. Bη1
Bcs

ą 0, Bη4
Bcs

ă 0, Bη2
Bcs

ă 0, Bη3
Bcs

ą 0

6. Bη1
Bc f

= 0, Bη4
Bc f

= 0, Bη2
Bc f

ą 0, Bη3
Bc f

ă 0

7. Bη1
Bθ ą 0, Bη4

Bθ ă 0, Bη2
Bθ ą 0, Bη3

Bθ ă 0

Proof. Recall that u(η1) ´ u(η4) = 2(γ + ρ)(cs + θ) and

u(η2) ´ u(η3) = 2
σf (c f + θ)(σs + γ + ρ) ´ σs(cs + θ)(σf + γ + ρ)

σf ´ σs
.

14It is clear that one of these must hold. To see why both are necessary, see that equation 9 requires
cut-offs to move in opposite direction.
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Part 1

The first two equations are trivial as σs does not appear in the equations that determine
η1 and η4. For the last two, the result follows from combining Lemma 14 with

B(u(η2) ´ u(η3))

Bσs
= 2

(c f ´ cs)σf (σf + γ + ρ)

(σf ´ σs)2 ą 0.

Part 2

The first two equations are trivial as σf does not appear in the equations that determine
η1 and η4. the result follows from combining Lemma 14 with

B(u(η2) ´ u(η3))

Bσf
= ´2

(c f ´ cs)σs(σs + γ + ρ)

(σf ´ σs)2 ă 0.

Parts 3 and 4

B(u(η2) ´ u(η3))

Bγ
= 2

σf (c f + θ) ´ σs(cs + θ)

σf ´ σs
ą 0,

where positivity follows from

σf (c f + θ) ´ σs(cs + θ) = σf (c f ´ cs) + (σf ´ σs)(cs + θ) ą 0.

Also,

B(u(η1) ´ u(η4))

Bγ
= 2(cs + θ) ą 0.

Result follows from Lemma 14.
Proof for ρ is exactly the same:

B(u(η2) ´ u(η3))

Bρ
= 2

σf (c f + θ) ´ σs(cs + θ)

σf ´ σs
ą 0

and

B(u(η1) ´ u(η4))

Bρ
= 2(cs + θ) ą 0.

Hence the result again follows from Lemma 14.
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Part 5

B(u(η2) ´ u(η3))

Bcs
= ´2

σs(σf + γ + ρ)

σf ´ σs
ă 0

and

B(u(η1) ´ u(η4))

Bcs
= 2(γ + ρ) ą 0.

Result follows from Lemma 14.

Part 6

B(u(η2) ´ u(η3))

Bc f
= 2

σf (σs + γ + ρ)

σf ´ σs
ą 0

and

B(u(η1) ´ u(η4))

Bc f
= 0.

Result follows from Lemma 14.

Part 7
B(u(η2) ´ u(η3))

Bθ
= 2(γ + ρ) ą 0

and

B(u(η1) ´ u(η4))

Bθ
= 2(γ + ρ) ą 0.

Result follows from Lemma 14.

Proof of Proposition 2

Proof. By Lemma 11, (1 ´ Z)F(η2) + ZF(η3) = 1 ´ Z and (1 ´ Z)F(η1) + ZF(η4) = 1 ´ Z.
Using equations 16 and 17, we can rewrite trading volumes as

TVf = σf m f =
σf γ

γ + σf

(
ZF(η3) + (1 ´ Z)(1 ´ F(η2))

)
= 2γZ

σf

γ + σf
F(η3),
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and

TVs = σsms =
σsγ

γ + σs

(
Z(F(η4) ´ F(η3)) + (1 ´ Z)(F(η2) ´ F(η1))

)
= 2γZ

σs

γ + σs

(
F(η4)´ F(η3)

)
.

We first prove the comparative statics for the fast venue. Since

TVf = 2γZ
σf

γ + σf
F(η3),

Lemma 15 implies that TVf is increasing in cs, because Bη3
Bcs

ą 0; decreasing in c f , because
Bη3
Bc f

ă 0; decreasing in σs, because Bη3
Bσs

ă 0; and decreasing in θ, because Bη3
Bθ ă 0.

To prove that TVf is increasing in σf , differentiate:

BTVf

Bσf
= 2γZ

[
γ

(γ + σf )2 F(η3) +
σf

γ + σf
f (η3)

Bη3

Bσf

]
.

As f has full support, f (η3) ą 0, and Lemma 15 gives Bη3
Bσf

ą 0. Hence
BTVf
Bσf

ą 0. Next
consider the slow venue. Since

TVs = 2γZ
σs

γ + σs

(
F(η4) ´ F(η3)

)
,

Lemma 15 implies that TVs is increasing in c f , because Bη4
Bc f

= 0 and Bη3
Bc f

ă 0; decreasing in

cs, because Bη4
Bcs

ă 0 and Bη3
Bcs

ą 0; and decreasing in σf , because Bη4
Bσf

= 0 and Bη3
Bσf

ą 0.
To prove that TVs is increasing in σs, differentiate:

BTVs

Bσs
= 2γZ

[
γ

(γ + σs)2

(
F(η4) ´ F(η3)

)
+

σs

γ + σs

(
f (η4)

Bη4

Bσs
´ f (η3)

Bη3

Bσs

)]
.

Lemma 15 gives Bη4
Bσs

= 0 and Bη3
Bσs

ă 0. Since f (η3) ą 0, it follows that BTVs
Bσs

ą 0.
Finally, total trading volume is

TV = TVs + TVf = 2γZ

 σs

γ + σs
F(η4) +

(
σf

γ + σf
´

σs

γ + σs

)
F(η3)

 .

Because σf ą σs, we have

σf

γ + σf
´

σs

γ + σs
ą 0.
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Moreover, Lemma 15 gives Bη4
Bθ ă 0 and Bη3

Bθ ă 0. Hence both F(η4) and F(η3) decrease in
θ, so total trading volume is decreasing in θ.

Proof of Proposition 3

Derivatives of the revenue in fast and slow venues are:

BRs

Bcs
=

4γσf σs(γ + σs + ρ)(1 ´ Z)Z
a(γ + σs)(σf ´ σs)

(c f ´ 2cs) (69)

BR f

Bc f
=

2γσf (Z ´ 1)Z
(

a(σs ´ σf ) ´ 2csσs(γ + σf + ρ) + 4c f σf (γ + σs + ρ) + 2(σf ´ σs)(γ + ρ)θ

)
a(γ + σf )(σf ´ σs)

.

(70)

First, we see that

B2Rs

Bc2
s

=
8γσf σs(γ + σs + ρ)Z

a(σf ´ σs)(γ + σs)
(Z ´ 1) ă 0

and

B2R f

Bc2
f

=
8γσ2

f (γ + σs + ρ)Z

a(γ + σf )(σf ´ σs)
(Z ´ 1) ă 0.

Thus, each venue’s revenue is strictly concave in its own fee, so each venue has at most
one interior best response.

Moreover, the derivative of R f evaluated at cs = 0 is

BR f

Bc f

ˇ

ˇ

ˇ

ˇ

cs=0,c f =0
=

2γσf (a ´ 2(γ + ρ)θ)(1 ´ Z)Z
a(γ + σf )

,

which is positive by Assumption 3. Thus, whenever cs = 0, c f ą 0. But BRs
Bcs

ą 0 at cs = 0
and c f ą 0, so there cannot be any equilibrium where cs = 0, and cs must be interior in
any equilibrium.
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In fact, more generally, for any cs ě 0,

BR f

Bc f

ˇ

ˇ

ˇ

ˇ

c f =0
=

2γσf (Z ´ 1)Z
a(γ + σf )(σf ´ σs)

(
a(σs ´ σf )´ 2csσs(γ + σf + ρ) + 2(σf ´ σs)(γ + ρ)θ

)
.

The term in parentheses can be written as

´(σf ´ σs)
(

a ´ 2(γ + ρ)θ
)

´ 2csσs(γ + σf + ρ),

which is strictly negative by Assumption 3. Since (Z ´ 1)Z ă 0, it follows that

BR f

Bc f

ˇ

ˇ

ˇ

ˇ

c f =0
ą 0.

Hence the fast venue’s best response is also interior.
Setting (69) to zero, we find

c˚
s (c f ) =

c f

2
. (71)

Solving for the root of (70) and using (71) yields

c˚
f (σf , σs) = (a ´ 2θ(γ + ρ))

σf ´ σs

(4σf ´ σs)(γ + ρ) + 3σf σs
.

Because each venue’s revenue is strictly concave in its own fee and both best responses
are interior, these first order conditions characterize the unique best responses. Therefore,
the unique equilibrium is given by c˚

s and c˚
f .

Proof of Proposition 4

Taking the derivative of equilibrium fee with respect to σf :

Bc˚
f

Bσf
=

3σs(σs + γ + ρ)(a ´ 2(γ + ρ)θ)

((γ + ρ ´ 3σf )σs ´ 4(γ + ρ)σf )2 ą 0,

by Assumption 3. Clearly, Bc˚
s

Bσf
ą 0 as c˚

s =
c˚

f
2 .

To prove the second part:

Bc˚
f

Bσs
= ´

3σf (σf + γ + ρ)(a ´ 2(γ + ρ)θ)

((γ + ρ ´ 3σf )σs ´ 4(γ + ρ)σf )2 ă 0,
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again by Assumption 3. And also again Bc˚
s

Bσs
ă 0 as c˚

s =
c˚

f
2 .

Proof of Proposition 5

Directly differentiating,

BTVs

Bσs
=

2γσf

(
a ´ 2θ(γ + ρ)

)
(1 ´ Z)Z

a(γ + σs)2
(

´ 3σf σs + γ(´4σf + σs) ´ 4σf ρ + σsρ
)2

ˆ

(
4γ3σf + σ2

s ρ(σf + ρ) + 8γ2σf (σs + ρ) + γ
(

σ2
s ρ + 4σf (σs + ρ)2

))
.

Assumption 3 guarantees that a ´ 2θ(γ + ρ) ą 0. Hence the first term is positive. The
second term is also positive, since it is a sum of positive terms. Therefore, BTVs

Bσs
ą 0.

Similarly,

BTVf

Bσs
=

4γσ2
f (γ + ρ)(γ + σf + ρ)

(
a ´ 2θ(γ + ρ)

)
(1 ´ Z)Z

a(γ + σf )
(
(γ + ρ)(4σf ´ σs) + 3σf σs

)2 .

Again, Assumption 3 implies a ´ 2θ(γ + ρ) ą 0, and all remaining factors are positive.
Hence

BTVf
Bσs

ą 0, proving the result.

Proof of Proposition 6

Under the standing assumptions of Section 5, Proposition 3 gives the equilibrium fees
and Corollary 1 implies that the equilibrium is segmented for every 0 ă σs ă σf .

Direct differentiation of equilibrium total trading volume gives

BTV
Bσf

=
2γ(γ + σs + ρ)((1 ´ Z)Z)

(γ + σf )2(γ + σs)(´3σf σs + γ(´4σf + σs) ´ 4σf ρ + σsρ)2 H(γ, ρ, σs, σf ) (72)

where

H(γ, ρ, σs, σf ) = 8σ2
f γ3 + 8σ2

f γ2ρ + 12σ2
f γ2σs + 6σ2

f γρσs + 3σ2
f γσ2

s

´ 4σf γ3σs ´ 4σf γ2ρσs ´ 6σf γ2σ2
s ´ γ3σ2

s ´ 3σ2
f ρσ2

s ´ 6σf γρσ2
s ´ γ2ρσ2

s .

(73)
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Since γ ą 0, γ + σs + ρ ą 0, Z P (0, 1), γ + σf ą 0, and γ + σs ą 0, while

´3σf σs + γ(´4σf + σs) ´ 4σf ρ + σsρ = ´

(
3σf σs + (4σf ´ σs)(γ + ρ)

)
ă 0,

the prefactor is strictly positive. Hence the sign is determined by H(γ, ρ, σs, σf ).
Rewrite H as a cubic polynomial in γ:

H(γ, ρ, σs, σf ) = A3γ3 + A2γ2 + A1γ ´ 3σ2
f ρσ2

s ,

where

A3 = 8σ2
f ´ 4σf σs ´ σ2

s ,

A2 = ρ(8σ2
f ´ 4σf σs ´ σ2

s ) + 6σf σs(2σf ´ σs),

A1 = 3σf σs

(
2ρ(σf ´ σs) + σf σs

)
.

Since σf ą σs ą 0, letting r = σs/σf P (0, 1), we have A3 = σ2
f (8 ´ 4r ´ r2) ą σ2

f (8 ´

4 ´ 1) = 3σ2
f ą 0. Moreover, A2 = ρA3 + 6σf σs(2σf ´ σs) ą 0 and A1 = 3σf σs

(
2ρ(σf ´

σs) + σf σs

)
ą 0. Hence

BH
Bγ

= 3A3γ2 + 2A2γ + A1 ą 0 for all γ ě 0.

So H(γ, ρ, σs, σf ) is strictly increasing in γ. Moreover, H(0, ρ, σs, σf ) = ´3σ2
f ρσ2

s ă 0, while
limγÑ8 H(γ, ρ, σs, σf ) = +8, because A3 ą 0.

Therefore, there exists a unique γ̃(σf , σs, ρ) ą 0 such that H(γ, ρ, σs, σf ) ą 0 if and only
if γ ą γ̃(σf , σs, ρ). Since the prefactor in the expression for BTV

Bσf
is positive, it follows that

BTV
Bσf

ą 0 if and only if γ ą γ̃(σf , σs, ρ).

Proof of Proposition 7

From the expression for BTV
Bσf

obtained in the proof of Proposition 6, its sign is the opposite
of the sign of

Ξ(σf , σs, γ, ρ) := γ2(γ + ρ)(´8σ2
f + 4σf σs + σ2

s ) + 6γ2σf σs(´2σf + σs)

+ 3σ2
f σ2

s ρ ´ 3γσf σs

(
´ 2σsρ + σf (σs + 2ρ)

)
.
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That is, sign
(

BTV
Bσf

)
= ´ sign

(
Ξ(σf , σs, γ, ρ)

)
. Let σf = σ + ϵ and σs = σ. Then,

simplifying and factoring out constants,

Ξ(σ + ϵ, σ, γ, ρ) = ´3σ2(γ + σ)

(
γ2 + γσ + ρ(γ ´ σ) +O(ϵ)

)
.

Since 3σ2(γ + σ) ą 0, it follows that

sign
(

BTV
Bϵ

)
= sign

(
BTV
Bσf

)
= sign

(
γ2 + γσ + ρ(γ ´ σ) +O(ϵ)

)
,

where the first equality uses σf = σ + ϵ with σ fixed.
Hence, for all sufficiently small ϵ ą 0, the sign of BTV

Bϵ is the sign of

γ2 + γσ + ρ(γ ´ σ) +O(ϵ).

Letting ϵ Ó 0, we obtain

sign
(

lim
ϵÓ0

BTV
Bϵ

)
= sign

(
γ2 + γσ + ρ(γ ´ σ)

)
.

If γ ě ρ, then γ2 + γσ + ρ(γ ´ σ) = γ(γ + ρ) + σ(γ ´ ρ) ě γ(γ + ρ) ą 0. Hence
limϵÓ0

BTV
Bϵ ą 0.

If γ ă ρ, then

γ2 + γσ + ρ(γ ´ σ) ą 0 ðñ γ(γ + ρ) + σ(γ ´ ρ) ą 0

ðñ σ(ρ ´ γ) ă γ(ρ + γ)

ðñ σ ă
γ(ρ + γ)

ρ ´ γ
.

Therefore,

lim
ϵÓ0

BTV
Bϵ

ą 0 ðñ σ ă
γ(ρ + γ)

ρ ´ γ
.
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Proof of Proposition 8

B

Bσf
= ´

(γ + σs + ρ)(1 ´ Z)Z
(γ + σf )2(γ + σs)(4γσf ´ γσs + 3σf σs + 4σf ρ ´ σsρ)3

ˆ

(
γ(γσf (γ + σs)(4γσf ´ (5γ + σf )σs)(3σf σs + γ(2σf + σs))

+ γ(32γ2σ3
f + 2γσ2

f (´12γ + 25σf )σs + 4σ2
f (´9γ + 4σf )σ

2
s + (γ2 + 4γσf ´ 7σ2

f )σ
3
s )ρ

+ (24γ2σ3
f + 2γσ2

f (´9γ + 10σf )σs + (γ ´ 3σf )σf (5γ + σf )σ
2
s + (γ2 + 6γσf + 3σ2

f )σ
3
s )ρ

2
)

Let σf = σ + ϵ and σs = σ. Simplifying and factoring out constants, yields

B

Bσf
=

(
(1 ´ Z)Zγ(4ρ ´ γ ´ σ)

9(γ + σ)2(γ + σ + ρ)
+O(ϵ)

)
(74)

Letting ϵ Ñ 0 and rearranging, we see that limϵÑ0
B

Bσf
ą 0 if and only if σ ă 4ρ ´ γ.

Proof of Proposition 9

First, note that BVH(η)
Bη = 1/(γ + ρ) and BVN(η)

Bη = 0, so the result follows for holders and

non-buyers. Next, BVν
S (η)
Bη = 1

σν+ρ+γ . Thus we have,

B2Vν
S (η)

BηBσν1

=

$

’

&

’

%

0, if ν1 ‰ ν,

´ 1
(σν+γ+ρ)2 , if ν1 = ν.

(75)

As BVH(η)
Bη = 1, we have BVν

B (η)
Bη = 1

γ+ρ
σν

σν+ρ+γ . Therefore,

B2Vν
B (η)

BηBσν1

$

’

&

’

%

0, if ν1 ‰ ν,
1

(σν+γ+ρ)2 , if ν1 = ν.
(76)

Proof of Proposition 10

BW
Bσf

=
(γ + σs + ρ)(1 ´ Z)Z

(γ + σf )2(γ + σs)(4γσf ´ γσs + 3σf σs + 4σf ρ ´ σsρ)3 G(γ, ρ, σs, σf )
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where

G(γ, ρ, σs, σf ) = 24σ3
f γ4 + 48σ3

f γ3ρ + 24σ3
f γ2ρ2 + 54σ3

f γ3σs + 74σ3
f γ2ρσs + 20σ3

f γρ2σs

+ 41σ3
f γ2σ2

s + 26σ3
f γρσ2

s + 5σf γ4σ2
s + 10σf γ3ρσ2

s + 5σf γ2ρ2σ2
s + 12σ3

f γσ3
s

+ 8σf γ3σ3
s + γ4σ3

s + 14σf γ2ρσ3
s + 2γ3ρσ3

s + 3σ2
f ρ2σ3

s + 6σf γρ2σ3
s + γ2ρ2σ3

s

´ 18σ2
f γ4σs ´ 36σ2

f γ3ρσs ´ 18σ2
f γ2ρ2σs ´ 26σ2

f γ3σ2
s ´ 40σ2

f γ2ρσ2
s ´ 3σ3

f ρ2σ2
s

´ 14σ2
f γρ2σ2

s ´ 5σ2
f γ2σ3

s ´ 2σ2
f γρσ3

s .

As 4γσf ą γσs and 4σf ρ ą σsρ, the sign of BW
Bσf

is determined by the sign of
G(γ, ρ, σs, σf ). We will now dominate each negative term in G with a positive term
(with one exception), for γ ą ρ and γ ď ρ.

Negative Terms Dominating Positive Terms

γ ě ρ γ ă ρ

´18σ2
f σsγ

4 24σ3
f γ4 24σ3

f γ4

´36σ2
f σsγ

3ρ 48σ3
f γ3ρ 48σ3

f γ3ρ

´18σ2
f σsγ

2ρ2 24σ3
f γ2ρ2 24σ3

f γ2ρ2

´26σ2
f σ2

s γ3 54σ3
f σsγ

3 54σ3
f σsγ

3

´40σ2
f σ2

s γ2ρ 74σ3
f σsγ

2ρ 74σ3
f σsγ

2ρ

´3σ3
f σ2

s ρ2 41σ3
f σ2

s γ2 *

´14σ2
f σ2

s γρ2 20σ3
f σsγρ2 20σ3

f σsγρ2

´5σ2
f σ3

s γ2 41σ3
f σ2

s γ2 41σ3
f σ2

s γ2

´2σ2
f σ3

s γρ 26σ3
f σ2

s γρ 26σ3
f σ2

s γρ

Therefore, whenever γ ě ρ, BW
Bσf

ą 0. As the sign of BW
Bσf

is determined by the sign of

G(γ, ρ, σs, σf ), and the only positive term in G that does not contain γ is 3σ2
f σ3

s ρ2, whereas
the only negative term in G that does not contain γ is ´3σ3

f σ2
s ρ2, we have

lim
γÑ0

G(γ, ρ, σs, σf ) = 3σ2
f σ2

s ρ2(σs ´ σf ) ă 0. (77)

Therefore, for sufficiently small γ ą 0, BW
Bσf

ă 0.

Moreover, for γ ă ρ, G(γ, ρ, σs, σf ) is strictly increasing in γ15. Therefore, there exists

15Using the pairings in Table A, write G as the sum of the paired differences, the remaining positive
terms, and the unmatched negative term ´3σ3

f σ2
s ρ2. Each paired difference is a positive constant times a
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a γ̂(σf , σs, ρ) such that BW
Bσf

ą 0 if and only if γ ą γ̂(σf , σs, ρ).
Finally, limσf Ñσs γ̂(σf , σs, ρ) = 0. To see why, set σf = σs = σ. A direct simplification

gives

G(γ, ρ, σ, σ) = 12γσ3(γ + σ)(γ + ρ + σ)2
ą 0 for every γ ą 0.

Hence, for any fixed ε ą 0, continuity implies that G(ε, ρ, σs, σf ) ą 0 whenever σf is
sufficiently close to σs. By the threshold characterization established above, this implies
γ̂(σf , σs, ρ) ď ε for all such σf . Since ε ą 0 is arbitrary, it follows that γ̂(σf , σs, ρ) Ñ 0 as
σf Ñ σs.

B Multidimensional differences

Here we provide a simple argument that incorporating multiple technology-like dimen-
sions into each venue can still (under a monotonicity condition) be represented by an
aggregate or “effective speed” parameter. Therefore, the main insight of our paper – that
increased technological differentiation weakens fee competition, and that faster but more
differentiated venues might increase or decrease trading volume – remain valid even
if these other dimensions are important but enter additively or multiplicatively into an
overall “speed aggregator.”

Proposition 11 (Extension to Multi-Dimensional Technology). Let each venue ν P ts, f u be
endowed with a technology vector xν P X Ď Rd. Suppose there exists a continuous, strictly
increasing aggregator function Φ(¨) that maps xν to an effective speed parameter σν = Φ(xν).
That is,

σν = Φ
(

xν

)
, with

BΦ
Bxj (x) ą 0 for each coordinate j = 1, . . . , d.

Then the equilibrium trading outcomes are identical to those in our single-dimensional model (with
speeds σs, σf ) when each venue ν is simply characterized by σν. In particular, all statements (after

positive power of γ multiplied by a term of the form aσf ´ bσs, which is strictly positive because σf ą σs;
for example,

24σ3
f γ4 ´ 18σ2

f σsγ4 = 6σ2
f γ4(4σf ´ 3σs) ą 0,

and similarly for all the other pairs in the table. The remaining unmatched positive terms are all nonnegative
and weakly increasing in γ, while the only unmatched negative term, ´3σ3

f σ2
s ρ2, does not depend on γ.

Hence G(γ, ρ, σs, σf ) is strictly increasing in γ on (0, ρ).
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relabeling venues by effective speed) about fee competition, trading volumes, and welfare in our
main model continues to hold under multi-dimensional technology vectors, so long as they enter
only through Φ.16

Proof. We prove that substituting σν = Φ(xν) for each venue ν P ts, f u yields the same
dynamic equilibrium conditions as in the single-speed-parameter case.

By assumption, each venue ν P ts, f u has a d-dimensional technology vector xν =

(x1
ν, . . . , xd

ν) P X Ď Rd. We then define the effective speed of venue ν as

σν := Φ
(

xν

)
,

where Φ : X Ñ R+ is a continuous function that is strictly increasing in each coordinate.
Basically, for any two vectors x, x1 P X such that xj ă x1j (while all other coordinates are
equal), we have Φ(x) ă Φ(x1). This implies that Φ preserves the partial order of “more”
or “less” advanced technology in each coordinate.

Recall the key model primitives for each venue ν include:

• The speed σν ą 0, which enters the arrival rate of order execution in a continuous-
time framework.

• The fee cν ą 0, chosen strategically by the venue.

Apart from these, the venue is not otherwise characterized by additional parameters: the
entire trading process (how fast an order is executed, the relevant Bellman equations,
etc.) depends only on the scalar σν. When we now specify that σν := Φ(xν), all of the
single-dimensional analyses in the paper translate directly by:

σs Ñ Φ
(

xs

)
, and σf Ñ Φ

(
x f

)
.

Therefore, in the equilibrium analysis:

• Traders’ Bellman Equations remain structurally the same, since any instance of “σν” is
now simply “Φ(xν).”

• Cutoff Conditions and Market-Clearing likewise hold with σν = Φ(xν). For example,
the formulas for Vs

S(η), V f
S (η), or Vs

B(η), V f
B (η) all have σs and σf replaced by Φ(xs)

and Φ(x f ).

16We assume that conditional on fees, traders’ Bellman equations, market-clearing conditions, and venue
profit functions depend on xν only through σν = Φ(xν).
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• Fee Competition is unchanged if we treat Φ(xs) and Φ(x f ) as the speeds, because
the venue’s optimization problem (in setting cs or c f ) simply sees (σs, σf ) as
(Φ(xs), Φ(x f )).

Hence, substituting Φ(xν) wherever we had σν leads to exactly the same set of equations.
No other aspect of xν enters the traders’ decisions or the equilibrium conditions, since by
hypothesis the only channel by which technology matters is speed σν.

Because these equations are precisely the same, the set of equilibrium solutions for
!

ps, cs, c f , p f , (ηi), etc.
)

is the same as the original single-speed model, modulo the
substitution σν = Φ(xν). The results on equilibrium existence, uniqueness of cutoffs,
trading volume, and welfare comparisons rely on σs and σf only through their monotonic
effect on the arrival rates of transactions. Hence these results extend in full.

In particular,

• Fee competition: If Φ(x f ) ą Φ(xs), the same logic in the main model implies the
fast venue ( f ) charges a higher fee in equilibrium and attracts more speed-sensitive
traders, just as before.

• Trading volumes: The total volumes TVs and TV f and their dependence on σs, σf

apply so that the effect of making xs or x f “better” (componentwise larger) is similar
to the effect of σs Ò or σf Ò in the single-dimensional setup.

• Welfare: The decomposition of total trader surplus, venue profit, and so on, also
remains the same, since each venue’s technology is summarized by σν only.

Finally, the proposition shows that only the value of σν = Φ(xν) matters for our
model, not any further dimensional details of xν. Indeed, if two venues have different
technology vectors xν ‰ x1

ν, but these yield the same aggregator Φ(xν) = Φ(x1
ν), then

the equilibrium predictions (fees, volumes, cutoffs) are identical. In other words, the
aggregator Φ fully mediates the effect of multi-dimensional technology on the trading
outcomes. This completes the proof.

Finally, while the paper casts all such variations as “speed” differences, the above
proposition illustrates how other dimensions of venue technology may still be subsumed
in our single-dimensional approach, provided they shift the venue’s overall accessibility
in a monotonic way.
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C Endogenous speeds and Entry

In this section, we consider cases where the slow (fast) venue can choose its speed
optimally (as an entrant), while the fast (slow) incumbent is already in the market. More
concretely, the fee game involves the simultaneous choice of fees, while the speed choice
is made prior to the fee game. Thus, the fee game is a subgame of the larger entry game
that includes the speed choice.17 Throughout Appendix C, we maintain the labeling
convention that the slow venue is the one with weakly lower speed, so whenever we write
SVR(γ, ρ, σs, σf ) (characterizing the slow venue revenue) we restrict attention to σs ď σf .
If an entrant were to choose a speed above the incumbent’s, it would (by definition) be
the fast venue after relabeling and the relevant revenue expression is FVR (characterizing
the fast venue revenue) rather than SVR.

In the first proposition, we analyze the case where the slow (entrant) venue optimally
chooses its speed to enter the market when the fast (incumbent) venue already exists.
The main takeaway is that for any given incumbent fast venue speed σf , the optimal
revenue-maximizing speed for the entrant slow venue is finite.

In the subsequent proposition, we consider the opposite case: the incumbent venue
is slow, and we find the optimal, revenue-maximizing speed for the fast entrant venue.
Importantly, we show that the entrant venue’s optimal speed choice is infinite for any
slow incumbent speed. This result suggests why segmented markets—slow and very fast
venues—can coexist. That is, if a slow venue exists, faster entrants prefer an excessively
fast option, rather than another venue that is just marginally faster.18

Finally, building on these two results, we characterize the slow entrant’s optimal speed
when the incumbent fast venue is arbitrarily fast, showing that the optimal slow speed
remains finite and is pinned down by a unique positive root of a cubic equation.

C.1 Slow entrant venue speed is finite

The following proposition considers what speed σs is the optimal choice for the slow
entrant venue, for a given incumbent σf ď 8. Interestingly, it shows that the optimal
choice σ˚

s is finite, even if incumbent σf = 8 and in the absence of costs for speed
improvement. This is because improvement in σs benefits the slow venue’s profit, as more
transactions generate higher revenue for the slow venue. However, as σs approaches σf ,

17We assume that the cost of speed improvement is negligible. Later in the appendix, we note that this
simplification is not essential for the slow-entrant result: allowing an increasing convex speed cost changes
the first order condition quantitatively, but the qualitative conclusion that the optimal slow entrant speed is
finite remains unchanged.

18Throughout this Appendix, maintain Assumptions 1–3. For notational simplicity, we normalize a = 1.
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the decreasing differentiation between the two venues intensifies competition, reducing
fees and ultimately driving profit to zero when σs Ñ σf . In the next proposition, we
solve the entrant’s problem conditional on entering as the slow venue, so its choice set is
σs P (0, σf ) (with σf = 8 interpreted as allowing any finite σs).

Proposition 12. Let Z, ρ, γ be given positive constants. The following holds:

1. The slow venue revenue is given

SVR(γ, ρ, σs, σf ) =
γσf (σf ´ σs)σs(γ + σs + ρ)

[
1 ´ 2(γ + ρ)θ

]2
(1 ´ Z)Z

(γ + σs)

[
´3σf σs + γ(´4σf + σs) ´ 4σf ρ + σsρ

]2 .

2. For any σf ď 8 and also in the limiting problem σf Ñ 8, the slow venue revenue
maximizing speed σ˚

s is bigger than zero and finite (i.e., 0 ă σ˚
s ă 8).19

Proof. We prove each part separately as follows.
Proof of Part 1. The expression SVR(γ, ρ, σs, σf ) follows from plugging in c˚

f and c˚
s from

Equations 21 and 20 to Rs(σf , σs, c˚
f , c˚

s ) in equation (19).

Proof of Part 2. First fix 0 ă σf ă 8. On [0, σf ], the same formula defines a continuous
function of σs, because

´3σf σs + γ(´4σf + σs) ´ 4σf ρ + σsρ = ´

(
3σf σs + (4σf ´ σs)(γ + ρ)

)
whose square is strictly positive on [0, σf ]. Also, SVR(γ, ρ, 0, σf ) = SVR(γ, ρ, σf , σf ) = 0,
and SVR(γ, ρ, σs, σf ) ą 0 for 0 ă σs ă σf . Hence a maximizer exists on [0, σf ] and lies in
(0, σf ).

For the limiting problem σf Ñ 8, interpret the objective as

lim
σf Ñ8

SVR(γ, ρ, σs, σf ).

By Proposition 14, this limiting objective has a unique maximizer σ˚
s ą 0. Hence the

revenue-maximizing speed is also finite in the limiting problem σf Ñ 8.

19Allowing an increasing convex speed cost for the slow entrant shifts the optimal σs but does not change
the qualitative implication of Proposition 12 that the slow entrant’s revenue maximizing speed is finite.
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C.2 Fast entrant venue speed choice is very fast

Now we consider the opposite case: the incumbent venue is slow, and we find the optimal,
revenue-maximizing speed for the fast entrant venue. The following proposition shows
that, fixing incumbent σs ă 8, the fast entrant venue has an incentive to choose a very
large σf . In other words, the fast entrant venue revenue maximizing speed σ˚

f Ñ 8. This
is primarily due to the differentiation channel – the greater the differentiation, the higher
the fees. Additionally, faster transactions imply higher trading volume for the fast venue,
leading to higher total profit.

Proposition 13. Fix positive constants γ, ρ, Z, θ, and fix 0 ă σs ă 8. Consider the fast venue
revenue

FVR(γ, ρ, σs, σf ) =

4γ
(

σf ´ σs

)(
γ + σs + ρ

)(
σf ´ 2σf (γ + ρ)θ

)2

(1 ´ Z)Z

(γ + σf )

[
´3σf σs + γ

(
´4σf + σs

)
´ 4σf ρ + σsρ

]2 ,

with σf ě σs. Then as a function of σf , the FVR is increasing on [σs, 8) and attains its
supremum (maximum) only in the limit σf Ñ 8.20 In other words,

sup
σf ěσs

FVR(γ, ρ, σs, σf ) = lim
σf Ñ8

FVR(γ, ρ, σs, σf ).

Proof. The expression FVR(γ, ρ, σs, σf ) follows from plugging in c˚
f and c˚

s from Equations
21 and 20 to R f (σf , σs, c˚

f , c˚
s ) in equation (18).

Next, we prove the result in two steps. First we show that FVR is increasing on
[σs, 8) and therefore it attains its supremum (maximum) only in the limit σf Ñ 8. Second,
we find the limσf Ñ8 FVR(γ, ρ, σs, σf ) and show it is finite. For notational simplicity, fix
(γ, ρ, Z, θ, σs) and define

F(σf ) ” FVR(γ, ρ, σs, σf ).

We now prove the result in two steps.

Step 1. FVR is increasing on [σs, 8) and therefore it attains its supremum (maximum) only in
the limit σf Ñ 8.

20That is, there is no finite optimal speed under zero speed cost; the fast entrant’s revenue is strictly
increasing in speed, and the supremum is approached as σf Ñ 8.
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To show this note that we can write

F(σf ) = κ

(
σf

ασf + β

)2(
σf ´ σs

γ + σf

)

where the constants

κ = 4γ(γ + σs + ρ)Z(1 ´ Z)
(

1 ´ 2(γ + ρ)θ
)2

ą 0, (78)

α = ´3σs ´ 4(γ + ρ) ă 0, (79)

β = σs(γ + ρ) ą 0. (80)

We want to show F1(σf ) ě 0. Denote g(σf ) =

(
σf

ασf +β

)2

and h(σf ) =

(
σf ´σs
γ+σf

)
. Then

κ´1F1(σf ) = g(σf )h(σf )
looooomooooon

ą0

[
g1(σf )

g(σf )
+

h1(σf )

h(σf )

]
looooooooooomooooooooooon

”Z(σf )

Since κ ą 0, let’s ignore it. Therefore,

F1(σf ) ě 0 ô Z(σf ) =
g1(σf )

g(σf )
+

h1(σf )

h(σf )
=

2β

σf (ασf + β)
+

γ + σs

(γ + σf )(σf ´ σs)
ě 0.

Observe that

Z(σf ) =
2β(γ + σf )(σf ´ σs) + (γ + σs)σf (ασf + β)

σf (ασf + β)(γ + σf )(σf ´ σs)
”

N(σf )

D(σf )

Note that D(σf ) ă 0 because ασf + β ă 0. Therefore,

F1(σf ) ě 0 ô Z(σf ) ě 0 ô N(σf ) ď 0.

Hence, we only need to show N(σf ) ď 0. To prove it, since σf is bigger than σs, it is
sufficient to show: (i): N(σs) ă 0, (ii): N1(σs) ă 0, (iii): N2(σf ) ď 0 (i.e., N(σf ) is concave
in σf ).

• proof of (i): It is immediate because N(σs) = (γ + σs)σs (ασs + β)
loooomoooon

ă0

ă 0.
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• proof of (ii): Because

N1(σs) = σs (ασs + β)
loooomoooon

ă0

+(γ + σs) (ασs + β)
loooomoooon

ă0

+(γ + σs)σs α
loomoon

ă0

ă 0.

• proof of (iii): To prove N(σf ) is concave, we need to have N2(σf ) = 4β+ 2α(γ+ σs) ď

0. Using (79) and (80), it is equivalent to show that

2σs(γ + ρ) ă (3σs + 4(γ + ρ))(γ + σs),

which is always true because 2σs(γ + ρ) ă 4(γ + σs)(γ + ρ).

By finishing the proofs of (i)–(iii), we have N(σf ) ď 0, and hence F1(σf ) ě 0, completing
the proof of the monotonicity of F(σf ).

Step 2. limσf Ñ8 FVR(γ, ρ, σs, σf ) is finite. One checks directly that F(σs) = 0, since the
numerator of F(σf ) has a factor (σf ´ σs). Thus, the revenue is zero at the boundary point
σf = σs.

Step 1. Asymptotic limit as σf Ñ 8. Observe that σf ´ 2σf (γ + ρ)θ = σf

[
1 ´ 2(γ + ρ)θ

]
,

so the square of that factor is σ2
f

[
1 ´ 2(γ + ρ)θ

]2
. Hence, the numerator of F(σf ) is

4γ
(

σf ´ σs

)(
γ + σs + ρ

)
(1 ´ Z)Z

[
1 ´ 2(γ + ρ)θ

]2
σ2

f .

Since (σf ´ σs) „ σf for large σf , the numerator grows on the order of σ3
f as σf Ñ 8.

For the denominator, define A(σf ) = ´3σf σs + γ
(

´4σf + σs

)
´ 4σf ρ + σsρ. Rearrange

to see that for large σf ,

A(σf ) = (α)σf + β, where α = ´3σs ´ 4(γ + ρ), β = σs(γ + ρ).

Then A(σf )
2 „ α2σ2

f and (γ + σf ) „ σf . Therefore the denominator behaves like

(γ + σf )A(σf )
2

„ σf

(
α2σ2

f

)
= α2σ3

f .

It follows that

F(σf ) =
(numerator) „ cσ3

f

(denominator) „ α2σ3
f

ÝÑ
c

α2 as σf Ñ 8,
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where c = 4γ
(

γ + σs + ρ
)
(1 ´ Z)Z

[
1 ´ 2(γ + ρ)θ

]2
. Hence the function F(σf ) converges

to

lim
σf Ñ8

F(σf ) =
c

α2 =
4γ(γ + σs + ρ)(1 ´ Z)Z

[
1 ´ 2(γ + ρ)θ

]2

[
´3σs ´ 4(γ + ρ)

]2 .

C.3 Optimal entrant σs when the fast incumbent venue is very fast

Building on Proposition 13, the following proposition analyzes the limiting problem for
the slow entrant when the fast incumbent becomes arbitrarily fast, σf Ñ 8.

Proposition 14. Let Z, ρ, γ be given positive constants, and recall that

SVR(γ, ρ, σs, σf ) =
γσf (σf ´ σs)σs(γ + σs + ρ)

[
1 ´ 2(γ + ρ)θ

]2
(1 ´ Z)Z

(γ + σs)

[
´3σf σs + γ(´4σf + σs) ´ 4σf ρ + σsρ

]2 .

Assume σf Ñ +8 and 0 ă σs ă 8. Then:

1. lim
σf Ñ8

SVR(γ, ρ, σs, σf ) is a finite function of σs.

2. There is a unique positive σ˚
s = x˚ that maximizes this limit, and it is the unique positive

solution of the cubic equation

3x3 + 2(γ + ρ)x2
´ 5γ(γ + ρ)x ´ 4γ(γ + ρ)2 = 0. (81)

In particular, the slow-venue revenue SVR is maximized at a finite σs = σ˚
s when σf Ñ 8.

3. Under the conditions γ ą 0, ρ ą 0, the unique positive solution σ˚
s (γ, ρ) of (81) is strictly

increasing in each variable. That is,

Bσ˚
s

Bγ
(γ, ρ) ą 0 and

Bσ˚
s

Bρ
(γ, ρ) ą 0 for all γ, ρ ą 0.

This conclusion is also robust to adding an increasing convex speed cost for the slow
entrant, which changes the first order condition quantitatively but does not overturn the
qualitative conclusion that the optimal slow entrant speed is finite.
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Figure 10: Behavior of the slow venue profit in terms of σs. In the left panel cost is
zero (β = 0), and the right panel cost is positive and convex (β = 0.02). The green area
(profitable range) represents the feasible choice for the slow venue to choose σs. The red
dot denotes the profit maximizing choice for σs at the slow venue. Other parameters:
Z = 1

2 , γ = 0.5, ρ = 0.3, σf = 1, and θ = 0.1.

Remark 2. Geometrically, if we fix one parameter (say γ) and increase ρ, the negative part of the
cubic polynomial P(x; γ, ρ) (the terms involving ´5γ(γ + ρ)x and ´4γ(γ + ρ)2) becomes more
dominant at any fixed x. To maintain P(x˚, γ, ρ) = 0, we must choose a larger x˚ so that the
positive terms 3x3 + 2(γ + ρ)x2 compensate. This forces x˚(γ, ρ) upward. A similar intuition
applies when γ grows.

Proof. We prove the parts as follows.

Proof of part 1. We first derive the asymptotic form as σf Ñ 8. Let’s write the
denominator’s bracketed term as

´3σf σs + γ(´4σf + σs) ´ 4σf ρ + σsρ =

(
´3σs ´ 4(γ + ρ)

)
σf + σs(γ + ρ).

Let α = ´3σs ´ 4(γ + ρ), β = σs(γ + ρ). Then

´3σf σs + γ(´4σf + σs) ´ 4σf ρ + σsρ = ασf + β.

Therefore for large σf , (ασf + β)2 „ α2σ2
f . Also, γ + σs is independent of σf , so the

denominator behaves like

(γ + σs)
[
ασf + β

]2
„ (γ + σs)α

2σ2
f as σf Ñ 8.
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In the numerator, for large σf : σf ´ σs „ σf , so together with the explicit factor σf and
the remaining σs(γ + σs + ρ)γ[1 ´ 2(γ + ρ)θ]2(1 ´ Z)Z, the numerator behaves like

constant(σs) ˆ σ2
f ,

where constant(σs) = γσs(γ + σs + ρ)
[
1 ´ 2(γ + ρ)θ

]2
(1 ´ Z)Z. Thus

SVR(σs, σf ) =
numerator

denominator
„

constant(σs)σ2
f

(γ + σs)α2σ2
f

=
constant(σs)

(γ + σs)α2 ,

where α = ´3σs ´ 4(γ + ρ).
Hence the limit as σf Ñ 8 becomes

lim
σf Ñ8

SVR(γ, ρ, σs, σf ) =
γσs(γ + σs + ρ)

[
1 ´ 2(γ + ρ)θ

]2
(1 ´ Z)Z

(γ + σs)
[
´3σs ´ 4(γ + ρ)

]2 .

Next, let’s denote the (positive) constant factor C = γ
[
1 ´ 2(γ + ρ)θ

]2
(1 ´ Z)Z, which

does not depend on σs. Then the slow-venue revenue limit is proportional to

f (σs) =
σs(γ + σs + ρ)

(γ + σs)
[
3σs + 4(γ + ρ)

]2 .

Therefore limσf Ñ8 SVR(σs, σf ) = C ¨ f (σs). It suffices to maximize f (σs) with respect to
σs ě 0.

Proof of part 2. Next, we show f (σs) attains its maximum at a finite σs ą 0. First,
observe the boundary behavior:

lim
σsÑ0+

f (σs) = 0, lim
σsÑ8

f (σs) = 0.

Indeed, as σs Ñ 0, the factor σs(γ + σs + ρ) in the numerator goes to 0. As σs Ñ 8, the
numerator grows like σ2

s while the denominator behaves like σ3
s , so f (σs) Ñ 0. Since

f (σs) ě 0 for all σs ě 0 and is continuous, it must attain a positive maximum at some
finite σs ą 0. This proves the existence of a finite maximizing σs.

Finally, we find the condition satisfied by the optimal σs. To proceed, let’s set x = σs.

79



Let

N(x) = x
(

γ + x + ρ
)

, D(x) = (γ + x)
[
3x + 4(γ + ρ)

]2
.

Then f (x) = N(x)/D(x). At any interior maximum x˚ ą 0, the derivative must vanish:

d
dx

f (x) = 0 ðñ N1(x)D(x) ´ N(x)D1(x) = 0.

One computes

N1(x) = (γ + ρ) + 2x,

D(x) = (γ + x)
[
3x + 4(γ + ρ)

]2
,

D1(x) =
d

dx

[
(γ + x)

(
3x + 4(γ + ρ)

)2
]

.

After some algebra, the resulting condition simplifies to the cubic equation

3x3 + 2(γ + ρ)x2
´ 5γ(γ + ρ)x ´ 4γ(γ + ρ)2 = 0.

Standard analysis shows there is exactly one positive real solution to this equation (follows
from Descartes’ rule of signs). Hence, since f (x) rises from 0 near x = 0 and eventually
returns to 0 as x Ñ 8, then it has a single global interior maximum. Denote this unique
positive solution by x˚. Hence σs = x˚ ą 0 is the unique maximizer of f (x) and thus
maximizes the limit of SVR(x, σf ) as σf Ñ 8. This completes the proof.

Proof of part 3. We consider the cubic equation

P(x; γ, ρ) ” 3x3 + 2(γ + ρ)x2
´ 5γ(γ + ρ)x ´ 4γ(γ + ρ)2 = 0,

where γ ą 0 and ρ ą 0. We let x˚(γ, ρ) be its unique positive real solution, i.e.

P
(

x˚(γ, ρ); γ, ρ
)
= 0 and x˚(γ, ρ) ą 0.

We next show formally that x˚(γ, ρ) is strictly increasing in each of the parameters γ and
ρ. In other words, if we increase γ (holding ρ fixed), then x˚ increases, and similarly for ρ.

Fix ρ ą 0 and regard x˚(γ) as an implicit function of γ via P
(

x˚(γ), γ, ρ
)
= 0. The
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Implicit Function Theorem tells us

Bx˚

Bγ
= ´

BP
Bγ

(
x˚(γ), γ, ρ

)
BP
Bx

(
x˚(γ), γ, ρ

) .

Hence the sign of Bx˚/Bγ is determined by the signs of

BP
Bγ

(
x˚, γ, ρ

)
and

BP
Bx

(
x˚, γ, ρ

)
,

all evaluated at the positive root x˚(γ). Recall

P(x; γ, ρ) = 3x3 + 2(γ + ρ)x2
´ 5γ(γ + ρ)x ´ 4γ(γ + ρ)2.

We treat x as the variable when taking B/Bx, and treat x as independent of γ when taking
B/Bγ.

We now show that

BP
Bx

ˇ

ˇ

ˇ

ˇ

x=x˚

ą 0 and
BP
Bγ

ˇ

ˇ

ˇ

ˇ

x=x˚

ă 0.

The first inequality implies that P is locally increasing in x at the solution x˚ ą 0, and
the second tells us that, if we increase γ slightly, then (for the same x˚) P would become
negative, hence forcing x˚ to rise to restore P = 0. That results in Bx˚/Bγ ą 0. To prove
BP/Bx is positive at the root, define

∆ ”
BP
Bx

ˇ

ˇ

ˇ

ˇ

x=x˚

= 9x˚2 + 4(γ + ρ)x˚
´ 5γ(γ + ρ).

We use the fact P(x˚) = 0, which is: 3x˚3 + 2(γ + ρ)x˚2 = 5γ(γ + ρ)x˚ + 4γ(γ + ρ)2. A
short but explicit rearrangement shows:

∆ =
2
[
3x˚3 + (γ + ρ)x˚2 + 2γ(γ + ρ)2

]
x˚

,

which is strictly positive because x˚ ą 0, γ ą 0, and ρ ą 0. Hence

BP
Bx

ˇ

ˇ

ˇ

ˇ

x=x˚

ą 0.
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To prove BP/Bγ is negative at the root, let

Ξ ”
BP
Bγ

ˇ

ˇ

ˇ

ˇ

x=x˚

= 2x˚2
´ 5
(

2γ + ρ
)

x˚
´ 4(γ + ρ)

(
3γ + ρ

)
.

Again, we exploit the equation P(x˚) = 0 to eliminate terms in favor of x˚3 or x˚2. One
obtains: Ξ = ´3x˚3 ´ 5(γ + ρ)2x˚ ´ 4(γ + ρ)2(2γ + ρ) ă 0 since each summand is strictly
negative for γ, ρ ą 0 and x˚ ą 0. Hence BP

Bγ

ˇ

ˇ

ˇ

x=x˚
= Ξ ă 0. Finally, by the implicit function

relation P
(

x˚(γ), γ, ρ
)
= 0, we have

Bx˚

Bγ
= ´

Ξ
∆

where Ξ ă 0, ∆ ą 0.

Thus Bx˚

Bγ ą 0. Hence the unique positive solution x˚(γ, ρ) is strictly increasing in γ (for
fixed ρ ą 0).

An analogous argument applies if we regard x˚(ρ) with γ fixed. Namely, one checks

BP
Bx

(
x˚, γ, ρ

)
ą 0 and

BP
Bρ

(
x˚, γ, ρ

)
ă 0

at the positive solution x˚. The same implicit differentiation result yields Bx˚

Bρ ą 0. Thus
x˚(γ, ρ) is increasing in ρ as well.

D Surplus-based and Heterogeneous Transaction Fees

This appendix extends the fee structure to allow fees to be heterogeneous across traders.
The extension is motivated by models in which trading costs/markups are a function of
transaction surplus, as in Lagos and Rocheteau (2007).21

21We cite Lagos and Rocheteau (2007) as a canonical example of surplus-based pricing. Our goal here
is not to replicate their bargaining microfoundation but to incorporate the key reduced-form implication:
realized trading costs vary with the trader’s surplus and can therefore be heterogeneous.
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D.1 Affine fee schedule: fixed component plus surplus-based compo-

nent

Fix a venue ν P ts, f u. When a trade executes in venue ν, the transacting trader pays a fee
of the form

cν(η) = κν + τν ¨ ∆ν(η), κν ě 0, τν P [0, 1), (82)

where ∆ν(η) is the trader’s transaction surplus (execution-surplus-based fees)—defined below.
The fixed component κν captures minimum ticket fees, platform charges, and other per-
transaction costs, while the proportional component τν captures surplus-based markups
or bargaining-based extraction.

Transaction surplus. To keep the extension consistent with the baseline dynamic pro-
gramming problem, we define transaction surplus as the instantaneous gain from im-
mediate execution, absent the venue fee, relative to remaining in the venue-specific
pre-execution waiting state: Vν

B (η) on the buyer side and Vν
S (η) on the seller side.

For a buyer (a non-owner who chooses to buy in venue ν), define

∆B,ν(η) ” Vo(η) ´ pν ´ θ ´ Vν
B (η), (83)

and for a seller (an owner who chooses to sell in venue ν), define

∆S,ν(η) ” Vno(η) + pν ´ θ ´ Vν
S (η), (84)

where Vo(η) and Vno(η) are the owner’s and non-owner’s continuation values, and pν is
the venue-specific trading price as in the main text.

For expositional simplicity we take (κν, τν) to apply to both sides. Under (82), the
realized fee is heterogeneous because ∆B,ν(η) and ∆S,ν(η) vary across traders and across
states.

D.2 Mapping to the baseline model

The affine fee structure (82) yields a simple mapping to the baseline model with effective
speeds and effective per-transaction fees.

Lemma 16 (Equivalence via effective primitives). Fix (κν, τν) for each ν P ts, f u and consider
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the model with affine fees (82). Define the effective speed and effective per-transaction fee by

σ̃ν ” (1 ´ τν)σν, c̃ν ”
κν

1 ´ τν
. (85)

Then the traders’ HJB equations under affine fees are identical to the baseline HJB equations with
primitives (σν, cν) replaced by (σ̃ν, c̃ν). Consequently, the equilibrium characterizations that rely
on the trader problem (i.e., the cutoff structure similar to Theorem 1) carry over under affine fees
after applying the transformation (85).

Proof. Consider the buyer HJB in the baseline (see equations (2), (3)). Under the affine fee
rule, upon execution the buyer pays κν + τν∆B,ν(η), so the execution term becomes

σν

(
Vo(η) ´ pν ´ θ ´ κν ´ τν∆B,ν(η) ´ Vν

B (η)

)
= σν

(
∆B,ν(η) ´ κν ´ τν∆B,ν(η)

)
= σν

(
(1 ´ τν)∆B,ν(η) ´ κν

)
.

Factoring out (1 ´ τν) gives

σν

(
(1 ´ τν)∆B,ν(η) ´ κν

)
= (1 ´ τν)σν

(
∆B,ν(η) ´ κν/(1 ´ τν)

)
= σ̃ν

(
∆B,ν(η) ´ c̃ν

)
,

which is exactly the baseline execution term with speed σ̃ν and per-transaction fee c̃ν. The
seller equation is analogous using (84).

Implication for qualitative robustness. We note that Lemma 16 establishes an equiva-
lence result on the trader side. In particular, for fixed and common affine fee parameters
(κν, τν), the execution component of the buyer’s and seller’s HJB problems can be rewrit-
ten in terms of effective primitives (σ̃ν, c̃ν). As a result, the characterization of individual
trading behavior—such as venue choice and cutoff structure—carries over directly.

E Fixed cost θ: interpretation, welfare accounting, and re-

distribution

This appendix expands the discussion of the exogenous per-trade cost θ and explains
how it can be used in the welfare analysis. In the model, θ ě 0 is paid per executed trade
and is common across venues. It differs from venue fees (cs, c f ) because it is not chosen
strategically by the venues. We interpret θ as capturing per-trade costs that are external to
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the venues’ pricing problem, such as transaction taxes, regulatory fees, or venue-invariant
processing costs.

E.1 Economic interpretation

In the model, θ can be interpreted in several ways.

1. Transaction tax or regulatory fee. In many markets there is a fixed charge levied on
each trade (or on each share/lot traded). For example, a Financial Transaction Tax
(FTT) is sometimes imposed on securities transactions. In the European context,
see for instance the European Commission’s proposals on FTT22 or Stamp Duty
in the UK. Similarly, in the United States, the SEC imposes a Section 31 fee on
national securities exchanges for equity transactions, which can be viewed as a
small per-transaction fee collected indirectly from traders through their broker. Such
taxes or fees enter the model exactly as θ.

2. Other exogenous trading costs (resource costs). Even absent government-imposed taxes,
there can be fixed overhead costs per trade that do not depend on the chosen venue’s
fee. Examples include compliance costs, clearing fees, or certain blockchain gas
costs (in the case of cryptocurrencies). These costs do not respond to the venues’
fee-setting choices but still raise the effective cost of executing a trade by a constant
amount. In this interpretation, θ is a real resource cost.

3. Licensing or brokerage fees. In some settings, one may view θ as a base fee charged by
a regulator or a brokerage for processing trades, distinct from (and not chosen by)
the competing trading venues themselves. This fee does not vary across venues but
is added on top of each venue’s own transaction fee.

Thus, from an economic perspective, θ represents any exogenous per-trade cost—most
naturally, a tax or regulatory fee—that traders must pay regardless of which venue they
use. This is why θ is modeled separately from the endogenous fees cs and c f set by the
slow and fast venues.

E.2 Where θ enters the model

Because θ is common across venues, it enters traders’ problems through the effective
per-trade costs (cs + θ) and (c f + θ). In particular:

22European Commission, “Proposal for a Council Directive on a common system of financial transaction
tax,” COM(2013)71, 2013.
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• Trading decisions and participation. Higher θ raises the cost of executing any trade and
therefore weakens incentives to trade. As a result, increasing θ expands the no-trade
region and reduces total trading volume (cf. the comparative statics in Section 3.3).

• Venue choice. Since θ is common, it does not mechanically tilt traders toward one
venue over the other. However, it changes the cutoffs that determine which types
trade and, when fees are endogenous, it changes equilibrium fee-setting.

• Fee competition. In the fee-competition equilibrium (Assumptions 1–3), θ acts like a
reduction in traders’ net willingness to pay for trading speed and therefore com-
presses equilibrium fees. This is the key channel through which θ has redistributive
consequences in the analysis below, especially in subsection E.5.

E.3 Welfare accounting with θ

Section 5.2 defines venue welfare as fee revenue and trader welfare as holding value
minus fees. With θ ą 0, one must specify whether θ is a real resource cost or a tax whose
proceeds are rebated. Let TV ” TVf + TVs be total trading volume and let Rν ” cνTVν

denote venue-ν fee revenue. As in Section 5.2, venue welfare remains

Wvenue = R f + Rs = c f TVf + csTVs. (86)

(i) Resource-cost interpretation. If θ is a real resource cost per trade (e.g., compli-
ance/clearing overhead), then it is a deadweight cost. In this case, trader welfare equals
holding value minus fees and minus the resource cost, and total welfare subtracts θTV.
Under Assumptions 1–3, trader welfare equals the aggregate holding value

ş1
0 aη fo(η) dη

minus fees and minus the resource cost, and total welfare subtracts θTV:

Wres
trader =

ż 1

0
aη fo(η) dη ´ Wvenue ´ θTV, (87)

Wres = Wres
trader + Wvenue =

ż 1

0
aη fo(η) dη ´ θTV. (88)

Thus, under this interpretation, θ is a real resource cost rather than a transfer. Each
executed trade reduces total surplus by θ, so aggregate welfare is lower. Unlike the
rebated-tax case, there is no revenue to reallocate between traders and venues, because
the cost is pure deadweight loss. We therefore do not pursue this interpretation further
and focus from here onward on the tax-and-rebate interpretation of θ.
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(ii) Tax-and-rebate interpretation. If θ is a transaction tax collected by a regulator and
rebated lump-sum, tax revenue is

Rθ = θ TV. (89)

Under Assumptions 1–3, traders’ welfare before the rebate is

ż 1

0
aη fo(η) dη ´ Wvenue ´ Rθ.

If the tax revenue Rθ is then rebated lump-sum to traders/households, the rebate exactly
offsets the tax payment, so rebated trader welfare is

Wreb
trader =

ż 1

0
aη fo(η) dη ´ Wvenue ´ Rθ + Rθ

=

ż 1

0
aη fo(η) dη ´ Wvenue, (90)

Wreb = Wreb
trader + Wvenue =

ż 1

0
aη fo(η) dη. (91)

Hence, with rebates, the tax revenue is purely redistributive and does not enter aggregate
welfare directly. The parameter θ affects welfare only through its effect on equilibrium
behavior, namely through fees, trading volume, and the induced stationary ownership
distribution.

E.4 Fee competition and tax incidence

Under Assumptions 1–3, Proposition 3 characterizes equilibrium fees:

c˚
f (σf , σs; θ) =

(
a ´ 2θ(γ+ ρ)

) σf ´ σs

(4σf ´ σs)(γ + ρ) + 3σf σs
, c˚

s (σf , σs; θ) =
1
2

c˚
f (σf , σs; θ).

(92)

Assumption 3 (a ą 2θ(γ + ρ)) ensures that equilibrium fees remain nonnegative.
Differentiating (92) yields the key incidence fact:

Bc˚
f

Bθ
= ´2(γ + ρ)

σf ´ σs

(4σf ´ σs)(γ + ρ) + 3σf σs
ă 0,

Bc˚
s

Bθ
=

1
2

Bc˚
f

Bθ
ă 0. (93)

Thus, increasing θ compresses equilibrium fees. Equivalently, a per-trade tax partly
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crowds out private fee extraction: the effective total cost paid by a trader in venue ν is
(c˚

ν + θ), and the negative derivative in (93) implies that this total cost rises by less than
one-for-one with θ, because part of the tax increase is offset by lower equilibrium fee
extraction by venues. This fee-compression channel is precisely what makes θ relevant
for the distributional tension in Section 5.2.

E.5 Redistribution when faster σf reduces trader welfare under rebate

interpretation

Section 5.2 highlights that a local increase in the fast venue’s speed can raise total welfare
while reducing trader welfare. Because total welfare equals holding value (Section 5.2)
while fees are transfers, the region in which traders lose is exactly the region in which fee
increases (and the associated increase in Wvenue) dominate the direct gains from faster
execution for marginal trader welfare.

To make the redistributive role of θ explicit, we consider the “full competition” bench-
mark of Section 5.2: σs = σ and σf = σ + ε for small ε ą 0. At θ = 0, Proposition 8
shows that trader welfare strictly rises with a local increase in σf if and only if σ ă 4ρ ´ γ.
Equivalently, the marginal effect is weakly nonnegative if and only if σ ď 4ρ ´ γ. When
σ ą 4ρ ´ γ, traders lose from a local fast-speed improvement even though (in the relevant
parameter region) total welfare rises—a pure distributional conflict created by endogenous
fee extraction under differentiation.

Transaction taxes with rebates as a redistributive instrument. Under the tax-and-rebate
closure (90)–(91), a transaction tax affects rebated trader welfare through equilibrium fee
compression. Intuitively, the same increase in σf that raises differentiation and fee market
power (hurting traders) also makes fee competition more sensitive to the wedge created
by θ; increasing θ reduces the equilibrium fee response, thus damping the transfer from
traders to venues.

The next proposition formalizes this mechanism by characterizing the marginal effect
of a local fast-speed improvement on rebated trader welfare as a function of θ.

Proposition 15 (Transaction tax and trader welfare under full competition). Under As-
sumptions 1–3, consider the full-competition benchmark σs = σ and σf = σ + ε.

1. The marginal effect of a local fast-speed increase on rebated trader welfare satisfies

lim
εÓ0

BWreb
trader
Bε

= ´

Z(1 ´ Z)
(

a ´ 2θ(γ + ρ)
)

9a (γ + σ)2(γ + ρ + σ)

[
aγ(γ ´ 4ρ + σ) + θ κ(γ, ρ, σ)

]
, (94)
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where

κ(γ, ρ, σ) ” ´8γ3
´ 6γ2ρ ´ 8γ2σ+ 2γρ2

´ 2γρσ+ 6ρ2σ = ´2(γ+ ρ)
(

4γ2
´ γρ+ 4γσ ´ 3ρσ

)
.

(95)

2. Consequently, because the prefactor in (94) is strictly negative for Z P (0, 1) and a ą

2θ(γ + ρ), we have:

lim
εÓ0

BWreb
trader
Bε

ě 0 ðñ aγ(γ ´ 4ρ + σ) + θ κ(γ, ρ, σ) ď 0. (96)

3. In particular, when κ(γ, ρ, σ) ă 0, equation (96) defines the unique algebraic threshold

θtr(γ, ρ, σ) ”
aγ(γ ´ 4ρ + σ)

´κ(γ, ρ, σ)
. (97)

Moreover, θtr(γ, ρ, σ) ą 0 if and only if σ ą 4ρ ´ γ. Hence, in the region where traders
lose from a local fast-speed improvement at θ = 0, i.e. when σ ą 4ρ ´ γ, an admissible tax
that makes the marginal effect weakly nonnegative exists if and only if

0 ă θtr(γ, ρ, σ) ă
a

2(γ + ρ)
.

In that case, for admissible θ, we have

lim
εÓ0

BWreb
trader
Bε

ě 0 ðñ θ ě θtr(γ, ρ, σ).

If instead θtr(γ, ρ, σ) ě a
2(γ+ρ)

, then increasing θ still moves the derivative in traders’ favor
when κ(γ, ρ, σ) ă 0, but the sign cannot be flipped within the admissible range allowed by
Assumption 3. If instead σ ď 4ρ ´ γ, then the derivative is already weakly nonnegative at
θ = 0, so there is no trader-welfare loss to eliminate.

4. Moreover, at θ = 0, we have Wreb
trader = Wtrader, and (96) becomes the weak-sign version of

Proposition 8:

lim
εÓ0

BWreb
trader
Bε

ě 0 ðñ σ ď 4ρ ´ γ.
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Equivalently,

lim
εÓ0

BWreb
trader
Bε

ą 0 ðñ σ ă 4ρ ´ γ,

which is exactly Proposition 8.

To clarify when the threshold case in Proposition 15 is relevant, we record the parame-
ter region in which κ(γ, ρ, σ) ă 0.

Remark 3. This follows directly from the factorization in (95). The condition κ(γ, ρ, σ) ă 0 holds
for a large set of parameters. In particular,

if γ ě
3ρ
4 , then κ(γ, ρ, σ) ă 0 for all σ ą 0;

if ρ
4 ă γ ă

3ρ
4 , then κ(γ, ρ, σ) ă 0 if and only if σ ă

γ(4γ ´ ρ)

3ρ ´ 4γ
;

if γ ď
ρ
4 , then κ(γ, ρ, σ) ă 0 never holds.

Thus, there is a positive-measure subset of the region in which Section 5.2 finds trader-welfare
losses at θ = 0 on which the threshold characterization in Proposition 15 applies.

Before the proof, it is useful to summarize the economic content of Proposition 15. The
proposition identifies the channel through which a rebated transaction tax can redistribute
surplus from venues to traders, and characterizes when that channel is strong enough to
overturn the trader-welfare loss from a local increase in fast-venue speed. The key points
are:

1. Why traders can lose when total welfare rises. Under the tax-and-rebate closure, total
welfare equals holding value (91). A local increase in σf improves execution for fast-
venue traders, but it also increases technological differentiation and thus equilibrium
fee extraction. Since fees are transfers, total welfare can rise even when trader welfare
falls.

2. What θ changes: the incidence (fee-compression) channel. Equation (93) shows that
increasing θ compresses equilibrium fees. Under rebates, this reduces the transfer
from traders to venues. In this sense, θ is redistributive in our model: it shifts
surplus away from venues by lowering equilibrium fee extraction.

3. How the local trader-welfare effect is determined. Proposition 15 shows that, in the full-
competition benchmark, the sign of the marginal trader-welfare effect is governed
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by (96). At θ = 0, this reduces to Proposition 8. A positive tax changes this margin
through the term θ κ(γ, ρ, σ), which captures how the tax wedge alters equilibrium
fee extraction.

4. When a rebated tax can eliminate the trader loss. Again by Proposition 15, this occurs
only in the region where κ(γ, ρ, σ) ă 0 and the threshold tax θtr(γ, ρ, σ) is admissible,
i.e.

0 ă θtr(γ, ρ, σ) ă
a

2(γ + ρ)
.

In that case, any admissible tax θ ě θtr(γ, ρ, σ) makes the marginal trader-welfare
effect weakly nonnegative. Economically, the tax must compress equilibrium fees
enough to offset the additional fee extraction created by greater differentiation.

5. Interpretation. The proposition is a distributional result: it shows how a rebated
per-trade tax can shift surplus away from venues and toward traders by reducing
equilibrium fee extraction. It does not say that a higher θ is costless in general. If θ

is a real resource cost, it creates a deadweight loss (88); even under rebates, it affects
equilibrium behavior through participation, trading volume, and the ownership
distribution.

Proof of Proposition 15. Under the tax-and-rebate interpretation, venue welfare equals fee
revenue:

Wvenue = R f + Rs = c f TVf + csTVs. (98)

Let TV ” TVf + TVs denote total trading volume, so tax revenue is

Rθ = θ TV. (99)

With lump-sum rebates of Rθ to traders/households, rebated trader welfare is

Wreb
trader =

ż ηh

ηl

u(η) fo(η) dη
looooooooomooooooooon

holding value

´

(
R f + Rs

)
looooomooooon

fees paid to venues

, (100)

and therefore total welfare is

Wreb
” Wreb

trader + Wvenue =

ż 1

0
aη fo(η) dη. (101)
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We now evaluate (100) in the full-competition benchmark with σs = σ and σf = σ + ε,

and study the limit limεÓ0
BWreb

trader
Bε .

Effect of θ on equilibrium fees. Under Assumptions 1–3, Proposition 3 gives the unique
fee equilibrium:

c˚
f (σf , σs; θ) = (a ´ 2θ(γ+ ρ))

σf ´ σs

(4σf ´ σs)(γ + ρ) + 3σf σs
, c˚

s (σf , σs; θ) =
1
2

c˚
f (σf , σs; θ).

(102)

Hence fees are strictly decreasing in θ:

Bc˚
f

Bθ
= ´2(γ + ρ)

σf ´ σs

(4σf ´ σs)(γ + ρ) + 3σf σs
ă 0,

Bc˚
s

Bθ
=

1
2

Bc˚
f

Bθ
ă 0. (103)

Equation (103) is the formal incidence channel through which a transaction tax can reduce
venues’ equilibrium rent extraction.

We now compute the marginal effect of ε on rebated trader welfare in the full-
competition benchmark. For ε ą 0, Corollary 1 implies that the fee-setting equilibrium is
segmented. Hence Theorem 1(ii) and Lemma 10 apply.

Step 1: Cutoffs under linear utility and uniform types. Under Assumption 1, u(η) = aη,
and under Assumption 2, F(η) = η on [0, 1] (so ηl = 0 and ηh = 1). In the segmented
equilibrium, Theorem 1(ii) implies the cutoffs η1, η2, η3, η4 satisfy

(1 ´ Z)η1 + Zη4 = 1 ´ Z, (104)

(1 ´ Z)η2 + Zη3 = 1 ´ Z, (105)

a(η1 ´ η4) = 2(γ + ρ)(cs + θ), (106)

a(η2 ´ η3) = 2 g(σf , σs, cs, c f , θ). (107)

Solving (104)–(106) yields

η4 = (1 ´ Z)
(

1 ´
2(γ + ρ)

a
(cs + θ)

)
, η1 = (1 ´ Z) +

2Z(γ + ρ)

a
(cs + θ), (108)

and solving (105)–(107) yields

η3 = (1 ´ Z)
(

1 ´
2
a

g(σf , σs, cs, c f , θ)

)
, η2 = (1 ´ Z) +

2Z
a

g(σf , σs, cs, c f , θ). (109)
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Step 2: Fee equilibrium and the expansion of c f , cs as ε Ó 0. By the fee competition result,

c˚
f (ε) =

(a ´ 2θ(γ + ρ))(σf ´ σs)

(4σf ´ σs)(γ + ρ) + 3σf σs
=

(a ´ 2θ(γ + ρ))ε

3σ(γ + ρ + σ) + ε
(

4(γ + ρ) + 3σ
) , c˚

s (ε) =
1
2

c˚
f (ε).

(110)

In particular,

c˚
f (ε) = c̄ ε + O(ε2), c˚

s (ε) =
c̄
2

ε + O(ε2), c̄ ”
a ´ 2θ(γ + ρ)

3σ(γ + ρ + σ)
. (111)

Step 3: Expansion of g(¨) under the full-competition. Recall that: g(σf , σs, cs, c f , θ) =
σf (σs+γ+ρ)(c f +θ)´σs(σf +γ+ρ)(cs+θ)

σf ´σs
. Under σf = σ + ε, σs = σ, and cs = c f /2, this becomes

g(ε) =
(σ + ε)(σ + γ + ρ)(c˚

f (ε) + θ) ´ σ(σ + ε + γ + ρ)
(

c˚
f (ε)/2 + θ

)
ε

= θ(γ + ρ)
looomooon

from the θ-terms

+

(
(σ + ε)(σ + γ + ρ) ´ σ

2 (σ + ε + γ + ρ)

ε

)
c˚

f (ε)
looooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooon

from the fee terms

. (112)

Define

A(ε) ” (σ + ε)(σ + γ + ρ) ´
σ

2
(σ + ε + γ + ρ) =

σ(σ + γ + ρ)

2
+

σ + 2γ + 2ρ

2
ε.

Then (112) can be rewritten as

g(ε) = θ(γ + ρ) +
A(ε)

ε
c˚

f (ε) = θ(γ + ρ) + A(ε)
c˚

f (ε)

ε
. (113)

Using (110), we have

c˚
f (ε)

ε
=

a ´ 2θ(γ + ρ)

3σ(γ + ρ + σ) + ε
(

4(γ + ρ) + 3σ
) .

Substituting into (113) and expanding around ε = 0 yields

g(ε) = g0 + g1ε +O(ε2), g0 =
a
6
+

2
3

θ(γ + ρ), g1 =
(γ + ρ)

(
a ´ 2θ(γ + ρ)

)
9σ(γ + ρ + σ)

.

(114)

93



(The constant term uses A(0) = σ(γ+ρ+σ)
2 and

c˚
f (ε)

ε Ñ
a´2θ(γ+ρ)
3σ(γ+ρ+σ)

; the linear term follows
from the first-order expansion of A(ε) and the denominator in (110).)

Step 4: First-order expansions of the cutoffs. Plugging (111) into (108) gives

η4(ε) = (1 ´ Z)
(

1 ´
2(γ + ρ)

a

(
θ + c˚

s (ε)
))

= η0
4 + η1

4ε + O(ε2),

η1(ε) = (1 ´ Z) +
2Z(γ + ρ)

a

(
θ + c˚

s (ε)
)
= η0

1 + η1
1ε + O(ε2), (115)

where

η0
4 = (1 ´ Z)

(
1 ´

2(γ + ρ)

a
θ

)
, η0

1 = (1 ´ Z) +
2Z(γ + ρ)

a
θ,

η1
4 = ´

(1 ´ Z)(γ + ρ)

3aσ(γ + ρ + σ)

(
a ´ 2θ(γ + ρ)

)
, η1

1 = ´
Z

1 ´ Z
η1

4 .
(116)

Similarly, plugging (114) into (109) gives

η3(ε) = (1 ´ Z)
(

1 ´
2
a

g(ε)
)
= η0

3 + η1
3ε + O(ε2),

η2(ε) = (1 ´ Z) +
2Z
a

g(ε) = η0
2 + η1

2ε + O(ε2), (117)

where

η0
3 = (1 ´ Z)

(
1 ´

2
a

g0

)
=

2(1 ´ Z)
3a

(
a ´ 2θ(γ + ρ)

)
, η0

2 = (1 ´ Z) +
2Z
a

g0, (118)

η1
3 = ´

2(1 ´ Z)
a

g1, η1
2 = ´

Z
1 ´ Z

η1
3 . (119)

Step 5: Closed-form welfare. With f (η) = 1 and ηl = 0, ηh = 1, the stationary owner density
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is

fo(η) =

$

’

’

’

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

’

’

’

%

Zγ

γ + σ + ε
, η P (0, η3),

Zγ

γ + σ
, η P (η3, η4),

Z, η P (η4, η1),

γZ + σ

γ + σ
, η P (η1, η2),

γZ + σ + ε

γ + σ + ε
, η P (η2, 1).

Hence the aggregate holding-value term equals

H(ε) ”

ż 1

0
aη fo(η) dη

=
aZγ

γ + σ + ε
¨

η3(ε)
2

2
+

aZγ

γ + σ
¨

η4(ε)
2 ´ η3(ε)

2

2
+

aZ
2

(
η1(ε)

2
´ η4(ε)

2
)

+
a(γZ + σ)

γ + σ
¨

η2(ε)
2 ´ η1(ε)

2

2
+

a(γZ + σ + ε)

γ + σ + ε
¨

1 ´ η2(ε)
2

2
. (120)

Moreover, trading volumes are

TVf (ε) = (σ + ε)

[
ż η3(ε)

0
fo(η) dη +

ż 1

η2(ε)
fno(η) dη

]

= (σ + ε)
γ

γ + σ + ε

(
Zη3(ε) + (1 ´ Z)(1 ´ η2(ε))

)
, (121)

TVs(ε) = σ

[
ż η4(ε)

η3(ε)
fo(η) dη +

ż η2(ε)

η1(ε)
fno(η) dη

]

= σ
γ

γ + σ

(
Z(η4(ε) ´ η3(ε)) + (1 ´ Z)(η2(ε) ´ η1(ε))

)
. (122)

Under the tax-and-rebate closure, aggregate trader welfare equals holding value minus
fee payments to venues:

Wreb
trader(ε) = H(ε) ´

(
c˚

f (ε) TVf (ε) + c˚
s (ε) TVs(ε)

)
. (123)

Step 6: First-order expansion of Wreb
trader(ε). Using the expansions (111), (114), (115)–(119)
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together with

1
γ + σ + ε

=
1

γ + σ
´

ε

(γ + σ)2 +O(ε2),
γZ + σ + ε

γ + σ + ε
=

γZ + σ

γ + σ
+ ε

(
1

γ + σ
´

γZ + σ

(γ + σ)2

)
+O(ε2),

we substitute into (120)–(123) and collect the O(ε) term. After simplification, we obtain
the Taylor expansion

Wreb
trader(ε) = Wreb

trader(0)´ ε
Z(1 ´ Z)

(
a ´ 2θ(γ + ρ)

)
9a(γ + σ)2(γ + ρ + σ)

[
aγ(γ ´ 4ρ+σ)+ θ κ(γ, ρ, σ)

]
+O(ε2),

(124)

where

κ(γ, ρ, σ) ” ´8γ3
´ 6γ2ρ ´ 8γ2σ+ 2γρ2

´ 2γρσ+ 6ρ2σ = ´2(γ+ ρ)
(

4γ2
´ γρ+ 4γσ ´ 3ρσ

)
.

Therefore,

lim
εÓ0

BWreb
trader
Bε

= ´

Z(1 ´ Z)
(

a ´ 2θ(γ + ρ)
)

9a(γ + σ)2(γ + ρ + σ)

[
aγ(γ ´ 4ρ + σ) + θ κ(γ, ρ, σ)

]
,

which is (94).

Step 7: Finally sign condition and the threshold. Since Z P (0, 1) and all denominators are
positive, and by Assumption 3 we have a ´ 2θ(γ + ρ) ą 0, the prefactor in (94) is strictly
negative. Hence

lim
εÓ0

BWreb
trader
Bε

ě 0 ðñ aγ(γ ´ 4ρ + σ) + θ κ(γ, ρ, σ) ď 0,

which is (96). When κ(γ, ρ, σ) ă 0, the right-hand side is affine and strictly decreasing in
θ, so it defines the unique algebraic threshold

θtr(γ, ρ, σ) =
aγ(γ ´ 4ρ + σ)

´κ(γ, ρ, σ)
.

Moreover, since aγ ą 0 and ´κ(γ, ρ, σ) ą 0, we have

θtr(γ, ρ, σ) ą 0 ðñ γ ´ 4ρ + σ ą 0 ðñ σ ą 4ρ ´ γ.
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Assumption 3 constrains the admissible realized tax θ, not the algebraic threshold
θtr(γ, ρ, σ). Hence an admissible tax that makes the marginal effect weakly nonneg-
ative exists if and only if

0 ă θtr(γ, ρ, σ) ă
a

2(γ + ρ)
.

When this condition holds, for admissible θ we have

lim
εÓ0

BWreb
trader
Bε

ě 0 ðñ θ ě θtr(γ, ρ, σ).

If instead θtr(γ, ρ, σ) ě a
2(γ+ρ)

, then increasing θ still moves the derivative in traders’
favor when κ(γ, ρ, σ) ă 0, but the sign cannot be flipped within the admissible range
allowed by Assumption 3. Finally, at θ = 0 we have Wreb

trader = Wtrader, so the weak-sign
condition reduces to σ ď 4ρ ´ γ. Equivalently, the derivative is strictly positive if and
only if σ ă 4ρ ´ γ, which is exactly Proposition 8.

F Speed improvement costs: local welfare effects

In the benchmark model, we abstract from the resource cost of increasing execution speed.
This appendix discusses how the welfare analysis in Proposition 10 carries over locally
when speed improvements are costly.

Maintain the assumptions used in Proposition 10. Let total welfare be W(σf , σs),
defined as in the main text (fees are transfers and thus do not enter welfare directly). Let
K(σf ) be a real resource cost of operating the fast venue at speed σf . Define net welfare

rW(σf , σs) = W(σf , σs) ´ K(σf ).

We evaluate speed improvements locally. Fix a baseline fast speed σ0
f ą σs and

consider a marginal increase in σf starting from σ0
f .

Proposition 16. Assume K is differentiable at σ0
f . Then

B rW
Bσf

ˇ

ˇ

ˇ

ˇ

ˇ

σf =σ0
f

=
BW
Bσf

ˇ

ˇ

ˇ

ˇ

ˇ

σf =σ0
f

´ K1(σ0
f ).
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Consequently, a marginal increase in fast speed raises net welfare at σ0
f if and only if

BW
Bσf

ˇ

ˇ

ˇ

ˇ

ˇ

σf =σ0
f

ą K1(σ0
f ).

Proof. Differentiate rW(σf , σs) = W(σf , σs) ´ K(σf ) with respect to σf and evaluate at
σf = σ0

f .

Connection to Proposition 10. The proof of Proposition 10 provides an expression for
BW/Bσf as a function of (γ, ρ, σs, σf ). Therefore, the marginal effect of speed on net
welfare at σ0

f is obtained by evaluating that expression at σf = σ0
f and subtracting K1(σ0

f ).
In particular, the “extra term” introduced by speed costs is exactly the local marginal cost
K1(σ0

f ). This allows us to derive the following cost-adjusted cutoff.

A cost-adjusted cutoff in γ. Fix (ρ, σs, σ0
f ) and define the marginal benefit of speed

MB(γ) :=
BW
Bσf

ˇ

ˇ

ˇ

ˇ

ˇ

σf =σ0
f

.

Since the proof of Proposition 10 yields an explicit expression for BW/Bσf , the map
γ ÞÑ MB(γ) is continuous. By the proof of Proposition 10, MB(γ) ą 0 for γ ě ρ, MB(γ)
is strictly increasing in γ on [0, ρ], and limγÑ0 MB(γ) ă 0. Assume in addition that
K1(σ0

f ) ě 0. Hence, if K1(σ0
f ) ă MB(ρ), there exists a unique pγ K P (0, ρ) solving

MB(pγ K) = K1(σ0
f ),

and the net marginal effect is positive for all γ P (pγ K, ρ] (and, more generally, whenever
MB(γ) ą K1(σ0

f )). If instead K1(σ0
f ) ě MB(ρ), then a marginal increase in σf is not net

welfare improving for any γ P [0, ρ].

Small marginal costs and comparative statics. When the marginal speed cost K1(σ0
f )

is sufficiently small, the welfare-improving region in γ is nonempty and admits a clean
threshold characterization. In particular, since MB(γ) is strictly increasing on [0, ρ]

and MB(ρ) ą 0, the condition K1(σ0
f ) ă MB(ρ) ensures that there is a unique cutoff

pγ K P (0, ρ) solving MB(pγ K) = K1(σ0
f ). Moreover, the cutoff is monotone in the marginal

cost: if 0 ď k1 ă k2 ă MB(ρ) and pγ K(ki) solves MB(pγ K(ki)) = ki, then pγ K(k1) ă pγ K(k2).
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Thus, small marginal costs shift the cutoff upward relative to the frictionless benchmark
but preserve the same “threshold in γ” structure. In the limiting case K1(σ0

f ) = 0, the
cost-adjusted cutoff collapses back to the baseline threshold in Proposition 10, namely
γ̂(σ0

f , σs, ρ).

Interpretation. Overall, introducing a real resource cost of speed does not change the
structure of the welfare derivative: locally, the marginal welfare gain from increasing σf

is exactly the same object analyzed in Proposition 10, and speed costs enter only through
subtracting the local marginal cost K1(σ0

f ). Hence, a marginal speed increase is net welfare
improving if and only if the marginal benefit MB(γ) exceeds K1(σ0

f ). When the marginal
cost is low enough (K1(σ0

f ) ă MB(ρ)), there is a unique cost-adjusted cutoff pγ K P (0, ρ)

such that net welfare increases for γ above this cutoff (at least up to ρ, and more generally
whenever MB(γ) ą K1(σ0

f )); when marginal costs are too high (K1(σ0
f ) ě MB(ρ)), no

γ P [0, ρ] yields a net welfare-improving marginal speed increase at σ0
f .

G Total Welfare and Redistribution

We have shown that traders’ welfare Wtrader may decline following a speed improvement
in the fast venue because stronger differentiation can raise equilibrium fees. At the same
time, Proposition 10 characterizes conditions under which total welfare W increases. This
raises a natural policy question: when W increases but Wtrader falls, can a redistributive
scheme make both traders and venues better off?

The answer is yes in a straightforward sense, because in our model trading fees are
purely redistributive: W = Wtrader + Wvenue, where Wvenue is total fee revenue collected
by venues. Thus, whenever a technology change increases W, there is additional surplus
available that can be shared.

Proposition 17. Consider two economies (e.g., before and after a speed improvement) with
equilibrium welfare components (Wtrader, Wvenue, W) and (W1

trader, W1
venue, W1). Suppose W1 ą

W and W1
trader ď Wtrader. Then for any ε P (0, W1 ´ W), the lump-sum transfer

T ”

(
Wtrader ´ W1

trader

)
+ ε (125)

from venues to traders yields a strict improvement between the aggregate trader side and the
venue side:

W1
trader +T = Wtrader + ε ą Wtrader, W1

venue ´ T = Wvenue +(W1
´ W)´ ε ą Wvenue.
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Proof. By definition, W = Wtrader + Wvenue and W1 = W1
trader + W1

venue, hence

(W1
´ W) = (W1

trader ´ Wtrader) + (W1
venue ´ Wvenue).

Let T be defined as in (125). Then W1
trader + T = W1

trader + (Wtrader ´ W1
trader) + ε = Wtrader +

ε. Also,

W1
venue ´ T = W1

venue ´ (Wtrader ´ W1
trader) ´ ε

= W1
venue + (W1

trader ´ Wtrader) ´ ε

= W1
´ Wtrader ´ ε

= Wvenue + (W1
´ W) ´ ε

which is strictly larger than Wvenue because ε P (0, W1 ´ W).

Corollary 4. Under the conditions of Proposition 17, there exists a simple revenue-neutral policy
that implements the transfer T in (125): impose an operating/licensing fees to the venues and
rebate the proceeds as a lump-sum payment to traders (e.g., an equal “trading dividend” per unit
mass of traders).

Lump-sum redistribution and implementation. Proposition 17 shows that whenever
total welfare rises, the additional surplus can be redistributed so that traders and venues
are both better off in the aggregate. This conclusion does not require transfers to depend
on trader type η: a lump-sum rebate to traders, financed out of the additional revenue
accruing to venues, is sufficient.

A simple implementation is to levy a fixed assessment on venues, or equivalently
recycle a portion of venue revenue, and return the proceeds to traders through an equal
lump-sum payment. Because the transfer is independent of trading behavior, it leaves
marginal incentives unchanged. Thus, when W1 ą W, the result identifies a surplus that
can be used to offset traders’ losses while preserving the efficiency gains measured by
total welfare.
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